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Abstract

This paper studies the application of preconditioned conjugate gradient methods in high
resolution color image reconstruction problems. The high resolution color images are recon-
structed from multiple undersampled, shifted, degraded color frames with subpixel displace-
ments. The resulting degradation matrices are spatially variant. To capture the changes of
reflectivity across color channels, the weighted H; regularization functional is used in the
Tikhonov regularization. The Neumann boundary condition is also employed to reduce the
boundary artifacts. The preconditioners are derived by taking the cosine transform approx-
imation of the degradation matrices. We will show that the spectra of the preconditioned
normal systems are clustered around 1 when the errors in the subpixel displacements are
sufficiently small. Numerical examples are given to illustrate the fast convergence of the
preconditioned conjugate gradient method.

1 Introduction

Using digital signal processing techniques to improve the spatial resolution of images, such as
those obtained from satellites, is of great practical importance, see for instance [3, 12, 16, 18, 20,
21]. In this paper, we consider the reconstruction of high resolution color images from multiple
undersampled, shifted, degraded and noisy color images which are obtained by using multiple
identical color image sensors shifted from each other by subpixel displacements.

We remark that color can be regarded as a set of three images in their primary color compo-
nents: red, green and blue. The reconstruction of high resolution color images can be modeled
as solving

g=Af+n, (1)

where A is the reconstruction operator, 1 represents unknown Gaussian noise or measurement
errors, g is the observed high resolution color image formed from the low resolution color images
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and f is the desired high resolution color image. The observed and original color images can be
expressed as

e £
g® £

where ¢g(9) and f® (i € {r,g,b}) are the observed and the original color images from the red,
green and blue channels respectively. The multichannel degradation operator A is given by
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Here the operators A” and AY (i # j) represent the within-channel and the cross-channel
degradation operators respectively.
Since the system (1) is ill-conditioned and generally not positive definite, we solve it by using
a minimization and regularization technique:
2
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Here R is a functional which measures the regularity of f and the regularization parameter «;
is to control the degree of regularity of the solution for the i-th channel. In this paper, we will
use the weighted H; norm regularization functional [8] which can handle strong cross-channel
correlations among color planes.

In the case of gray-level image reconstruction, we have already developed a fast algorithm
that is based on the preconditioned conjugate gradient method with cosine transform precondi-
tioners, see [5, 17]. In particular, we have shown that when the Ly or H; norm regularization
functional is used, the spectra of the preconditioned normal systems are clustered around one
and hence the conjugate gradient method converges very quickly. For gray-level images, the use
of the Neumann boundary condition can reduce the boundary artifacts and we have shown that
solving such systems is much faster than solving those with zero and periodic boundary condi-
tions, see the numerical results in [5, 17]. In the literature, the Neumann boundary condition
has also been studied in image restoration [15, 1, 13] and in image compression [19, 14].

The main aim of this paper is to extend our results in [17] from grey-level images to color
images which are vector-valued gray-level images. We will extend our fast and stable gray-level
image processing algorithm with cosine transform preconditioners to the color image recon-
struction problems. In particular, we will prove that when the weighted H; norm regularization
functional is used, the spectra of the preconditioned systems are clustered around 1.

The outline of the paper is as follows. In Section 2, we give a mathematical formulation of
the problem. In Section 3, we consider the image reconstruction problem when there are no
error in the subpixel displacements. An introduction on the cosine transform preconditioners
and the convergence analysis of our method will be given in Section 4. In Section 5, numerical
results are presented to demonstrate the effectiveness of our method.



2 The Mathematical Model

We begin with a brief introduction of the mathematical model in high resolution image recon-
struction. Details can be found in [3, 8, 11].

Consider a sensor array with L; X Lo sensors, each sensor has N; X N» sensing elements
(pixels) and the size of each sensing element is 77 x 7. Our aim is to reconstruct an image of
resolution My X My, where My = Ly X Ny and My = Lo X No. To maintain the aspect ratio
of the reconstructed image, we consider the case where Ly = Ly = L only. For simplicity, we
assume that L is an even number in the following discussion.

In order to have enough information to resolve the high resolution image, there are subpixel
displacements between the sensors. In the ideal case, the sensors are shifted from each other
by a value proportional to 71 /L x Ty/L. However, in practice there can be small perturbations
around these ideal subpixel locations due to imperfection of the mechanical imaging system.
Thus, for [y,l, =0,1,---, L — 1 with (I3,l2) # (0,0), the horizontal and vertical displacements
df;, and d} ; of the [I1,lo]-th sensor array with respect to the [0, 0]-th reference sensor array are
given by

. _ D ]
Wl =g L
Here €, and e%’l 1, denote respectively the normalized horizontal and vertical displacement errors.

