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Abstract

The denoising problem can be solved by posing it as a constrained minimization

problem� The objective function is the TV norm of the denoised image whereas

the constraint is the requirement that the denoised image does not deviate too

much from the observed image� The Euler�Lagrangian equation corresponding to

the minimization problem is a nonlinear equation� The Newton method for such

equation is known to have a very small domain of convergence� In this paper�

we propose to couple the Newton method with the continuation method� Using

the Newton�Kantorovich theorem� we give a bound on the domain of convergence�

Numerical results are given to illustrate the convergence�
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� Introduction

Noises are introduced in images in the formation� transmission or recording process� In
this paper� we concern with the removal of noises in an image� Consider the model
equation

u��x� y� � u�x� y� � ��x� y� ���
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where ��x� y� is a Gaussian white noise� u��x� y� is the observed intensity function of the
image and u�x� y� is the original image� Our objective is to get a reasonable approximation
of u�x� y��

There are many di�erent methods proposed to obtain an estimate of u�x� y�� In Rudin�
Osher and Fatemi 	
�� they considered the constrained minimization problem

min
u

Z
�
jrujdx� �
�

subject to
jju� u�jj� � ��� ���

Here 
 is a bounded convex region in the d�dimensional space� j � j denotes the Eucliean
norm in IRd� jj � jj denotes the norm in L��
� and � is the standard derivation of the noise
��x� y��

Applying the Lagrange multiplier method to �
� and ���� we transform the problem
to the following TV�penalized minimization problem�

min
u

�Z
�
jrujdx� �



jju� u�jj�

�
� ���

where ��
 is the Lagrange multiplier� We note that 
�� is the regularization parameter
that controls the trade�o� between the goodness of �t ��� and the variation or smoothness
of the solution as required by �
�� The Euler�Lagrange equation of ��� is given by�

r
� ru
jruj

�
� ��u� u�� � � ���

with boundary condition
�u

�n
� �� x � �
� ���

Here �
 is the boundary of 
 and n is the normal vector of �
�
In actual computation� because of the singularity at ru � �� a small positive param�

eter � is added to the denominator of �rst term in ���� More precisely� we solve

L�u� � r
�
� ruq

jruj� � �

�
A� ��u� u�� � � ���

with boundary condition ���� The least square functional ��� to be minimized is changed
accordingly to

F�u� �
Z
�

q
jruj� � �dx�

�



jju� u�jj�� ���






To solve ���� Rudin et� al� 	
� used arti�cial time marching technique� In particular�
u�x� y� is given as the steady�state solution to the following parabolic equation�

�u

�t
� L�u�

with boundary condition ���� The initial condition at time t � � is given by u � u�� the
observed image� In contrast� Vogel and Omen 	�� used a relaxed �xed�point iteration to
solve ���� More precisely� with the kth iterant uk given� we compute the �k���th iterant
by solving�

r
�
� ruk��q

jrukj� � �

�
A� �uk�� � ��u�� ���

We note that this �xed�point iteration can be viewed as the semi�implicit time�marching
scheme with in�nite time step�

In Vogel and Omen 	��� the Newton method approach for the Euler�Lagrange equation
��� has also been considered� Let us denote J �u� to be the Jacobian of L�u�� Then for
any smooth function p� it is easy to show that

J �u�p � r
�
� rpq

jruj� � �

�
A�r

�
� rp � ru
�
q
jruj� � ���

ru
�
A� �p� ����

The Newton method for ��� is

uk�� � uk � J ���uk�L�uk�� k � �� �� � � � � ����

Thus in each iteration� we have to compute J ���uk�L�uk�� Although we have no close�
form formula for J ���uk�� we can still compute J ���uk�L�uk� by using iterative methods
such as the conjugate gradient �CG� method� This just requires the action of J �uk� onto
arbitrary smooth function p� which can be computed by �����

We note that in ���� if we drop the higher order term �i�e� the middle term in the
right hand side�� and approximate the Jacobian by the �rst and third terms� then the
resulting quasi�Newton method is the same as the relaxed �xed point method ����

The numerical results in Vogel and Omen 	�� suggests that the full Newton method
���� is divergent for � small� In this paper� we will see that the Newton method fails
because it has a very small domain of convergence when � is small� Hence the initial
guess should be closed to the true solution in order that the method converges� In order
to acheive that� we employ the continuation method� In essence� we start the method
with a large �� then we obtain the solution corresponding to this large �� For large �� the
domain of convergence is large� Therefore the Newton method converges quadratically
for reasonable initial guess such as the observed image� We use the solution for large �

