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ABSTRACT. In this paper, we survey some of latest developments in using
preconditioned conjugate gradient methods for solving mildly ill-conditioned
Toeplitz systems where the condition numbers of the systems grow like O(n")
for some v > 0. This corresponds to Toeplitz matrices generated by func-
tions having zeros of order v. Because of the ill-conditioning, the number
of iterations required for convergence in the conjugate gradient method will
grow like O(n”/?). Different preconditioners proposed for these Toeplitz ma-
trices are reviewed. The main result is that the total complexity of solving an
ill-conditioned Toeplitz system is of O(nlogn) operations.

1. Introduction

An n-by-n matrix A, is said to be Toeplitz if

ag a—1 e a2—n QAl-n
a1 ap a_—1 a2 —n
(L.1) A, = : aq ag . : ,
ap—2 - T a—_1
Gp—1 Qap-2 - aq 0]

i.e., A, is constant along its diagonals. Toeplitz systems of the form A,x = b occur
in a variety of applications in mathematics and engineering [8].

Strang in [25] proposed using the preconditioned conjugate gradient method
with circulant matrices as preconditioners for solving Toeplitz systems. The number
of operations per iteration is of order O(nlogn) as circulant systems can be solved
efficiently by fast Fourier transforms. Several successful circulant preconditioners
have been introduced and analyzed; see for instance [13, 6]. In these papers, the
given Toeplitz matrix A,, is assumed to be generated by a generating function f,
i.e., the diagonals a; of A, are given by the Fourier coefficients of f. It was shown
that if f is a positive function in the Wiener class (i.e., the Fourier coefficients of
f are absolutely summable), then these circulant preconditioned systems converge
superlinearly [6]. However, if f has zeros, the corresponding Toeplitz systems will
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be ill-conditioned. In fact, for the Toeplitz matrices generated by a function with
a zero of order 2v, their condition numbers grow like O(n?”), see [23]. Hence
the number of iterations required for convergence will increase like O(n”), see [2,
p.24]. Tyrtyshnikov [28] has proved that the Strang [25] and the T. Chan [13]
preconditioners both fail in this case. In this paper, we will survey results in
using the preconditioned conjugate gradient method for solving Toeplitz systems
generated by functions with zeros and give some insight in how to construct effective
preconditioners.

The outline of the paper is as follows. In §2, we present the relationship between
the spectrum of Toeplitz matrices and its generating function. In §3 and §4, we
study band-Toeplitz and circulant-type matrices as preconditioners respectively for
ill-conditioned Toeplitz systems. These two types of preconditioners require the
explicit knowledge of the generating functions of the Toeplitz matrices. In §5, we
consider the case where the Toeplitz matrix is given rather than the generating
function and present circulant preconditioners that incorporate the idea of band-
Toeplitz preconditioner. Finally, some concluding remarks are given in §6.

2. Toeplitz Matrices and Generating Functions

Let Cs, be the space of all 2w-periodic continuous real-valued functions. The
Fourier coefficients of a function f in Cs, are given by

1 [ ,
ap = —/ f@)e ™ dp, k=0,+£1,+2,.--.
27 J_ .

Clearly a, = a_y, for all k. Let A,[f] be the n-by-n Hermitian Toeplitz matrix
with the (i, j)th entry given by a;—;, 4,5 =0,... ,n— 1. We will use C;_ to denote
the space of all nonnegative functions in C,; which are not identically zero. We
remark that the Toeplitz matrices A,[f] generated by f € CJ _ are positive definite
for all n, see [7, Lemma 1]. Conversely, if f € Cy, takes both positive and negative
values, then A,[f] will be non-definite. In this paper, we only consider f € Cj .

THEOREM 2.1. ([17, p.65]) Let f € Car. Then the spectrum o(An[f]) of An[f]
satisfies

(2.1) o(An[f]) € [fmin, fmax], VR =1,

where fimin and foax are the minimum and the mazimum values of f respectively.
MOT@O'U@T‘, Zf fmax > fmilv then

(22) fmin < /\min(An[f]) S )‘max(An[f]) < fmax-
In particular, if fuin > 0, then A,[f] is positive definite for all n.

In this paper, we will consider f having zeros. We say that 6y is a zero of f of
order v if f(fy) = 0 and v is the smallest positive integer such that f*)(6y) # 0
and f(*+1)(#) is continuous in a neighborhood of #y. By Taylor’s theorem,

(v)
70 = T2 g oy 4 00 — 0+

for all # in that neighborhood. Since f is nonnegative, f*)(fy) > 0 and v must be
even. We remark that the condition number of A4, [f] generated by such an f grows
like O(n"), see [23].