We remark that the parameters €, and 6?112 can be obtained by manufacturers during

camera calibration. We assume that

(i +€,;,) and d?lh ==+ e?lb).

1 1

el 1] < 3 and e/, | < 3 0<ly,lp <L-1. (4)

For if not, the low resolution images observed from two different sensor arrays will be overlapped
so much that the reconstruction of the high resolution image is rendered impossible.

Let £, (9 and f® be the original scene in red, green and blue channels respectively

(cf. Figure 1 in §5 where the original scene from the three channels are combined). Then the
(2)

1,1, for the (I1,l2)-th sensor is

observed low resolution image in the i-th (i € {r,g,b}) channel g
modeled by:

: To(na+i)+d? . pTa(na+i)+df, |

91(32 [, ma] = Z Wij / h / v f(])(fL'lafL'Z)d(L‘1d£E2 + m(fzz [n1, nal,
Jj€{r.g,b} T2(n2—%)+d;’112 Ty (n1—3)+d?

(5)

1l
formy =1,...,Ny and no = 1,..., Ny (cf. Figure 2 (left) and Figure 5 (left) in §5 where again
the images from the three channels are combined). Here 77[(32 is the noise corresponding to the
(I1,12)-th sensor in the i-th channel, and w;; and w;; (¢ # j) are the within-channel and the

cross-channel degradation parameters. We note that

wij >0, i,j€{rgb} and > wy=1, i€{rgb} (6)
J=r9,b



(2)

To get the operator representation (1), we intersperse the low resolution images g; , [n1, n2]
to form an M; x My image by assigning

gP[L(n1 — 1) + Ui, L(ng — 1) + lo] = g') [n1,ma], i € {r,g,b}.

The image g so formed is called the observed high resolution image from the i-th channel
(cf. Figure 2 (right) and Figure 5 (right) in §5 which show the high resolution images after
combining the images from all three channels). Similarly, we define n. Using a column by
column ordering for ¢\, £ and n(®, (5) becomes

g(Z) = Z wz]Hf(J) + 77(1)7 (S {’f‘,g, b}
Jj€{r,g,b}

Writing it in operator form, we get (1) with A in (2) given by
A(U) = wina Za] € {’f‘,g, b} (7)

2.1 The Discrete Model

The continuous image model in (5) can be discretized by the rectangular rule and approximated
by a discrete image model. Because (5) is a blurring process, the boundary values of ¢ are also
affected by the values of f("), f(9) and f® outside the scene. Thus in order to find f, we need
some assumptions on the values of f("), £(9) and f® outside the scene. Usual assumptions are
the periodic boundary condition and the zero boundary condition. In [5], we proposed to use
the Neumann boundary condition. It assumes that the scene immediately outside is a reflection
of the original scene at the boundary. For grey-level image reconstruction problems, it gives
better reconstructed images than that by the zero or periodic boundary conditions, see [5].

For i € {r,g,b}, let g(® and £(¥ be respectively the discretization of ¢ and f() using a
column by column ordering. Let

g = [g(r) gl g(b)]lt and f = [f(r) £(9) f(b)]t_

Under the Neumann boundary condition assumption, the degradation matrices in each channel
are banded matrices with bandwidth 2. — 1, but there are entries added to the upper left part
and the lower right part of the matrices (see the second matrix in (8)). The resulting matrices,
denoted by Hf, (¢) and H}, (€), have a Toeplitz-plus-Hankel structure:

1 -~ 1 A 0

112 1 1 hi; 0
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and HZ 1, (€) is defined similarly. The degradation matrix corresponding to the (I1,l2)-th sensor
under the Neumann boundary condition is given by

Hy,, (e) = Hfllg (6) ® HZZQ (€).

The degradation matrix for the whole sensor array is made up of degradation matrices from

each sensor:
L—1L—1

Hy(e) = Z Z Dy, i, Hyy1,(€), 4,5 € {r,b, g} (9)

11=012=0

Here D;,;, are diagonal matrices with diagonal elements equal to 1 if the corresponding compo-
nent of the observed low resolution image comes from the (I1,/2)-th sensor and zero otherwise,
see [3] for more details. From (7), we see that we have the same matrix Hy(e) within the
channels and across the channel, therefore by (2), the overall degradation matrix is given by

Wyry Wrg Wrp
Ap(e) = | wgr wyy wg | @Hr(e) =W QHg(e). (10)
Wpyr  Whg Wph

In the next subsection, we will show that Ay (e) is ill-conditioned.

