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Abstract� In this paper� we propose a new family of circulant preconditioners
for solving ill�conditioned Hermitian Toeplitz systems Ax � b� The eigenval�
ues of the preconditioners are given by the convolution products of the gener�
ating function f of A with some summation kernels� When f is a nonnegative
���periodic continuous function de�ned on ���� �� with a zero of order �p� we
show that the circulant preconditioners are positive de�nite and the spectrum
of the preconditioned matrix is uniformly bounded in �a� b� with at most �p��
outliers where 	 � a � b � �� Hence the linear system can be solved by
the preconditioned conjugate gradient method e
ciently� We emphasize that
the construction of the circulant preconditioner does not require the explicit
knowledge of the generating function� Numerical results are included�

�� Introduction

An n�by�n matrix An � �aij � is said to be Toeplitz if aij � ai�j � Toeplitz
systems of the form Anx � b occur in a variety of applications in mathematics
and engineering ���� There are a number of specialized fast direct methods for
solving Toeplitz systems that require O�n�� operations� see for instance ����� Faster

methods requiring O�n log� n� operations have also been developed� see ��� ���
Strang in ���� proposed using the preconditioned conjugate gradient method

with circulant matrices as preconditioners for solving Toeplitz systems� The num�
ber of operations per iteration is of order O�n logn� as circulant systems can be
solved e�ciently by the Fast Fourier Transform �FFT�� Several successful circulant
preconditioners have been introduced and analyzed	 see for instance ���� ��� In
these papers� the Toeplitz matrix An is assumed to be generated by a generating
function f � i�e�� the diagonals of An are given by the Fourier coe�cients of f � It
has been shown that if f is a positive function in the Wiener class �i�e�� the Fourier
coe�cients of f are absolutely summable�� then these circulant preconditioned sys�
tems converge superlinearly ���� However� if f has zeros� the corresponding Toeplitz
system will be ill�conditioned� Tyrtyshnikov ��	� has proved that the Strang ����
and the T� Chan ���� preconditioners will fail in this case�
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To tackle this problem� non�circulant type preconditioners have been proposed�
see ��� 	� 
� ��� ���� The basic idea behind these preconditioners is to 
nd a func�
tion g that matches the zeros of f � Then the preconditioner is constructed based on
the function g� These approaches work when the generating function f is given ex�
plicitly� However� in some applications� we are given only a Toeplitz system where
the underlying generating function is unknown and therefore these preconditioners
cannot be constructed� In contrast� circulant preconditioners only use the entries
of the given Toeplitz matrix� Recently� Di Benedetto ��� proved that the condi�
tion numbers of the preconditioned matrices by sine transform preconditioners are
uniformly bounded� However� the preconditioners themselves may be singular or
inde
nite in general� Our aim in this paper is to propose a family of positive def�
inite circulant preconditioners that do not require the explicit knowledge of f and
that work for ill�conditioned systems�

Chan and Yeung ��� showed that circulant preconditioners can be derived in
general by considering convolution products of the generating function f with some
kernels� For instance� the Dirichlet kernel Dbn

�
c gives to the Strang preconditioner�

They proved that for any positive ���periodic continuous function f � if Cn is a
kernel such that Cn � f tends to f uniformly on ���� ��� then the corresponding
preconditioned system C��

n An will have clustered spectrum� This result turns the
problem of 
nding a good preconditioner to the problem of approximating f with
Cn � f � We note that Dbn

�
c � f depends solely on the 
rst n� � Fourier coe�cients

fajgjjj�n of f � Thus the Strang preconditioner does not require explicitly knowledge
of f �

Our idea here is to construct positive de
nite preconditioners by approximating
f by Kn�r � f �de
ned in x�� that matches the zeros of f and depends only on
fajgjjj�n� In this proceeding paper� we mainly consider nonnegative ���periodic
continuous function with a single zero� We will show that if f��� has a zero of order
�p at � � �� then Kn��r � f matches the zero of f for r � p� We will also show
that the spectrum of the preconditioned matrix is uniformly bounded with at most
�p
 � outliers� The general case for generating functions with multiple zeros will
be considered in a future paper�

The outline of the paper is as follows� In x�� we give an e�cient method for
computing the eigenvalues of the preconditioners� In x� we show that Kn�r � f
matches the zero of f � We then estimate in x�� the spectrum of the preconditioned
matrices� Numerical results are given in x� to illustrate the e�ectiveness of our
preconditioners in solving ill�conditioned Toeplitz systems�

Remark� This paper was 
rst presented at the International Congress of Chinese
Mathematicians in Beijing in December� ����� Recently� similar results have also
been obtained independently by Potts and Steidl �����


� Construction of Circulant Preconditioners

Denote the space of all ���periodic continuous real�valued functions by C���
The Fourier coe�cients of a function f in C�� are given by

ak �
�

��

Z �

��

f���e�ik� d�� k � �������� � � � �

The n�by�n Hermitian Toeplitz matrix generated by f will be denoted by An�f � �
�ai�j �� We remark that An�f � is positive de
nite when f is a nonnegative function
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that takes positive values on a nondegenerate interval� see ���� Suppose �� is a zero
of f � We say that �� is of order p if p is the smallest positive integer such that
f �p��	��� is continuous in a neighborhood of �� and f �p	���� �� �� We note that
when f is nonnegative� f �p	���� � � and p must be even�

For the Toeplitz systems considered in this paper� we will assume that f is
a nonnegative function with a single zero� The systems will be solved by using
preconditioned conjugate gradient �PCG� methods with circulant preconditioners�
It is well known that circulant matrices can be diagonalized by the Fourier matrix
Fn� see ���� Therefore� a circulant matrix is uniquely determined by its set of
eigenvalues� For a given function f � we de
ne the circulant preconditioner Cn�f � to
be an n�by�n matrix with its j�th eigenvalue given by

�j�Cn�f �� � f�
��j

n
�� � � j � n������

We note that Cn�f � � F �
ndiag���� ��� � � � � �n���Fn� see ����

In the following� we will use the kernel function

Kn��r��� �
kn��r
nr��

�
sin�n�� �

sin� �� �

��r

� r � �� �� � � ������

to construct our circulant preconditioners� Here kn��r�� O���� is a normalization
constant such that the integral of Kn��r over ���� �� is �� We note that Kn�� is the
Fej�er kernel and Kn�
 is the Jackson kernel ��
� p�����

For any N � the Fej�er kernel KN�� can be expressed as

KN����� �

N��X
k��N��

b
�N��	
k eik� �

where

b
�N��	
k �

N � jkj

��N
� k � �������� � � � ��N � ��

Hence by ������

KN��r��� �

r�N��	X
k��r�N��	

b
�N��r	
k eik������

where the coe�cients b
�N��r	
k can be obtained by convolving the vector �b

�N��	
k �N��

k��

with itself for r�� times using FFTs� Hence the cost of constructing the coe�cients
is of O�rN logN� operations�

The convolution product of Kn��r with a function f is de
ned as

�Kn��r � f���� �

Z �

��

Kn��r�t�f�t� �� dt������

Since f��� �
P�

k��� ake
ik�� by ������ the convolution product in ����� becomes

�KN��r � f���� �

r�N��	X
k��r�N��	

akbke
ik� �

Hence our circulant preconditioners Cn�KN��r �f � can be constructed by using only
the 
rst r�N � �� 
 � coe�cients of f � Thus when we are given a Toeplitz system
Anx � b� we can choose the largest N such that r�N � �� � n� Then KN��r � f
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only requires ak for jkj � n� This means that Cn�KN��r � f � can be constructed
e�ciently without the explicit knowledge of the underlying generating function f �

�� Properties of the Kernel Kn��r

In this section� we study some properties of Kn��r in order to see how good the
approximation of f by Kn��r � f will be� We 
rst note the following Lemma�

Lemma ���� ��
� p���� Let p and r be positive integers with r � p� Then�
Kn��r � �

�p
�
��� � O�

�

n�p
��

Next we simplify �Kn��r � �
�p
������ where ��� is the periodic extension of � on

���� ���

Lemma ���� Let p be a positive integer� For any � � ������	��� there exist

positive 
� and �� such that


� �

�
Kn��r � �

�p
��

�
���

�Kn��r � ��p�� 
 ����p� ���
� ��� �t � ���� ���

For any � � ���	�� �	��� there exist positive 
� and �� such that


� �

�
Kn��r � �

�p
��

�
���

�Kn��r � ��p� ���
� ��� �t � ���� ���

For any � � ��	�� ��� there exist positive 
� and �� such that


� �

�
Kn��r � �

�p
��

�
���

�Kn��r � ��p�� � ����p� ���
� ��� �t � ���� ��������

Proof� We just note that for any � � ������	��� there exist positive 
� and
�� such that