The convergence rate of the conjugate gradient method is well studied, see Ax-
elsson and Barker [2, p.24]. It depends on the condition number of the matrix A, [f]
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and how clustered the spectrum of A, [f] is. If the spectrum is not clustered, as is
usually the case for Toeplitz matrices [17, p.65], a good estimate of the convergence
rate is given in terms of the condition number k(4,[f]) of A,[f]. The estimate can
be expressed as

leallann _ (VD 1)
leolla,irn = \Ve(AL[)+1)

where eq is the error vector at the gth iteration and ||y||?4nm =y*A4,[fly. Con-
vergence will be slower if f has a zero, in which case the matrices A,[f] will be
ill-conditioned.

One way to speed up the convergence rate of the method is to precondition the
Toeplitz system. Thus, instead of solving A,x = b, we solve the preconditioned
system

(2.3) Pl AL flx = P b

The matrix P,, called the preconditioner, should be chosen according to the fol-
lowing criteria:
e P, should be constructed within O(nlogn) operations.

e P,v =y should be solved in O(nlogn) operations.
e The spectrum of P, A,[f] should be clustered.

The first two criteria are to keep the operation count per iteration within O(n logn)
as that is the count for the non-preconditioned system. The third criterion comes
from the fact that the more clustered the eigenvalues are, the faster the convergence
of the method will be, see for instance [19, pp. 249-251] and [2, pp. 27-28].

In the next three sections, we study different preconditioners for ill-conditioned
Toeplitz systems that satisfy the three criteria mentioned above.

3. Toeplitz-type Preconditioners

In [7], R. Chan proposed to use band-Toeplitz matrices as preconditioners. The
motivation behind using band-Toeplitz matrices is to approximate the generating
function f by trigonometric polynomials of fixed degree. The advantage here is
that trigonometric polynomials can be chosen to match the zeros of f, so that the
preconditioned method still works when f has zeros.

For all £ > 1, we define

(3.1) ge(8) = (2 —2cosh)’ = [2 sin <g>rl,

which has a unique zero of order 2¢ at § = 0. We note that A,[g:] is the discrete
Laplacian given by

tridiag (—1,2,—1)
with eigenvalues given by

) — Aain2 mj .
(3.2) Aj(Anfg1]) = 4sin <2n+2>’ j=1...,n

The matrix A,[ge] will be used as our preconditioners. It is therefore necessary
that the diagonals of A,[g,] can be found easily. We remark that

1 1
(3.3) 2—-2cosf = ——(1—2)?=—(=+2—2),
z z
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where z = €. Hence by the binomial theorem,

¢
34 2 —2cos)’ = t(e)zk,
(3.4) ( K
k=—¢

0 _ 0 _ i 2

are the binomial coefficients of (—1)¢(1 — 2)?‘. Hence the diagonals of A, [g/] can
be obtained easily from the Pascal triangle. It is clear that A,[g,] is a symmetric
band-Toeplitz matrix of band-width (2¢ + 1).

Next we analyze the spectra of the preconditioned matrices when the generating
function has a zero. The following theorem states that the spectra of preconditioned
matrices are uniformly bounded.

where

THEOREM 3.1. Let f € C3. and have a zero of order 2v at 6y. Then the
condition number k(A,[g,) 7 An[f]) of Anlgy] " Anlf] is uniformly bounded for all
n > 0.

ProOOF. We can assume without loss of generality that 6o = 0. We note that
the function f = f(6 + 6p) has a zero at § = 0 and

Anlf] = V3 Aalf1Va,

where V,, = diag (1,e %0 e 2% ... g-iln=1)fo)

By assumption, there exists a neighborhood N of 0 such that f is continuous
in N. Define

f0)
F@)= ————+.
©) (2 — 2cosh)¥
Clearly F is continuous and positive for § € N \ {0}. Since
, _ (0
dm FO) = 5

is positive, F' is a continuous positive function in N. Since f is continuous and
positive in [—m, @] \ N, we see that F' is a continuous function with a positive
essential infimum in [—m,7]. Hence there exist constants ¢;,ce > 0, such that
¢1 < F(0) < ¢y almost everywhere in [—m, w]. Thus we have

u*A,[flu

— <
u*4,[g,]u 2

C1 >

for any n-vector u. Hence k(An[g,] " A,[f]) < c2/c1, which is independent of
n. ([l

Next we consider the multiple zero case. Let f be a nonnegative periodic
function defined in [—m, 7] with zeros attained at {6;}¥ ;. Let the order of ¢; be
2v; and we order them such that vy <--- <. Let v = Zle v;. We define

k

g(0) = [I2 - 2cos(® — 6:)]"".

i=1
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The matrix A,[g] will be used as our preconditioner for A,[f]. To compute the
diagonals t; of B,,, we note that

(1 - ze ) (1 — 2 ei)]fs

-

k
9®) = [Ia - e s

Jj=1 1

IR .
— ) H(619]' _ 22, + ZQe—loj )f]‘
j=1

<.
Il

—~~

2l

(3.5) = > a;d,

j=—1
where z = €?. Thus the diagonals of A,[g] can be obtained by expanding the
product in (3.5). Notice that A,[g] is a Toeplitz matrix of band-width equals to
(2¢ + 1). By repeating the arguments in Theorem (3.1), we have

THEOREM 3.2. There exist constants cy,co > 0, such that

f0)

g < —=<co, VOE€][-mm]

9(9)
In particular, k(A,[g)" An[f]) < ca/c1 for all n > 0.