2.2 Ill-Conditioning of the Degradation Matrices

When there are no subpixel displacement errors, i.e., when all € b = e%’hb = 0, the matrices
H7 ;, (0) and also HZ ,,(0) are the same for all /1 and /. We will denote them simply by Hj and
HY. For instance, when L = 2, the degradation matrix Hy is equal to Hf @ HY, where H} is
an My x M, tridiagonal matrix given by

5 3 I 3 O
1 1 1 1
HE — — S 4z o
2 1 1 2 1 1
L1 4 1o ! 0 0 0
1 3 1 1
2 3 7 1 0 3

and HY is an My x My matrix with the same structure.

In this particular case, the eigenvalues of Hy, = H7 ® H‘% can be computed easily as the
matrix can be diagonalized by the 2-dimensional cosine transform Cj;, ® Cjpy, [17]. We note
that the (i, 7)-th entry of an N-by-N discrete cosine transform matrix Cy is given by

%COS ((i - 1)5\][' - 1)w>

and ¢;; is the Kronecker delta.



Lemma 1 [17, Theorem 1] Under the Neumann boundary condition, the eigenvalues of Hy, are
given by

M- (He) = (926082 (%) cos’ <%> . (%> " <%>(11)

for1 <i < Mq,1 <j<M,. Here

L/4
—1)(2k -1
Z cos <( I )W>, L = 4] for some positive integer [,
p ((Z _ UW) k=1 M
L pr—

i L + (LZ2)M S (i = 1)2km otherwise
— rwise.
2 M, ’

In particular, by choosing ¢+ = M; with j = My and « = 5 = 1, we have

0 S )\min(HL) S 0 ( and )\max(HL) = 1. (12)

)
In practical applications [8, 9], the within-channel degradation is always stronger than the

cross-channel degradation, i.e.,
wi; > wyj, for j#i4, and i€ {rg,b}. (13)

Under this assumption and using (6), we can prove that W is nonsingular.

Lemma 2 Let W be a matriz with entries satisfying (6) and (13). Then W is nonsingular.
Moreover, we have

0< 0= AminiWW} < Mo {W'W} < 2, (14)

where § is a positive constant independent of My and Ms.

Proof: By (6), it is easy to show that 1 is an eigenvalue of W with corresponding eigenvector
[1,1,1]%. Since the coefficients of the characteristic polynomial of W are real, the other two
eigenvalues of W are in a conjugate pair. Suppose that W is a singular matrix, then W must
be a rank one matrix, i.e.,
U1
W= u |-(v1 v2 v3),
u3

for some u;,v;. By (6), we can choose all u;,v; > 0. Also by (6), we have
ul(vl + vo + U3) = 'LLQ('Ul + v9 + U3) = U3(’l)1 + vo + U3) =1
or u; = Ug = Uz = ]_/(’Ul + vg + ’1)3). It 1mphes that
Yj

Wij = ——————.
U1+ v2 + U3
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However, this contradicts assumption (13) and hence W is nonsingular. In particular, we have
the first inequality in (14). Since all the entries w;; of W are independent of M; and My, we see
that ¢ is also independent of M; and Ms. By (6) and (13), we have |[W]||; <2 and |[W||, = 1.
It follows that |[W|2 < [[W]1|W]lw <2.

Combining Lemmas 1 and 2 and using the tensor product structure (10) of Ay, we get its
condition number.

Theorem 1 Let W be a matriz with entries satisfying (6) and (18). Under the Neumann
boundary condition, if Hy, is nonsingular, then the condition number k(Apr) of A satisfies

K(AL) > O(M} M3).
Proof: We first note that Hy, is symmetric and
IALIZ = Amax(W'W @ HLHL) = Amax(W'W) - Amax(HLHz) > 6,
where the last inequality follows from (14) and (12). Again by (14) and (12),

- 1 1
1AL IS = = >

1
—O(M{M3).
MWW & HLHL)  duin(WEW) e (L) — 50 M) 0

According to Theorem 1, Ay can be very ill-conditioned. In fact, some of them can be
singular. For example, when L = 4 and M; = M, = 64, A\33(H) = 0. By continuity arguments,
A (e) will still be ill-conditioned if the displacement errors are small. Therefore, a regularization
procedure should be imposed to obtain a reasonable estimate of the original image.