�
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Figure �� Graphs of function ��
� with � � ��� �� ��� and �����

as the initial guess for the method with smaller �� We will see that this method can give
convergence for arbitrarily small �� Using Newton�Kantorovich theorem� we will establish
su�cient conditions that guarantee the convergence�

The outline of the paper is as follows� In x
� we give our Newton continuation algo�
rithm� In x�� we analyze the dependence of the domain of convergence of the method on
the parameters � and �� Numerical results are given in x��

� The Method

Let us motivate our method by considering the following ��dimensional problem� �nding
the zeros for

y �
xp

x� � �
� ��x� x��� ��
�

when � is small� cf� ���� Figure � shows the graphs of y for di�erent values of � when
� � ��� and x� � ���� We see that for � small� the domain of convergence of the Newton
method will be very small� Thus if we start the Newton method for a small �� the
method is divergent� However� we can easily �nd the root for any small � by using the
continuation method� More precisely� we start the Newton method with � � �� say� The
method is convergent even when we are very far away from its solution� The solution
to this problem should be a good initial guess for the Newton method for � � �� The
solution of the Newton method for � � � in turn will be a good initial guess for the
problem with � � ��� and so on�

�



Our method for solving the modi�ed Euler�Lagrange equation ��� is based on the
same idea� Let �� and �� be given positive numbers at which we want to solve ���� Our
approach is to choose suitable large �� and ��� then �x one of them� say �� and decrease
the other i�e� �� towards the given value ��� Once we get the solution corresponding to
�� and ��� then we �x �� and decrease � from �� towards �

�� For each given � and ��
we solve the solution by the Newton method ����� The update J ���u�L�u� is obtained
by the conjugate gradient method� This only requires the computation of J �uk�p which
can be evaluated by ����� To be more speci�c� we write down the algorithm below�

The Algorithm

�i� Set k � � and choose suitable large �� and ��� Use u�� the observed image as the
initial guess u����

�ii� While �k � ��� do

�a� Use uk�� as the initial guess�

�b� Use Newton method to �nd the solution of

r
�
� ruq

jruj� � ��

�
A� �k�u� u�� � ��

Denote the solution as uk�����

�c� Choose �k�� � �k�

�d� Set k � k � ��

�iii� Let the �nal solution of Step �ii� be denoted by u���� Set l � ��

�iv� While �l � ��� do

�a� Use u��l as the initial guess�

�b� Use Newton method to �nd the solution of

r
�
� ruq

jruj� � �l

�
A� ���u� u�� � ��

Denote the solution as u��l���

�c� Choose �l�� � �l�

�d� Set l � l � ��

�



�v� The �nal solution of Step �iv�� denoted by u��� will be the solution to the Euler�
Lagrange equation ��� with the prescribed parameters �� and ���

Clearly one can construct another similar method� �xed � �rst and varies �� Our
numerical results indicate that it is not as good as �xing � �rst�

� Convergence Results

Before we begin� let us introduce some notations� Let IRn�n denote the set of all n�by�n
matrices� For all v� w � IRn�n� we de�ne the discrete L� inner product of v and w as

hv� wi� �
�

n�

nX
i�j��

vijwij�

We will user� andr� to denote the central di�erence operators in two di�erent directions�
More precisely�

r�vij �
v�i���j � v�i���j

h
� � � i � n� ��

and

r�vij �
vi�j��� � vi�j���

h
� � � j � n� ��

Here h � ��n� We set r�v�j � rnvnj � � for all � � j � n and r�vi� � r�vin � � for all
� � i � n� We de�ne the gradient of the matrix v at the �i� j�th entry to be

rvij � �r�vij�r�vij�� � � i� j � n�

In our proof� we also require the discrete Sobolev H� norm of v� which is de�ned as

jjvjj�� � jjvjj�� � jjr�vjj�� � jjr�vjj���
In this matrix setting� the discretized Euler�Lagrange equation ��� becomes a matrix

equation L�u� � �� where the �i� j�th entry of the matrix L�u� is given by

	L�u��ij � r
�
� ruijq

jruijj� � �

�
A� ��u� u��ij � �� ����

We note that L�u� can be viewed as a functional Lu from IRn�n into IR� In fact� given any
matrix p � IRn�n� by the summation by part formula�

Lu�p� � hL�u�� pi� �
�

n�

nX
i�j��

��
	� ruij � rpijq

jruijj� � �
� ��u� u��ijpij


�
� �

�



where
ruij � rpij � r�uijr�pij �r�uijr�pij� � � i� j � n�

Now we discretize the Jacobian operator J �u� in ����� Given the matrices u� p � IRn�n�
the discrete Jacobian operator J�u� acting on p is a matrix de�ned by