We remark that this preconditioner has improved the condition number from
k(AL[f]) = O(n?") to k(Anlg,] tAn[f]) = O(1). However, we emphasize that the
spectrum of A,,[g,] *A,[f] in general will not be clustered around 1 although they
are uniformly bounded. The main drawback of using these band-Toeplitz matrices
as preconditioners is that when f is positive, these preconditioned systems converge
much slower than those preconditioned by circulant preconditioners.

In [6], R. Chan and P. Tang designed other kinds of band-Toeplitz precondi-
tioners such that their preconditioned systems converge at the same rate as the
circulant preconditioned systems even when f is positive. Their idea is to increase
the band-width of the band-Toeplitz preconditioner to get extra degrees of free-
dom, which enable them not only to match the zeros in f, but also to minimize
the relative error ||(f — g)/f||co in approximating f by trigonometric polynomials
g. The minimizer, which is a trigonometric polynomial, is found by a version of the
Remez algorithm proposed by Tang [26].

THEOREM 3.3. Let f be the generating function of Toeplitz matrices and gy be
the minimizer of ||(f — g)/flleo over all trigonometric polynomials of degree £. If

f—ge
T=9) _ <,
H f

o0
then the Toeplitz matriz A, [g¢] is positive definite and

1+«
1-a’

K(Anlge] T Anlf]) <

n=1,23,....

PRroOOF. By assumption, we have

f@)(1—a) < ge(r) < f()(1 + ) Voel[-m,m].
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Clearly, g¢(z) is nonnegative. In particular, by Theorem 2.1, A,[g/] is positive

definite for all n. Then we have
2

n—1
* 1 " ijx
u A, [flu= o ﬂrf(a:) ]Z;uje T dx

and
2
1 T n—1 3
u*A,[gu = o ge(x) Zuje’” dx
_ =
for an arbitrary (complex) n-vector u* = [ug, u1,--- ,u,—1]. Hence, we get

(1 —a)u™A,[flu <u"Apfge]u < (14 a)u™4,[flu
Since A,[g¢] is positive definite, we finally have
1+a

w(Anlg] AnlF]) < T2

R

O

The parameter a is given explicitly in the Remez algorithm. It gives an a priori
bound on the number of iterations required for convergence.

The main idea behind Theorems 3.1 and 3.3 is to approximate the given non-
negative generating function f by trigonometric polynomials that match the zeros
of f. Clearly, any function g that matches the zeros of f and gives rise to Toeplitz
matrices that are easily invertible can be considered too. This idea is exploited
in Di Benedetto [3], Di Benedetto, Fiorentino, and Serra [5], and Serra [22]. In
[5], f is first approximated by g, as in (3.1), then the quotient f/g, is further
approximated by a trigonometric polynomial or rational function to enhance the
convergence rate.

4. Circulant-type Preconditioners

Circulant matrices, as preconditioners for Toeplitz systems in the precondi-
tioned conjugate gradient method, have been studied extensively since 1986, see
[8]. We remark that a matrix C' is called circulant if it is Toeplitz and the last en-
try of every row is the first entry of its succeeding row. It has been shown that the
circulant preconditioners are good preconditioners for the solutions of Toeplitz sys-
tems generated by positive function, see [8]. However, when fmin = 0, Tyrtyshnikov
has proved theoretically [28] that Strang’s S, and T. Chan’s T,, preconditioners
will fail in this case. In fact, he showed that the numbers of outlying eigenvalues of
S—1A,[f] and T7* A, [f] are of O(n”/**+1)) and O(n*/(**1), respectively. Here, p
is the degree of smoothness of the function f, and v is the order of f at the zeros.
These results were numerically verified in Tyrtyshnikov and Strela [29].

In [20], Potts and Steidl proposed to use f to generate w-circulant precondition-
ers to precondition A,[f]. Circulant matrices belong to the class of {w}-circulant
matrices [15] which are defined as follows:

DEFINITION 4.1. Let w = €' with 6 € [-7,7]. An n-by-n matrix W is said
to be an n-by-n {w}-circulant matriz if it has the spectral decomposition

(4.1) Con = O FX A FQ.
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Here Q,, = diag[l,w /" ... ,w (®"V/"] and A, is a diagonal matrix containing
the eigenvalues of W,

Notice that {w}-circulant matrices are Toeplitz matrices with the first entry
of each column obtained by multiplying the last entry of the preceding column by
w. In particular, {1}-circulant matrices are circulant matrices while {—1}-circulant
matrices are skew-circulant matrices.