2.3 Regularization

In the case of grey-level image reconstruction, the regularization operator only needs to enforce
the spatial smoothness of the image. The most usual form of this operator is the discrete
version of the 2-dimensional Laplacian. However, in color image reconstruction, in addition to
the within-channel spatial smoothness, the cross-channel smoothness must also be enforced. One
may incorporate the 3-dimensional discrete Laplacian here. However, color planes are highly
correlated and this operator may fail to capture the cross-channel similarities.

In [8], Galatsanos et al. have proposed the following weighted discrete Laplacian matrix R
as the regularization matrix:

RE]n = 6] — O, — E e, — EP)j—r — g1 —
||f(r)||2[ @7, , — ||f(r)||2 )
IE@D], % JIE®)],

]j,ka



[Rf]gyj,k _ G[f(g)]j,k _ [f(g)]j_uC _ [f(g)]jJrUC _ [f(g)]j,k_1 _ [f(g)]j7k+1 _

[RRI 1£9)]],
~ g, 17 £,
[EO), - P R,

and

Rflp i = O[] — [£O]_1 % — [£ ]y+1k—[ ko1 = EOL 1 —
||f(b)||2 @] 4 ||f |2 (e
3 7,k ]7
||f(9)||2 @]

ks

for 1 g j < M and 1<k < M. Here |5, £, and ||f®)]|, are the estimates of
the |£) ||, £ |2 and ||[£®)||; respectively and are assumed to be nonzero. The cross-channel
weights of this regularization matrix capture the changes of reflectivity across the channels.

To sum up, the regularization matrix R is given by

Oy [FO
21(+)L EIL I,
|9 9Ly |
R - TR 1 21(+)L Ifkr | =sel+1aL, (15)
O O
ot et AL

where L is the 2-dimensional discrete Laplacian matrix with the Neumann boundary condition,
and

IO JEOp,
o F@l I
B 1O _ L@,
S=1 "o 2 F@l. |- (16)
Ol O
Tl IES,

We note that L can be diagonalized by the 2-dimensional cosine transform matrix Cys, ® Cyy,
[4].
Using Tikhonov regularization in (3), our discretization problem becomes:

(AL(e)!TAL(e) + RIR)f = A (e)!Tg, (17)

where A (e) is given in (10),

al O 0 a 0 0
T= 0 oJ O = 0 a5 O RQI=0R1,
0 0 opl 0 0 o

and a,., oy and o are the regularization parameters which are assumed to be positive scalars.
Next we show that the regularized system (17) is well-conditioned. We begin with the case
where there is no displacement error, i.e., € , = e‘zl ¢, = 0. In that case,

A'TAL,+RIR=WOWeH/H, + (S®I+I®L)(S®I+Ix®L). (18)



Theorem 2 Let W be a matriz with entries satisfying (6) and (13). Then there exists a positive
scalar vy, independent of My and My, such that

Amin{A7TAL +R'R} >4 > 0. (19)

Proof: Under the Neumann boundary condition, the matrices H;, and L are symmetric and
can be diagonalized by Cps, ® Cpyz,. From (18), it therefore suffices to consider the smallest
eigenvalue of the matrix

WOW@ A2+ (SRI+I®N)(S®I+IeY) (20)

where A and ¥ are diagonal matrices with diagonal entries given by the eigenvalues of Hy, and
L respectively. More precisely, the diagonal entries A;; of A are given in (11) and the diagonal
entries of 3 are given by

_ Lo (L= D)m Lo (U=
)‘(i—l)MQ—l—j(L) = Ez] = Z_LSID2 (27]\41 + 4sm2 W , (21)

for 1 <i< Mjand 1<j< M.
By permutation, we see that the eigenvalues of the matrix in (20) are the same as the
eigenvalues of

B=A2gWOW+(I0S+2eDI®S+IeI), (22)

which is a block-diagonal matrix, i.e., all off-diagonal blocks are zero. It therefore suffices to
estimate the smallest eigenvalues of the main diagonal blocks of B. For 1 < < M;, 1 < j < Mo,
the ((¢ — 1)M2 + j, (i — 1)Ms + j)-th main diagonal block of B is equal to

Bj; = A} - W'QW + (S + Z;1)(S + Ty,

where A;; is given by the expression in (11) and X;; by (21). Since Amin(X +Y) > Apin(X) +
Amin(Y) for any Hermitian matrices X and Y (see [10, Corollary 8.1.3, p.411]), we have

Amin(Bij) > AZAmin(W'QW) + Amin{(S + Z4;1)"(S + Z4;I)}.
By (14),
Anin(WEQW) > min{ o, Qg, o} - Anin(WIW) = 6 min{a,, ag,apt =6 >0, (23)
where dj is a positive constant independent of My and My. Hence
Amin(Bij) > 00AF; + Amin{(S + Zi;1)'(S + Z4,I)}. (24)