� �
��� t��p��

��� t��p��
 �� � t��p
� ��� �t � ���� ���

For any � � ���	�� �	��� there exist positive 
� and �� such that


� �
��� t��p��
��� t��p

� ��� �t � ���� ��������

And for any � � ��	�� ��� there exist positive 
� and �� such that


� �
��� t��p��

��� t��p��� �� 
 t��p
� ��� �t � ���� ���

With Lemmas ��� and ���� we have the following theorem�

Theorem ���� Let p and r be positive integers with r � p� Then there exist

positive numbers 
 and � and a natural number M such that


 �

�
Kn��r � �

�p
��

�
���

��p��
� ������

for all n � M and �	n � j�j � ��
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Proof� By Lemma ���� for di�erent values of �� �Kn��r��
�p
������ can be replaced

by di�erent functions� Hence� we proceed the proof for di�erent ranges of values of
��

We note from ����� that ��p�� � ��pg��� for some bounded positive function g�

For � � ��	n� �	��� �Kn��r � �
�p
������ � �Kn��r � �

�pg�������� By the Mean Value
Theorem� there exists � � ���� �� such that

�Kn��r � �
�pg������� � g����Kn��r � �

�p�����

It follows that�
Kn��r � �

�p
��

�
���

��p��
�

g���
�
Kn��r � �

�p
�
���

g�����p

�
g���

g���

pX
k��

�
�p

�k

�
���k

Z �

��

Kn��r�t�t
�k dt�

By applying Lemma ����
R �
��

Kn��r�t�t
�k dt � ck	n

�k� for k � �� � � � � p where ck �

O��� � �� Then �
Kn��r � �

�p
��

�
���

��p��
�

g���

g���

pX
k��

dk
��kn�k

�

where dk � ck
�
�p
�k

�
� Let gmax � max��
��n����� g��� and gmin � min��
��n����� g����

Since

� � � � d� �

pX
k��

dk
��kn�k

�

pX
k��

dk
��k

�

we have

g���

gmax
�

�
Kn��r � �

�p
��

�
���

��p��
�

g���

gmin

pX
k��

dk
��k

�

For � � ��	�� ��� we note that ��	���p � ��p�� � ��p� By �������
Kn��r � �

�p
��

�
��� � h���

�
Kn��r � �

�p�� � ����p
	
����

for some positive bounded function h� On the other hand��
Kn��r � �

�p�� � ����p
	
��� �

Z �

��

Kn��r�t���� t��p��� t� ����p dt

�

Z �

��

Kn��r�t�
�
��p��� ����p 
 s�t�

�
dt�

where s�t� is a degree �p polynomial such that s��� � s���� � �� By Lemma ����R �
�� Kn��r�t�s�t� dt � O��	n�j� for some j 	 �� Thus��

Kn��r � �
�p�� � ����p

	
���

��p��
� �� � ����p 
O�

�

n�
��

It follows that for su�ciently large n� the above ratio is bounded below and above
by some positive constants�

For the case � � ������	��� it can be proved in a similar way as above that
for su�ciently large n� ����� holds� The last case � � ���	����	n� is similar to
the case where � � ��	n� �	���
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Using the fact that �Kn��r � ��� ���p������ � �Kn��r � �
�p
������ ��� we obtain the

following corollary which deals with functions having a zero at � �� ��

Corollary ���� Let � � ���� ��� p and r be positive integers with r � p� Then

there exist positive numbers 
 and � and a natural number M such that


 �

h
Kn��r � �� � ���p��

i
���

�� � ���p��
� �

for all n � M and �	n � j�� �j � ��

Now we are in the position of proving a main result for functions with a single
zero of order �p�

Theorem ���� Let f � C�� be a nonnegative function with a zero of order �p
at � � ���� �� and let r � p be any integer� Then there exist positive numbers 

and � and a natural number M such that


 �
�Kn��r � f� ���

f���
� �

for all n � M and �	n � j�� �j � ��

Proof� The result can be obtained by writing

�Kn��r � f� ���

f
�

�Kn��r � f� ���h
Kn��r � �� � ���p��

i
���

�

h
Kn��r � �� � ���p��

i
���

�� � ���p��
�
��� ���p��

f
�

and then applying the Mean Value Theorem to the 
rst factor� Corollary ��� to the
second factor� and the de
nition of the zero �cf� x�� to the third factor�

So far we have considered only the interval �	n � j���j � �� For j���j � �	n�
we have the following theorem�

Theorem ���� Let f � C�� be a nonnegative function with a zero of order �p
at � � ���� �� and let r � p be any integer� Then for any j�� �j � �	n� we have

�Kn��r � f� ��� � O�
�

n�p
��

Proof� We 
rst prove the theorem for the function f��� � ��p��� In view

of ������ there exists a positive continuous function g�t� such that �� � t��p�� �
g�t���� t��p� Hence�

�
Kn��r � �

�p
��

�
��� �

Z �

��

Kn��r�t�g�t���� t��p dt

� g���

Z �

��

Kn��r�t��� � t��p dt

� g���

Z �

��

Kn��r�t�

�pX
j��

�
�p

j

�
��p�j��t�j dt�
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where the second equality is obtained from the Mean Value Theorem for some
� � ���� ��� For odd j�

R �
�� Kn��r�t�t

j dt � �� Thus

�
Kn��r � �

�p
�
��� � g���

Z �

��

Kn��r�t�

pX
j��

�
�p

�j

�
��p��jt�j dt�����

� g���

Z �

��

Kn��r�t�

pX
j��

�
�p

�j

���
n

��p��j
t�j dt

� g���

pX
j��

�
�p

�j

���
n

��p��j Z �

��

Kn��r�t�t
�j dt�

By Lemma ����
R �
�� Kn��r�t�t

�j dt � O��	n�j� for each j� Hence
�
Kn��r � �

�p
�
��� �

O��	n�p�� On the other hand� from ������

�Kn��r � �
�p���� 	 g���

Z �

��

Kn��r�t�t
�p dt � g���O�

�

n�p
��

Thus the theorem holds for f��� � ��p���

If f��� � ��� ���p��g��� for some positive function g � C��� then by the Mean
Value Theorem� there exists a � � ���� �� such that

�Kn��r � f���� � �Kn��r � �� � ���p��g�������

� g����Kn��r � �� � ���p������ � g����Kn��r � �
�p
������ ���

Hence the theorem follows�

�� Spectral Properties of the Preconditioned Matrices

In this section� we analyze the spectra of the preconditioned matrices� We will
need the following lemma�

Lemma ���� ���� Lemma ���� Let f� g � C�� be nonnegative such that � � a �
f	g � b� Then

a �
x�An�f �x

x�An�g�x
� b� �x �� ��

Finally� we have our main theorem�

Theorem ���� Let f � C�� be a nonnegative function with a zero of order �p
at �� Then for all r � p� there exists an integer M such that for n � M � at most

�p 
 � eigenvalues of C��
n �Kn��r � f �An�f � are not contained in the interval �a� b�

where � � a � b �
�

Proof� Throughout this proof� we denote by Rn�m� an arbitrary n�by�n ma�

trix of rank at most m� For any function g� we let �Cn�g� to be the circulant matrix
whose j�th eigenvalue is given by

�j� �Cn�g�� �


��
�


�

n�p
� if

������jn � �

���� � �

n

g�
��j

n
�� otherwise�

�����

Note that �Cn�g� � Cn�g� 
 F �
n�nFn where Cn�g� is de
ned in ����� and �n is a

diagonal matrix of rank not more than ��
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We use the following decomposition to prove the theorem�

x�An�f �x

x�Cn�Kn��r � f �x
�����

�
x�An�f �x

x�An

h
sin�p

�
���
�

�i
x
�
x�An

h
sin�p

�
���
�

�i
x

x� �Cn

h
sin�p

�
���
�

�i
x
�

x� �Cn

h
sin�p

�
���
�

�i
x

x� �Cn�f �x
�

x� �Cn�f �x

x� �Cn�Kn��r � f �x
�
x� �Cn�Kn��r � f �x

x�Cn�Kn��r � f �x
�

By Lemma ���� the 
rst factor in the right hand side of ����� is uniformly
bounded� For the second factor� since Cn�sin

�p �� is just the Strang preconditioner
for An�sin

�p �� when n � �p� we have

An

�
sin�p

�
�� �

�

��
� Cn

�
sin�p

�
�� �

�

��

Rn��p�

� �Cn

�
sin�p

�
�� �

�

��

Rn��p
 ���

By the de
nition of zeros� the third factor in ����� is uniformly bounded� By

Theorem ��� and the de
nition of �Cn in ������ the fourth factor in ����� is uniformly
bounded� Finally� by Theorem ��� and ����� again� we see that the last factor of
����� is also uniformly bounded�

The theorem now follows by using the properties of Rayleigh quotient and the
Weyl�s theorem ���� p������

We emphasize that we do not need the explicit knowledge of where the zero �
is in order to construct the preconditioners Cn�Kn��r �f �� Moreover� since Kn��r are
positive kernels� the preconditioners Cn�Kn��r � f � are positive de
nite� see ����

By Theorem ���� the number of PCG iterations required for convergence is
of O�logn�� see ���� Since each PCG iteration and also the construction of the
preconditioners both require O�n logn� operations� the total complexity of our PCG

method is at most O�n log� n��

�� Numerical Experiments

In this section� we illustrate by numerical examples the e�ectiveness of the
preconditioners Cn�Kn��r � f � in solving ill�conditioned Toeplitz systems� For com�
parisons� we also test the Strang and the T� Chan circulant preconditioners� see
���� ���� We solve Toeplitz systems An�f �x � b by the preconditioned conjugate
gradient method for eight test functions� ��� ���� ���� ������ ���� ����
� �
�� �
�
�
��� � ����X

jkj����


�

jkj
 �
eik� � ������� and

X
jkj����


�

jkj��� 
 �
eik� � �������

Regarding the last two functions� we found numerically that the minimum values
of
P

jkj����

�

jkj��e
ik� and

P
jkj����


�
jkj�����e

ik� are approximately equal to ������

and ������ respectively� Hence the two test functions are approximately zero at
some points in ���� ���
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�� ��� � ���

n �� �� �� ��� ��� ��� �	�� �� �� �� ��� ��� ��� �	��

I �� �� 
� �
	 ��� 
�� y �� �� ��� ��� ��
 y y
S � 
 
 
 
 
 � �� �	 �� � �	 � ��
T �� �� �� �� �� �� �� �� �� �� �	 �
 �� ��

KN�� � � � �	 � � � �� �� �� �� �� �� ��
KN�� � �	 �	 �	 �	 � � �� �� �� �� �� �� ��
KN�� �	 � �	 �	 �	 �	 �	 �� �� �� �� �� �� ��

����� � ��� ����� � ���
n �� �� �� ��� ��� ��� �	�� �� �� �� ��� ��� ��� �	��

I �� �� �� ��� ��	 ��� ��� �� �� �� ��� ��� ��	 y
S � � � � �	 �� �� � � � � �	 �� ��
T �� �� �� �
 �	 �� �� �� �� �� �
 �� �
 ��

KN�� �	 �	 �� �� �� �� �� �	 �	 �� �� �� �� ��
KN�� �	 �	 �� �� �� �� �� �	 �	 �� �� �� �� ��
KN�� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

�� ����� � ���
n �� �� �� ��� ��� ��� �	�� �� �� �� ��� ��� ��� �	��

I �� �� �	� 
�	 y y y �� �� ��� ��	 y y y
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Table �� Numbers of iterations for di�erent preconditioners�

In our test� we use KN��r as kernel functions where N is the largest integer
such that N�r � �� � n� The right�hand side vector b is formed by multiplying
a random vector to An�f �� The initial guess is the zero vector and the stopping
criteria is jjrq jj�	jjr�jj� � ���� where rq is the residual vector after q iterations� All
computations are done by Matlab on a Sun Ultra SPARC � workstation�

Table � shows the numbers of iterations required for convergence for di�erent
choices of preconditioners� In the table� I denotes no preconditioner� S is the Strang
preconditioner� T is the T� Chan preconditioner� and KN��r are the preconditioners
from KN��r with r � �� � and �� We recall that T is just KN��� For those iterations
more than ����� we denote them by y�

The 
rst four test functions have single or multiple zeros of order � on ���� ���
We see that T� Chan preconditioner does not work� This can be explained by the
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fact that the order of KN���f does not match that of f at the zeros of f � The Strang
and T� Chan preconditioners do not work for the next two test functions which are
functions with a zero of order �� As expected� KN�� and KN�� still work very well�
The last two functions are functions with slowly decaying Fourier coe�cients� It
is nontrivial to determine the order of their zeros� However� the results show that
KN�r perform better than the Strang and T� Chan preconditioners�
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