The diagonal matrix A, in (4.1) can be obtained in O(nlogn) operations by
taking the FFT of the first column of C,, ., i.e.,

An]- - FnQanel.

Once A, is obtained, the products C,, ,y and C 7,
puted via (4.1) in O(nlogn) operations.

In the following, we assume that f has only a finite number of zeros. Then
we can choose ¢ such that f(27j/n+ ¢) > 0 for 0 < j < n. Using the values
f2mj/n + (), we can construct the w-circulant preconditioner

Conlf) = O F; ding (10132 .0, s DT 4.0 R,

n

y for any vector y can be com-

to precondition A,[f]. Here w = €. Potts and Steidl [20] proved the following
theorem about the clustering property of C, ,[f]™" An[f]-

THEOREM 4.2. Let f € C§. and have a zero of order 2p at 6y. Let w = e'%.
For any given € > 0, there exist positive integers N1 and Ny such that for n > Ns,
Conlfl L ALLf] has at most Ny eigenvalues outside the interval (1 —€,1 + ).

PROOF. Define s2,(0) = sin®”(§ — ). By assumption, f(8) = s2,(0)g(6) for
some positive continuous function ¢(f) on [—m,7]. By the Weierstrass theorem
(see Cheney [14, p.144]), given any € > 0, there exists a positive trigonometric
polynomial

with p_r = pi such that g (6) satisfies the following condition
1 1

(42) gk (9) - §egmin S g(a) S 9k (0) + §€gmin-

It follows that

520(6) (6) = Gmin) < £6) < 52,6) (0) + Gemin )

Then we obtain
X*An[f]x S X*An[SZPg]X + lfgmin X*An[SZP]X_
x*Cyualf]x x*Cyn[flx 2 x*Cy n[f]x

As s5p(0 + 6p) is a p-th degree trigonometric polynomial, A, [s2p(6 + 6p)] is a
banded Toeplitz matrix with half bandwidth p + 1. Therefore when n > 2p, by the
definition of the Strang circulant preconditioner, we have

(4.3)

0 0 L,
(44) C(),n [32,,(6 + 90)] = A, [32,,(6 + 90)] + 0 0 O s
L 0 0

4
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where L, is a p-by-p matrix, see [20, 25]. By multiplying
Q = diag (l,e_wo/”, e ,e_i(”_l)oo/”)
and Q* on (4.4), we get
(4.5) Cunls2p(0)] = Q7 Conls2p(0 + 00)]2 = An[s2,(0)] + Bn(2p),

where R,(2p) denotes an n-by-n matrix of rank at most 2p. We also note by [4,
Theorem 3.1] that

(4.6) An[s2p(0)gk] = Anls2p(0)]Anlgr] + Rn(2k + 2p).
By putting (4.5) and (4.6) into (4.3), we get
x*A,[f]x < X*Cy n[52p(0)]Cos.nlg]x x*R,(q)x
x*Cya[flx x*Cy nlflx x*Cyalf]x
1 x*Culsp@)]x | 1 x"R,(2p)x
egrnln X*Cw7n|:f]x 2 egnllll X*Cw7n|:f]x

+

2
with ¢ = 4k + 4p + min{2k, 2p}. By noting that
x*Cpls2p(0)]x < 1
X*Cw,n[f]x " Gmin

and using (4.2), we have

x*(An[f] = Rn(q + 2p))x
x*Cy nlf]x

Similarly, we can show the following inequality
X" (An[f] — Rn(q +2p))x

<l+e.

1-€e<
€= x*Cy n[flx
Hence at most (¢ + 2p) eigenvalues of C,, ,[f] ' A,[f] are not contained in the
interval [1 — €,1 + €]. The result follows. O

The clustering of the eigenvalues of C,, ,[f]~'4,[f] for f having multiple zeros
follows in a similar way. In [20], Potts and Steidl have also extended this approach
to non-Hermitian Toeplitz matrices and doubly symmetric block Toeplitz matrices
with Toeplitz blocks. Besides using fast Fourier transforms, they also employ other
fast trigonometric transforms to construct preconditioners. Numerical results have
shown that this kind of preconditioner is very effective to ill-conditioned Toeplitz
systems.