In view of (11) and (21), we define for simplicity
LA 4,2 2
x(@,y) =0do {7 | cos”aweos™y - py, (22) py, (2y), (25)
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$(z,y) = 4sin® z + 4sin’y, (26)
and
Y(@,y) = Amin {(S + ¢z, ) D (S + d(z,y)D)} . (27)
With these notations, (24) becomes

((—Dmr (j—Dm ((—Dr (j—Dm
oM, T 2M, >+1/’< 2M; T 2My )

Amin(Bij) > x ( (28)
with 1 <7 < Mj,1 < j < Ms. To complete the proof, we now show that x(z,y) + ¥(z,y) > 0
for all (z,y) € [0,7/2]%.

From (16), it is easy to check that the eigenvalues of S are 0, 3 and 3 and their corresponding
eigenvectors are

_ - t - t N t
O 101 ) T ol (L
£z O] 1£®)]]2 [I£@1];
respectively. Therefore, in view of definition (26), for all (z,y) € [0, 7/2]?, the matrix S+¢(z, y)I
is nonsingular except when z = y = 0. In particular, by definition (27), ¥ (z,y) > 0 for all
(z,y) € [0,7/2)? except at =y = 0. Moreover, since the entries ||f(")]]o, [|£9)||5 and ||f®)]| of
S are constants independent on M; and Ma, 1 (z,y) depends only on z, y, ||f'(’")||2, ||f'(9)||2 and
|£(®)||5 but does not depend on M; and M.

On the other hand, since cos?(z)p? (2z) > 1/4 at = 0 and is nonnegative in [0,7/2], by
(25), x(z,y) > 0 at = y = 0 and nonnegative in [0,7/2]?. Therefore there exists a positive

scalar 7y independent of M; and Ms such that x(z,y) +¢(z,y) >y > 0 for all (z,y) € [0,7/2]%.
It follows from (28) that Apin(Bj;) >y >0forall1 <i < M;,1<j< My [

When there are errors in the subpixel displacements, the regularized matrix is given by
Ar(e)'TAL(e) + R'R = W'QW @ H (¢)'H (¢) + R'R.

The following corollary states that when the errors are sufficiently small, the regularized matrix
is also well-conditioned.

Corollary 1 Let € = maxg<, j,<r—1{l€},,], 1€/ ,,|} and W be a matriz with entries satisfying
(6) and (18). If € is sufficiently small, then the smallest eigenvalue of W'QW @ H (¢)'Hp () +
R'R is uniformly bounded away from 0 by a positive constant independent of My and M.

Proof: We first claim that ||[Hy(e)'Hy(e) — H Hy||2 < 16€*. From (9), every row or column
of Hy (e) and Hy, differ in at most 4L entries and each of these entries is bounded by €*/L. It
follows that ||Hfz(e) — Hp||co < 4€* and ||Hp(e) — Hy||; < 4€*. Hence

1L (e) — Hpllz < {|HL(e) — HrlloolHr(e) — Hp 1}/ < de”. (29)

10



Thus ||Hf(€)||2 < ||HL||2 + 4€*. Hence by (12) and (4),

IHL(e)]l2 < 3. (30)
Therefore,

IHz(e)'H(e) —HLHL |2 IHz(e)' [Hz(e) —Hz]lla + [[HL(e)" — HLJHL |2

<
< [[Hi(e) — Hell2{Hz(e)ll2 + [[HLll2} < 16€, (31)

where the last inequality follows from (29), (30) and (12).

To complete the proof, we next show that ||[W!QW ® Hy,(¢)'H (¢) + R'R] |2 is bounded
above by a constant independent of My and Ms. Since Apin(X) + Amin(Y) < Amin(X +Y) for
any Hermitian matrices X and Y (see [10, Corollary 8.1.3, p.411]), we have

I[W'QW @ Hy(e)'Hy(¢) + R'R] !,

1
 Anin(WIQW @ Hp (e)'Hp (€) + RIR)
1
<
= Amin(WIQW @ HLH 4+ RIR) + Apin (W'QW) ® [Hy (€)'Hp(€) — HL Hp )]
1
T Amin(WIQW @ HLH7 4+ RIR) + Amin(WQW) - Amin(H (€)' HL (€) — H. H)

1
<
T Amin(WIQOW @ HLH 4+ RIR) + 60 - Amin(Hr () Hy () — H Hy)'

where the last inequality follows from (23). Note that by (19),
Amin(WIOW @ H; Hy, + R'R) = A\pnin(AL YA, + R'R) > v > 0.
Combining this with (31), we have

I[W'OW @ H_(e)'Hy (e) + R'R] |2
< ! < :
T Amin(WIQW @ H H;, + R'R) — 0o - [Hy (€)' Hp(e) - HiHp [l — v — 165p€*”

Since both v and g are constants independent of M; and M, the collorary follows.