	J�u�p�ij � r
�
� rpijq

jruijj� � �

�
A�r

�
� rpij � ruij
�
q
jruijj� � ���

ruij
�
A� �pij� ����

Similar to above� we can view J�u� as a bilinear form on IRn�n � IRn�n into IR� More
precisely� for all p� q � IRn�n� Ju�p� q� is de�ned as

Ju�p� q� � hJ�u�p� qi� �
�

n�

nX
i�j��

�
�

	�

rpij�rqijq
jruijj� � �

�
�ruij�rpij��ruij�rqij�q

jruijj� � �
� � �pijqij



�

� �

We note that the operator norms of Lu and Ju are de�ned by�

jjjLujjj � sup
p���

jLu�p�j
jjpjj�

and

jjjJujjj � sup
p����q ���

jJu�p� q�j
jjpjj�jjqjj� �

Clearly� Lu and Ju are bounded operators� In the following� for simplicity� we write

�uij �
q
jruijj� � ��

The Newton method for the discrete Euler�Lagrange equation ���� is

uk�� � uk � J�uk�
��L�uk�� k � �� 
� � � � ����

where J�u��� is the inverse of the operator J�u� as de�ned in ����� We note that we do
not have a formula for J�uk�

��� However� the action of J�uk� onto any matrix p � IRn�n

can easily be evaluated by ����� In our numerical tests� J�uk�
��L�uk� is computed by

the conjugate gradient �CG� method� We now claim that the operator J�u� is negative
de�nite� hence the CG method is applicable�

Lemma � The Jacobian operator Ju is symmetric and negative de�nite with

jjjJu��jjj � �

	

where

	 � min
��i�j�n

�
�

�uij�
� �

�
� ����

�



Proof� For all p � IRn�n� we have

Ju�p� p� �
�

n�

nX
i�j��

�
�rpij � rpij

�uij
�
�rpij � ruij��

�uij�
� �jpijj�

�

�
�

n�

nX
i�j��

��jrpijj��jruijj� � �� � �ruij�rpij��
�uij�

� �jpijj�
�

�
�

n�

nX
i�j��

�
���jrpijj�

�uij�
� �jpijj�� � ��jrpijj�jruijj�� � �rpij�ruij��

�uij�

�

� A� � A��

Obviously� A�� A� � �� Hence

jJu�p� p�j � �A� �
�

n�

nX
i�j��

�
�jrpijj�
�uij�

� �jpi�jj�
�
� 	jjpjj���

Therefore

jjjJujjj � �

	
�

We will use the following Newton�Kantorovich theorem to determine the domain of
convergence for our method�

Theorem � �Newton�Kantorovich ��� p��	
�� Given a mapping f � IRm � IRm and
a convex set C � IRm� let Df be the Jacobian of f and satisfy the conditions�

�a� jjDf�x��Df�y�jj � 
jjx� yjj for all x� y � C�

�b� jjD��
f �x��f�x��jj � ��

�c� jjD��
f �x��jj � ��

for some x� � C� Consider the quantities

� � �
��

and


 �
��p

�� 
�

�
��

If � � ��
 and the ball S��x�� centered at x� with radius 
 is a subset of C� then the
sequence fxkg de�ned by the Newton method�

xk�� � xk �Df�xk�
��f�xk�� k � �� �� 
� � � � �

remains in S��x�� and converges to the unique zero of f�x� in S��x�� �C�

�



In view of Lemma �� we already have the bounds for the second and third conditions
in Theorem �� We now establish a bound for the �rst condition in Theorem ��

Lemma � Let u� v � IRn�n� then

jjjJu � Jvjjj � 
n�jju� vjj��

where

� � max
��i�j�n

�
�

�uij�vij

�
� max

��i�j�n

�
�

�uij�

�
� max

��i�j�n

�
�

�vij�

�
� ����

Proof� For all p� q � IRn�n�

�Ju � Jv��p� q�

�
�

n�

nX
i�j��

�
�rpijrqij� �

�uij
� �

�vij
� � 	

ruijrpijruijrqij
�uij�

� rvijrpijrvijrqij
�vij�

�

�

�
�

n�

nX
i�j��

�
�rpij�rqij�	 r�u� v�ij�r�u� v�ij

�uij�vij��uij ��vij�
�

�	
�ruij�rqij��ruij�rpij�

�uij�
� �rvij�rqij��rvij�rpij�

�vij�
�

�

� �

n�

nX
i�j��

�B� �B���

We �rst note that jr�u� v�ijj � j�uij ��vijj for all � � i� j � n and

max
��i�j�n

r�u� v�ij � njju� vjj��

Therefore it is straightforward to show that

�

n�

nX
i�j��

jB�j � max
��i�j�n

�
�

�uij�vij

�
njju� vjj�jjpjj�jjqjj��

For B�� we note that

B� �
�ruij�rpij�
�uij�

�rqij�r�u� v�ij� �
�rvij�rqij�
�vij�

�rpij�r�u� v�ij�

��ruij�rpij��rvij�rqij�� �

�uij�
� �

�vij�
��

�



where the last term is equal to

��rvij �rqij�
�
�ruij�rpij���r�u� v�ij�r�u� v�ij���uij�vij ��uij

� ��vij
��

��uij�vij����uij ��vij�

�
�

Thus we have
j�Ju � Jv��p� q�j � 
n�jju� vjj�jjpjj�jjqjj��

Combining Lemmas �� 
 and Theorem �� we obtain our main theorem�

Theorem � Let L�u� be de�ned as in ����� For �xed � and �� let u� be the initial guess
and fukg be the corresponding Newton sequence for solving L�u� � �� Let jju��u�jj� � �
and 	� � be given by ���� and ��	� respectively� If

� �
�n�

	
� �



�

then uk � S��u�� for all k and converges to the unique solution of L�u� � � in S��u���
where the radius of the ball S��u�� is given by


 �
��p

�� 
�

�	
�

� Numerical Examples

In this section we present results of our denoising algorithms on two test images� The noisy
image u� is obtained by adding random noise of level � to the true image u� More precisely�
we add random error to each pixel of the true image such that jju� u�jj��jjujj� � �� In
the examples� we choose � � ����

Our �rst test example is a �
�by��
 pixel image� The original image and the noisy
image are shown in Figure 
� In Table �� the �rst two columns indicate the path we took
in getting to the �nal prescribed � and �� The initial guess for the �rst set of � and � is
chosen to be the observed image u�� The initial guess u� at the other sets of � and � is
given by the optimal solution of its previous set of � and �� In the table� we also give the
numbers of Newton iterations �N� and the average numbers of the inner CG iterations
�C� for di�erent set of parameters � and �� We note that the cost per one inner CG
loop is of O�n�� operations� where n � �
 here� The tolerance for the Newton and CG
methods are ���	 and ����� respectively� In Table �� we also give the residual jjL�uk�jj��
where uk is the optimal solution for the given set of � and �� The last column gives the
di�erence between the initial guess u� at the current set of � and � and the second iterant
u� obtained after one Newton iteration �cf� Theorem 
��

��
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Figure 
� Original image �left� and noisy image with noise level � � ��� �right��

� � N C residual jju� � u�jj�
���� 
� � � 
��e�� ������
��� 
� � �� ���e��
 �����

��� 
� � 
� 
��e��� ������
�� 
� � 
� ���e��� ������
�� �� � �
 ���e��
 ������
�� 
 � �� 
��e��� ������
�� ��� � �� ���e�� �����

�� ��� � ��� 
��e�� ����
�

Table �� Number of iterations for Example ��

In Figure �� we show the denoised image with � � ��� and � � ��� To emphasize that
our method always converges for arbitarily small positive � and �� we also show in Figure
� the denoised image for � � ���
 and � � ��� We observe that the denoised image is
often quite good visually even for reasonably large � and �� However� it will still be good
to have a quadratically convergent method which allows us to get fast convergence for
arbitrarily small � and ��

In Figure �� we show the original image and the noisy image of our second example�
which is a ���by����pixel image� The convergence results are listed in Table 
� The
denoised image is in Figure ��

We �nally remark that the linear solves in the inner loops are done with CG with no
preconditioning� However� our continuation method can be used with any linear solvers
such as multigrid methods �cf 	��� or with CG methods with any preconditioners� The
use of speci�c preconditioners to speed up the inner loop CG method will be discussed in
our future work�

��
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Figure �� Restored image with � � �� and � � ��� �left� and � � ���
 �right��
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Figure �� Original image �left� and noisy image with noise level � � ��� �right��
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Figure �� Restored image with � � ��� and � � ����
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Table 
� Number of iterations for Example 
�

� Acknowledgment

The �rst author would like to acknowledge the hospitality of the Department of Mathe�
matics at the Chinese University of Hong Kong where this work was initiated during a
visit�

��



References

	�� M� Omen� Fast Multigrid Techniques in Total Variation
based Image Reconstruction�
Proceedings for ���� Copper Montain Conference on Multigrid Methods�

	
� L� Rudin� S� Osher and E� Fatemi� Nonlinear Total Variation Based Noise Removal
Algorithms� Physica D� �� ����
� 
���
���

	�� J� Stoer and R� Bulirsch� Introduction to Numerical Analysis� Springer�Verlag� New
York� �����

	�� C� Vogel and M� Oman� Iterative Methods for Total Variation Denoising� to appear
in SIAM J� Sci� Comput��

��



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