5. Unknown Generating Functions

The approaches in the last two sections work when the generating function f
is given explicitly, i.e., all Fourier coefficients {a;}32_ ., of f are available. How-
ever, when we are given only a finite n-by-n Toeplitz system, i.e., only {a;}jj<n
are given and the underlying f is unknown, then banded-Toeplitz or w-circulant
preconditioners cannot be constructed. In contrast, most well-known circulant pre-
conditioners, such as the Strang and the T. Chan preconditioners, are defined using
only the entries of the given Toeplitz matrix. Di Benedetto in [3] has proved that
the condition numbers of the preconditioned matrices by sine transform precondi-
tioners are uniformly bounded. However, the preconditioners themselves may be
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singular or indefinite in general. In this section, we develop a family of positive def-
inite circulant preconditioners that work for ill-conditioned Toeplitz systems and
do not require the explicit knowledge of f, i.e., they require only {a;};<, for an
n-by-n Toeplitz system.

Our idea is based on the unified approach proposed in Chan and Yeung [11],
where they showed that circulant preconditioners can be derived in general by con-
volving the generating function f with some kernels. For instance, convolving f
with the Dirichlet kernel D, 2| gives the Strang preconditioner. They proved that
for any positive 27-periodic continuous function f, if C, is a kernel such that the
convolution product C, * f tends to f uniformly on [—, x|, then the corresponding
circulant preconditioned matrix C, ' A,, will have clustered spectrum. In particular,
the conjugate gradient method will converge superlinearly when solving the pre-
conditioned system. This result turns the problem of finding a good preconditioner
to the problem of approximating f with C, x f. Notice that D, 5| * f, being the
partial sum of f, depends solely on the first [n/2]| Fourier coefficients {a;}|j|<|n/2]
of f. Thus the Strang preconditioner, and similarly for other circulant precondi-
tioners constructed through kernels, does not require the explicitly knowledge of
f.

In [10], Chan, Tso and Sun constructed circulant preconditioners through ap-
proximate convolution identities such as B-spline preconditioners. These are pre-
conditioners obtained by convolution the Fourier transform of the B-splines with
the generating function f. Well-known circulant preconditioners such as the Strang
and the T. Chan circulant preconditioners fall into this class. They correspond to
the B-spline preconditioners of order 0 and 1 respectively. The intuitive reason for
using B-spline is that we can approximate f as accurately as possible by using higher
order B-splines as they form a sequence of converging to the Dirac delta function
(approximate convolution identity). The convolution is done in the Fourier space
so that we need only the Fourier coefficients of f. Thus the method is applicable if
we are only given the Toeplitz matrix but not f. B-splines also have an advantage
that the higher order B-splines can be constructed recursively from the lower order
B-splines by self-convolution. For all mildly ill-conditioned Toeplitz systems con-
sidered in [10], the numbers of iterations required for convergence after circulant
preconditioning do not grow with n, provided that a B-spline of high enough order
is used.

Recently, Potts and Steidl [21] have used convolution products that match the
zeros of f to construct the circulant-type preconditioners. In particular, they have
used the generalized Jackson kernels and B-spline kernels in their construction.
They have proved that both the convolution products of Jackson and B-spline
kernels with f can match the zeros of f. However, in order to guarantee that the
preconditioners are positive definite, the position of the zeros of f is required which
in general may not be readily available. In [12], Chan, Yip and Ng have also used
the generalized Jackson kernel functions to construct circulant preconditioners for
ill-conditioned Toeplitz systems. In contrast, our circulant preconditioners can be
constructed without any explicit knowledge of the zeros of f.

The generalized Jackson kernel functions is defined as follows
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where k,, 2, is a normalization constant such that ffﬂ Kim,2r(0)df = 1. It is known
that ko is bounded above and below by constants independent of m, see [18,
p.57] or [12, Lemma 3.2]. We note that K, 2(0) is the Fejér kernel and K,;, 4(0) is
the Jackson kernel [18, p.57]. For any m, the Fejér kernel Iy, 2(0) can be expressed
as

m—1
Km2(0) = Z b;cm’Z)eiko,
k=—m+1
where "
pimd = W 0 41,42, -+ (m— 1
k 2mm 07 ; ; ) (m ))

see for instance [11]. Note that [ Ky, 2(6)df = 20b™? = 1.
By (5.1), we see that ICp, 2,(6) is the r-th power of Ky, 2(f) up to a scaling.
Hence we have

r(m—1)
(5.2) Km2r(0) = Z bsgm,m‘)eik@’
k=—r(m-—1)
where the coefficients b;m’zr) can be obtained by convolving the vector (b(_”:,;?l, e
i U™y ith itself for r — 1 times and this can be done by fast Fourier

transforms, see [24, pp.294-296]. Thus the cost of computing the coefficients
(0™} for all |k| < r(m — 1) is of order O(rmlogm) operations. In order to
guarantee that ["_ Ky, 2r(6)df = 1, we can normalize ™) to 1/(2r) by dividing
all coefficients b;cm’w) by 27rb(()m’2T).

The convolution product of two arbitrary functions g = ZZ’;_OO b
h=37%__ cret*® in Cy, is defined as

e*? and

gt)h(0 —tydt = 2w > brere™”.

k=—oc0

(5.3) (g% h)(6) = /

When we are given an n-by-n Toeplitz matrix A,[f], our proposed circulant pre-
conditioner is C,,[Kyp 25 * f], where m = [n/r], i.e.,

(5.4) r(m—1) <n <rm.