Thus we see that the condition number of A (e)!TA[(€) is improved by the regularization.

3 Spatially Invariant Case

When there are no subpixel displacement errors, i.e., when all €/ ;= 6?1 1, = 0, we have to solve

(AL TA, + R'R)f = Al Tg which according to (18) can be simplified to

(WIOW @ H H; + R'R)f = (W!'Q @ H! )g. (32)

11



Recall that if we use the Neumann boundary condition for both Hy, and L, then both matrices
can be diagonalized by discrete cosine transform matrices. From (18) and (20), we see that (32)
is equivalent to

WIOW QA2+ (SRI+IoN) (SRI+I®N)f =(WQeA)g, (33)

where f = (I ® Cjp, ® Cip,)f and § = (I® Cpy, ® Cag)g. The system in (33) is a block-
diagonalized system of M;Ms decoupled subsystems. The vector f can be computed by solving
a set of M M decoupled 3-by-3 matrix equations (cf. (22)). The total cost of solving the system
is therefore of O(M; M>slog My M,) operations.

4 Spatially Variant Case

When there are subpixel displacement errors, the matrix Hy (¢) has the same banded structure
as that of Hy, but with some entries slightly perturbed. It is a near block-Toeplitz-Toeplitz-
block matrix but it can no longer be diagonalized by the cosine transform matrix. Therefore
we solve the linear system in (17) by the preconditioned conjugate gradient method. For an
M x My block matrix Hy (€) with the size of each block equal to My x Ms, the cosine transform
preconditioner ¢(Hy, (€)) of Hy (¢) is defined to be the matrix (Cps, ® Cypr,)P®(Chy, ® Cyy,) that
minimizes
1(Car, ® Car,)2(Cary ® Car) — Hi (6| r

over all diagonal matrices ®, where || - ||F is the Frobenius norm, see [7]. Clearly, the cost of
computing c¢(Hz (¢)) "'y for any vector y is O(M;M;log M1 M>) operations. Since Hz () in (9)
is a banded matrix with (2L — 1)? non-zero diagonals and is of size M; Mo x MMy, the cost of
constructing c(Hp (€)) is of O(L2M; M) operations only, see [6].

We will employ the cosine transform preconditioner ¢(Hp (€)) of Hp, (€) in our preconditioner.
Below we study the convergence rate of the conjugate gradient method for solving the precon-
ditioned system

[WIOW @ c¢(HL () !c(HL(€)) + RIR] 7 [W!QW ® Hp(e)'HL (¢) + R'R]f
= [W'Q®H(e)]g. (34)

We prove that the spectra of the preconditioned normal system are clustered around 1 for
sufficiently small subpixel displacement errors. Hence when the conjugate gradient method is
applied to solving (34), we have fast convergence. Our numerical results in §5 show that the
cosine transform preconditioners can indeed speed up the convergence of the method. We begin
the proof with the following lemma.

Lemma 3 Let € = maxo<y, <1 1{|€],,; €], 1} and W be a matriz with entries satisfying (6)
and (13). Then
1Lz (6) HL(€) — c(HL(e) c(HL(e)) |2 < 48¢" (35)

and
IW'OW & [HL(e) Hp(e) — c(Hp (€)' c(HL(€)]ll2 < 96 - max{a,, ag, cp} - €. (36)
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Proof: We note that

IW'QW @ [Hy(e) Hz(¢) — c(Hz(€)) e(HL (€))]2
= [[W'QW|)2||H () HL(€) — c(HL(€)) c(Hz(e) |2
IWQW |2 {|[HL(e) [HL(€) — c(HL(€))]ll2 + IHz(e)" — c(HL(€)) Je(Hr(e)) |2 }
IW'QW |2 HL (€) — c(HL(e))ll2{[IHL(€)]l2 + lc(HL(€))]l2}-
Recall that by (30), [|[Hz(€)||2 < 3. Since ||e(-)]l2 < || - ||2 (see [2]), we have

<
<

le(Hz(€))ll2 < [[HL(e)]l2 < 3.
Note that ¢(Hz) = Hp,, we then have by (29),

IHL(e) —c(Hr(e)ll2 < [Hr(e) —Hill2 + [[HL — c(HL(e))]l2

= |Hz(e) —Hgll2 + [lc(Hz — Hz(e))ll2
< 2Hp(e) — Hyls < 8¢".