By (5.2) and (5.3), since f = > 7o are*? | the convolution product of K, 2, * f
is given by

r(m—1) n—1
(5.5) (Kmorx £)@) =21 Y apb{™*et = 3" dyet®?,
k=—r(m—1) k=—n+1

where (m2r)
d, = { 2magby™", k| < r(m - 1),
0, otherwise.

Clearly, Ky, 2, * f depends only on ay, for |k| < n, i.e., only on the entries of the
given n-by-n Toeplitz matrix A,[f]. For a given function g, we define the circulant
preconditioner C[g] to be the n-by-n circulant matrix with its j-th eigenvalue given
by

(5.6) 2 (Culgl) = g (%J) L 0<j<n.
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Notice that by (5.6), to construct our preconditioner Cp,[KCp, 2% f], we only need the
values of KCpp, 2 * f at 2mj/n for 0 < j < n. By (5.5), these values can be obtained
by taking one fast Fourier transform of length n. Thus the cost of constructing
Cr[Km 2r * f] is of O(nlogn) operations.

THEOREM 5.1. Let f € C3.. The preconditioner Cy,[Km.or * f] is positive
definite for all positive integers m, n and r.

ProoOF. By (5.1), K, 2-(0) is positive except at 0 = 2kn/m, k = £1,£2,.. .,
+(n —1). Since f € CJ_ is nonnegative and not identically zero, the function

™

(K2r x )(8) = Kom2r(t) f(0 — t)dt

-7

is clearly positive for all § € [—m,7]. Hence by (5.6), the preconditioners Cy, [Kp, 25 *
f] are positive definite. O

In the following, we analyze the spectra of the circulant preconditioned matrices
when the generating function has a zero. The case where the generating function
has multiple zeros can be found in [9].

For simplicity, we will use 6 to denote the function 8 defined on the whole real
line R in the following discussion. For clarity, we will use 65, to denote the periodic
extension of § on [—m, 7], i.e. #2,(f) =0 if # = (mod 27) and 0 € [—7,7]. Tt is
clear that 2, € CJ.. In order to estimate (K, o, % 652)(4) for ¢ # 0, we need to
replace the function 632 in the convolution product by 827 defined on R.

LEMMA 5.2. Let p be a positive integer. Then
(Icm,Qr * 02p) (¢)
(Kmﬂr * egﬁ) ()

2 2]'

(5.7) 1< <3%, Voe[-o, T

The next theorem states that K, o, *057 and 657 are essentially the same away
from the zero of #57. We remark the proof of the following theorems can be found
n [12]. Here we give a proof by using the fact that p, 2, is a summation kernel
[18] with the following property

(5.8) mlgnoo Kom2r % f = flloo =0 Vf € Cap,
where || - ||oo denotes the supremum norm.

THEOREM 5.3. Let f € C3. and have a zero of order 2p at 6y € [—m, ). Let
r > p be any integer and m = [n/r]. Then there exist positive numbers o and j,
independent of n, such that for all sufficiently large n,

(Kim2r * £) (¢)
f(9)

PROOF. By the definition of zeros (see §2), f(8) = (8 — 6p)3Lg(6) for some
positive continuous function g(f) on [—m,7]. Write

Komar k) () |[marx 0= 003290)] () [Kmars (0 -03] () 4

f(9) K 0002 (9) ' (¢ — 60)3" 9(9)

a< <B,  VI<|p—bo<m
n
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Clearly the last factor is uniformly bounded above and below by positive constants.
As for the first factor, by the Mean Value Theorem for integrals, there exists a
¢ € [, m] such that

[Km,2r * (8 — 00)32.9(0)]() = g(O)[Km,2r * (8 — 60)52]().

Hence

(K or (0= 00)329(6)] (9)
(Ko e (6 = 00)32] (9)

where gmin and gmax are the minimum and maximum of g respectively.

For the second factor, we see from Lemma 5.2 that (K, % 652)(¢) can be
replaced by an another function for ¢ € [—7/2,7/2]. Hence, we proceed the proof
by considering ¢ in [—7/2,7/2]. We first consider ¢ € [7/n,n/2]. By the binomial
expansion,

S 9max, V¢ € [_ﬂ-vﬂ-]a

0 < Jmin S

™

(Km.2r % 077) (¢) = Kom.2r(£)(¢ — t)2Pdt

,TF .
Kunze®3 ( é’) 5P (1)t

- k=0

For odd k, ["_ Ky (t)t*dt = 0. Thus

(Kom,2r 6%) (8) _ (Kimor + 6%%) (9) _ Z @Z) o / Ko (0t

2p 2
27 ¢ P k=0

(5.9)

By using [ Kp2r(£)t2%dt = ¢ QT/ka in [12, Lemma 3.2], we then have

(Icm,Qr 021) o Ck,2r
(5'10) 2 Qk ¢2km2k’

271'

where ¢ 2, are bounded above and below by positive constants independent of m
for k =0,...p, see [12, Lemma 3.2]. Since by (5.4), 7/r < mm/n < ¢m, we have

P
Co2r < Z <2k'> ¢2c:;;2k Z (%)% <§z> Ck,2r-

k=0

IN

Thus by (5.10),

cmg(’Cm”*ap <Z() < >c’“’2'”

27r

The case with ¢ € [—7/2, —7/n] is similar to the case where ¢ € [1/n, 7 /2]. Hence
by (5.7), the second factor is uniformly bounded for 7/n < |¢ —by| < 7/2.

Next we consider the case ¢ in [—7, —7/2] or [r/2,x]. By using (5.8), it implies
that there exists a positive integer mg (or a positive integer ng, cf. (5.4)) such that
for m > my

—a1 < ( m,2r * |0|p)( ) |¢|12)7r < ai, Vd) € [_ﬂ—:ﬂ-]:
where o is a constant less than #«P. It follows that

0421 < (/Cm,2r *2021’) (#) <1+ /312 ,
P p 7\2P
2 (2)

1-—

¢ € [-m,—] or [5, 7.
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By combining the above results, the second factor is uniformly bounded above and
below. Hence the result follows. |

So far we have considered only the interval =/n < |¢ — 6y| < . For |¢p — 6| <
7 /n, we now show that the convolution product Ky, 2 * f matches the order of the
zero of f at the zero of f.

THEOREM 5.4. Let f € CJ_ and have a zero of order 2p at 6y € [—m, ). Let
r > p be any integer and m = [n/r]. Then for any |¢ — 6p| < 7/n, we have

(Komor 5 1) (6) = O (ni) |

PROOF. By (5.10), we can obtain (/cm,g,n x egg) (6) < O(1/n?P) for |¢ — o] <
7 /n. On the other hand, from (5.9), we have
T c 1
(Kom,2r % 67P)(¢) > . Kon,2r (£)t?Pdt = :L—;; =0 <W> :
Hence the theorem follows. O

With Theorems 5.3 and 5.4, we have our main theorem which states the spectra
of the preconditioned matrices are essentially bounded.

THEOREM 5.5. Let f € C;'ﬂ and have a zero of order 2p at 6y. Let r > p and
m = [n/r]. Then there exist positive numbers a < 3, independent of n, such that
for all sufficiently large n, at most 2p + 1 eigenvalues of C, K 2r * flAn[f] are
outside the interval [a, (].

ProoOF. For any function g € Cayr, we let C,[g] to be the n-by-n circulant
matrix with the j-th eigenvalue given by

1 |27y T
. A It I
(5.11) N(Calg) =3 ™y
J .
g <T>’ otherwise,

for j =0,...,n — 1. Since there is at most one j such that |27j/n — | < /n, by
(5.6), Chlg] — Cnlg] is a matrix of rank at most 1.
By assumption, () = sin®”((6 —v)/2)g(#) for some positive function g in Ca,.

We use the following decomposition of the Rayleigh quotient to prove the theorem:

x* A [ f]x - x* A, [f]x . x*A,, [Sin2p (0_77)] X '
XCn[Kmor ¥ f1X yeq [SiHZP (9*77)] x x*C, [sin2p ((”T”)} x
'x*é’n [sinz” (9;27)] x x*C[f]x .
N x*C[f]x X Co[KCom o % flx
(5.12) B ity 1

We remark that by Theorem 3.1 and the definitions of C,, and C,,, all matrices in
the factors in the right hand side of (5.12) are positive definite.

By Theorem 3.1, the first factor in the right hand side of (5.12) is uniformly
bounded above and below. Similarly, by (5.11), the third factor is also uniformly
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bounded. The eigenvalues of the two circulant matrices in the fourth factor differ
only when |27j/n — 7| > 7/n. But by Theorem 5.3, the ratios of these eigenvalues
are all uniformly bounded when n is large. The eigenvalues of the two circulant
matrices in the last factor differ only when |27j/n — | < 7/n. But by Theorem
5.4, their ratios are also uniformly bounded.

It remains to handle the second factor. We note that when n > 2p,

0 0 R,
(5.13) Cn[52p(0)] = An [s2p(0)] + | O 0 0 7,
Ry 0 0
where R, is a p-by-p matrix, see (4.4). Thus A, [s2,(8)] = Cy[s2,(0)] + R,, where

the n-by-n matrix R, is of rank at most 2p + 1. By using a similar argument in
Theorem 4.2, we can prove that at most 2p + 1 eigenvalues of Cy,[Kp 2, * f]7 Ay [ f]
are are outside the interval [a, 3]. Hence the theorem follows. O

Finally we use a trick proposed in [3, 20] to prove that all the eigenvalues of
the preconditioned matrices are bounded from below by a constant independent of
n. Hence the computational cost for solving this class of n-by-n Toeplitz systems
will be of O(nlogn) operations.