Finally, by (14), [W!'QW/||2 < max{a,,aq, ap} - [WW|3 < 2-max{a,, g, x}. O

Theorem 3 Let € = maxo<, j,<r—1{l€],, 1,16/, [} and W be a matriz with entries satisfying
(6) and (13). If € is sufficiently small, then the spectra of the preconditioned matrices

[WIOW @ c¢(HL(€))!c(HL(€)) + RIR] 7 [W!QW ® Hy (¢e)'H[ (¢) + R'R]

are clustered around 1 and their smallest eigenvalues are uniformly bounded away from 0 by a
positive constant independent of My and M.

Proof: We note that

[W!IOW @ c¢(Hf(¢€))'c(H(€)) + R'R] " [W'QW ® Hp(¢)'HL (¢) + R'R]
= I+ [W'OW ® c(Hf(€))!c(HL(e)) + RIR] -
(W'QW) @ [H(¢) Hy(¢) — c(Hg(€)) c(H(e))]-

In view of (36), it suffices to show that ||[[W!QW & c(H(€))!c(HL(€)) + R'R]™Y|2 is bounded
above by a constant independent of M; and M. Then we note that

IIW'QW © c(H () c(HL(¢)) + R'R] ™5

Amin(W!QW @ C(HLI(E))tC(HL(E)) +R'R)

Amin(WIOW @ HLH,, + RIR) + Amin{\}VtQW ® [e(HL(€))le(HL () — Hy H, )]}
Amin(WIQW @ H Hy, + R'R) + 5(1))\min[c(HL(6))tc(HL(€)) —H H)|'

IN

IN
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where ¢y is given in (23). Hence

I[W'QW @ c(H [ (e)) c(HL () + R'R]™!|2
1 1
< <
= Amin(WIQW @ HLHy, + R'R) — dollc(HL(€))fe(HL(e)) — HLH [l ~ v — 4860

where the last inequality follows from (19) and (35). Since y and Jy are positive constants
independent of My and Ms, the last expression is therefore bounded above by a positive constant
independent of M; and M, for sufficiently small €*.

Using standard convergence analysis of the conjugate gradient method, see for instance [10,
p.525], we conclude that the conjugate gradient method applied to the preconditioned sys-
tem (34) will converge superlinearly for sufficiently small displacement errors. Since Hjp (¢)
has only (2L — 1)? non-zero diagonals, the matrix-vector product Ay (e)x can be done in
O(L?M{M,). Thus the cost per each PCG iteration is O(M;Mslog My My + L?M;Ms) op-
erations, see [10, p.529]. Hence the total cost for finding the high resolution image vector is of
O(M; Ms log My My + L? My M) operations.

5 Numerical Examples

In this section, we illustrate the effectiveness of using cosine transform preconditioners for solving
high resolution color image reconstruction problems. The 128 x 128 original image is shown
in Figure 1. The conjugate gradient method is employed to solving the preconditioned system
(34). The cross-channel weights for R (see (15)) are computed from the observed high-resolution
image, i.e.,

@1l = lg@l2, i € {r,g,0}.

We tried the following two different degradation matrices to degrade the original color image

0.8 0.1 0.1 0.5 0.3 0.2
(i) 01 08 0.1 |®Hg(e) and  (id) 02 05 0.3 | ®Hg(e).  (37)
0.1 0.1 0.8 0.3 02 05

We note that the interdependency between cross-channels of the first degradation matrix is
higher than that of the second degradation matrix. Gaussian white noises with signal-to-noise
ratio of 30 dB were added to each degraded image plane.

In the tests, we used the same regularization parameter for each channel, i.e., o, = ay = o =
. The initial guess was the zero vector and the stopping criteria was |[r(?)||2/||r(® || < 1075,
where r?) is the normal equations residual after j iterations. Tables 1-4 show the numbers of
iterations required for convergence for L = 2 and 4, i.e., the number of sensor array used is
2 x 2 and 4 x 4 respectively. In the tables, “cos”, “cir” or “no” signify that the cosine transform
preconditioner, the level-2 circulant preconditioner [7] or no preconditioner is used respectively.

We see from the tables that for both degradation matrices, the cosine transform precondi-
tioner converges much faster than the circulant preconditioners for different M, o and efl’l?, where

14



M(= My = My) is the size of the reconstructed image and e‘fl’h are the subpixel displacement
errors. Also the convergence rate is independent of M for fixed a or € .

a 2 x 102 2 x 103 2 x 10%
M |cos cir no|cos cir no| cos cir no

32 6 16 19| 8 38 47| 12 95 122
64 6 16 19| 8 38 46| 11 97 121
128 6 15 19| 7 37 47| 12 97 121
256 6 15 19| 7 38 47| 10 98 121

Table 1a: Number of iterations for degradation matrix (i) with L = 2 and €/, = ¢/, =0.1.

a 2 x 102 2 x 103 2 x 104
M |cos cir no|cos cir no| cos cir no

32 9 17 20| 13 40 48| 24 95 120
64 9 16 20| 13 39 48| 21 99 122
128 8 16 19| 12 39 47| 23 99 121
256 | 8 16 20| 11 39 48| 21 100 122

Table 1b: Number of iterations for degradation matrix (i) with L = 2 and €, = ¢/, = 0.2.

a 2 x 10? 2 x 10? 2 x 10*

M | cos cir no|cos cir no| cos cir no
32 | 12 18 21| 20 42 50| 42 95 117
64 | 11 17 20| 18 42 49| 38 102 126
128 | 11 17 20| 18 41 48 | 39 101 123
256 | 11 17 20| 17 41 48| 37 102 124

Table lc. Number of iterations for degradation matrix (i) with L = 2 and ¢}, = ¢/, =0.3.

Next we have shown the 128 x 128 images reconstructed from four 64 x 64 low resolution
images from a 2 x 2 sensor array and from sixteen 32 x 32 low resolution images fron a 4 x 4
sensor array. The first degradation matrix in (37) is used here. Two low resolution images are
shown in Figure 2 (left) and Figure 5 (left). The observed high resolution images g are also
shown in Figure 2 (right) and Figure 5 (right). Figures 3 and 6 give the reconstructed images
under the Neumann boundary condition whereas Figures 4 and 7 are the reconstructed images
for periodic and zero boundary conditions.

In all cases, the optimal regularization parameter « is chosen such that it minimizes the
relative error. Here the relative error of the reconstructed image f. to the original image f is

defined as: _ ,
5 10— 1),
[ P

i€{r,g,b}
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a 2 x 102 2 x 103 2 x 10*
M | cos cir no|cos cir no| cos cir no

32 6 16 21| 8 39 48| 12 95 121
64 6 16 21| 8 38 47| 11 99 122
12810 6 15 20| 7 38 46| 12 97 121
26| 6 15 20| 7 38 47| 10 98 122

Table 2a. Number of iterations for degradation matrix (i) with L = 2 and ¢}, = ¢/, = 0.1.

a 2 x 102 2 x 103 2 x 10*
M |cos cir no|cos cir no|cos cir no

32 9 17 20| 13 40 49|24 96 120
64 | 9 17 20| 13 40 48| 21 100 122
128 8 16 20| 12 39 47| 23 99 121
256 | 8 16 20| 11 39 48| 21 99 122

Table 2b. Number of iterations for degradation matrix (ii) with L = 2 and €7, = ¢/, =0.2.

a 2 x 10? 2 x 10? 2 x 10*

M | cos cir no| cos cir no| cos cir no
32 |12 18 21| 20 43 51| 42 94 117
64 | 11 17 21| 18 42 50| 38 102 127
128 | 11 17 20| 17 41 48 | 39 101 123
256 | 11 17 20| 17 41 48 | 37 103 124

Table 2c. Number of iterations for degradation matrix (ii) with L =2 and €7, = ¢/, =0.3.

Table 5 lists the optimal regularization parameters and the corresponding relative errors of
the reconstructed images. By comparing Figures 3-4 and 6-7, it is clear that the details in
the image are much better reconstructed under the Neumann boundary condition than that
under the zero and periodic boundary conditions. Moreover, the boundary artifacts under the
Neumann boundary condition are less prominent too.
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Figure 1: The original image.

Figure 2: (2x2 sensor) A low resolution image (left) and th e observed high resolution image (right)

Figure 3: (2x2 sensor) The reconstructed image using the Ne umann boundary condition.

20



Figure 4: (2x2 sensor) The reconstructed images using the z ero (left) and the periodic (right) boundary conditions

Figure 5: (4x4 sensor) A low resolution image (left) and th e observed high resolution image (right).

Figure 6: (4x4 sensor) The reconstructed image using the Ne umann boundary condition.

21



Figure 7: (4x4 sensor) The reconstructed images using the z ero (left) and the periodic (right) boundary conditions
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