THEOREM 5.6. Let f € C;'ﬂ and have a zero of order 2p at 6y. Let r > p and
m = [n/r]. Then there exists a constant c¢ independent of n, such that for all n
sufficiently large, all eigenvalues of the preconditioned matriz C,  [Ky 2r * flAL[f]
are larger than c.

PrOOF. In view of the proof of Theorem 5.5, it suffices to get a lower bound
of the second Rayleigh quotient in the right hand side of (5.12). Equivalently, we
have to get an upper bound of p(An [52,(8)] Cn [52,(8)]), where p(-) denotes the
spectral radius and sap(#) = sin® (9

We note that by the definition (5.11), Cy, [s2,(8)] = C., [s2,(8)] + E.., where E,,
is either the zero matrix or is given by

1 2mj
E)diag < ,0,%—521, <%J> ,0,--->Fn

for some j such that |27mj/n — 7| < w/n. Thus ||E,||> = O(1/n??).
By Theorem 2.1, A,,*[s2,(6)] is positive definite. Thus the matrix

Ayt [52p(0)] Crn [52(6)]

is similar to the symmetric matrix
Ar_zl/Q [52p(6)] C'n [52p(6)] Ar_zl/2 [52p(8)] -
Hence we have

P (A'r_zl [5217 521) ])

- p(A;W[sz()] o [320(6)] A2 [52,(6)])
)

< (472 (520 (0) Cu [s2p (9)] A7 /2 [52(8)]
0 (4712 [529(0)] B A7 [52(0)])
(5.14) < p (47" 529(6)] Cin 32 (6)]) + | 45 [s2 ()], |1 Bulo-
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By [7, Theorem 1], we have ||A,![s2,(0)]||, = O(n?"). Hence the last term in
(5.14) is of O(1).

It remains to estimate the first term in (5.14). According to (5.13), we partition
A7 [s2p(0)] as

Bi1 Bis Bis
A'r_z,l [s2p(0)] = | Biy B2 Bas |,
Bi; Bj; Bss

where By; and Bss are p-by-p matrices. Then by (5.13),

BlgR; 0 BuR,
P (Aﬁl [5217(0)] Cn [521)(0)]) < 1+4p BZ3R; 0 BiR,
BssR, 0 B3R,

BisR: BuR
5.15 = 1 A v
(1 +p<[ B3k, Bislty D

where the last equality follows because the 3-by-3 block matrix in the equation has
vanishing central column blocks. In [3, Theorem 4.3], it has been shown that R,
By, Bys and Bss all have bounded #;-norms and /,,-norms. Hence using the fact
that p(-) < || [l2 < {Il- l1]] - l|oo } /%, we see that (5.15) is bounded and the theorem
follows. O

By combining Theorems 5.5 and 5.6, the number of preconditioned conjugate
gradient (PCG) iterations required for convergence is of O(1), see [3]. Since each
PCG iteration requires O(nlogn) operations (see [8]) and so is the construction of
the preconditioner, the total complexity of the PCG method for solving Toeplitz
systems generated by f € C3_is of O(nlogn) operations.

6. Concluding Remarks

In 1986, Strang addressed the question of whether iterative methods can com-
pete with direct methods for solving symmetric positive definite Toeplitz systems.
The answer has turned out to be an unqualified yes. The conjugate gradient method
coupled with a suitable circulant preconditioner can solve a large class of n-by-n
well-conditioned and ill-conditioned Toeplitz systems in O(nlogn) operations, as
compared to the O(nlog® n) operations required by fast direct Toeplitz solvers. In
this paper, we summarize some of the developments of this iterative method for
mildly ill-conditioned Toeplitz systems in the past few years.

We remark that even for mildly ill-conditioned matrices with condition number
of order O(nP), if p > 6, then the matrix A,, will be very ill-conditioned already
for moderate n, say n = 100. Thus regularization is also needed in this case. Once
the system is regularized, our preconditioner Cp[Ky, s * f] will work even if p > 6,
cf. the signal restoration example in [|. Hence in general, the circulant precon-
ditioner C,,[Ky, 8 * f] should be able to handle all cases, whether the matrix A4,
is well-conditioned, mildly ill-conditioned, or very ill-conditioned but regularized.
However, there are still many open problems which should be solved in particular to
make Toeplitz solvers applicable for practical tasks. A possible direction of future
work is the extension of our new circulant preconditioners to other areas where
solution of indefinite Toeplitz or non-Hermitian Toeplitz systems are sought.
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