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ABSTRACT

We briefly describe a multigrid strategy for unilevel and two-level linear systems whose coefficient matrix A,
belongs either to the Toeplitz class or to the cosine algebra of type IIT and such that A,, can be naturally associ-
ated, in the spectral sense, with a polynomial function f. The interest of the technique is due to its optimal cost
of O(N) arithmetic operations, where N is the size of the algebraic problem. We remark that these structures
arise in certain 2D image restoration problems or can be used as preconditioners for more complicated image
restoration problems.

Key words: DCT-III matrix algebra, cosine transform, Toeplitz matrices, two-level structures, multigrid
and preconditioning.

1. INTRODUCTION

Consider two basic iterative methods
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for the solution of the linear system A,r = b where A,, Mff), Vn(l) = I, — [Mr(f)] A, € CNVN and
b, b = [M]7'b € CN with i = 1,2. Given a full-rank matrix p* € CNV*K_ with K < N, a Two-Grid
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Method (T'GM) is defined by the following algorithm?:

TGM V) Vi pk vy, vy) (@)

CF0) = [ ,gl)]”l (2@ )
cdpy = A3 — b

- 8D =50 —phy
U = [V,g?)] * (@0, 52)

O Nh N O
b
ol
I
3
ol
T
P
3
=
ol

The global iteration matrix of TGM := TGM(Vn(l), Vn@),pfw v1,V2) is then given by

Va2 — Vi

TGM (V) VP, pk vy, v) = [Véz)] [In — b ()" Anph) 1(pﬁ)HAn] [Vél)]

Steps 1.—5. define the “coarse grid correction” that depends on the projector operator pf, while Steps 0.
and 6. consist in applying the “intermediate iteration” »; times and the “smoothing iteration” vs times,
respectively. Here the names “smoothing iteration” and “intermediate iteration” are in the sense of the multi-
iterative methods'? '°: more precisely, the idea is that the multigrid technique is a multi-iterative procedure,
i.e. it is a method composed by at least two different iterations that have a complementary spectral behaviour.
In our proposal, we set three basic iterations: (I1) the coarse-grid correction, (I2) the smoothing iteration and
(I3) the intermediate iteration. The coarse-grid correction (I1) is a non convergent iteration, but if the operator
pk is chosen carefully then the coarse-grid correction shows a very good convergence behaviour in the subspace
where A, is ill-conditioned. The smoothing iteration (I2) is highly convergent in the subspace where 4,, is well
conditioned, even if it is globally slowly convergent. Finally, the choice of the intermediate iteration (I3) is made
in such a way that it is highly convergent in the subspace where the combination of the “smoothing iteration”
and of the coarse-grid correction resulted to be less effective.

In conclusion, each of the basic iterations is not effective alone, but their combination is a very fast iterative
method.'> !5  Finally, the technique is a real “Multigrid Method” if the solution of the reduced linear system
in 4. is performed again by using a TGM scheme, unless the actual dimension K is so small that the solution
of the related linear system can be achieved through a standard direct solver. In what follows, we assume that
A, is sparse in such a way that the cost of multiplying a matrix by a vector is linear as the dimension, the
goal being to obtain a multigrid strategy whose cost is linear as the dimension N. Therefore, in practice and
in theory, the key point is to define a class of projectors pX and a class of basic iterations (1) and (2) such that
the following essential (and basic) constraints are satisfied:

a | assuming K < 0N, 6 € (0,1) independent of N, we should require that the matrix vector product involvin
g g
pk costs O(N) arithmetic operations; each iteration in (1) and (2) should cost O(IN) arithmetic operations;

[b ] the projected matrix Ay = (pF)# A,p* must belong to the same class (of smaller dimension!) as A4, and
the computation of its representation has to cost O(NN) arithmetic operations at most;

[c ] the iterative multigrid procedure should have an optimal convergence rate, i.e., the number of iterations in
order to reach a preassigned accuracy must remain bounded by a constant independent of N.

The constraint [c] implies that the overall complexity of the method is proportional to the cost of a single
multigrid sweep (since the number of iterations is bounded by a constant). The requirement reported in
[b] that “Aj has the same structural properties of A,” is a really basic requirement; otherwise it would be
meaningless to talk about recursion and multigrid. Finally, the statements in [a] and the fact that the cost of
computing a representation of Ay is linear as the dimension have the nice consequence that the cost of a single



multigrid iteration is globally linear as the dimension of A,, (if we use clog N levels with ¢ > 0 and independent
of N).

In conclusion, the features reported in [a], [b] and [c¢] would imply that the proposed method is optimal in
the sense of Axelsson and Neytcheva,! since the “inverse” problem of solving a linear system with coefficient
matrix A,, is asymptotically of the same cost of the “direct” problem of multiplying A4,, by a vector.

The paper is organized as follows. In Section 2 we report definitions and properties concerning the algebra of
DCT III matrices and the class of Toeplitz matrices. In Section 3 we define our multigrid technique for unilevel
DCT III matrices and we discuss on how to implement requirements [a], [b] and [c]. Section 4 is devoted to the
extension of the technique to the two-level case and to a brief discussion on the Toeplitz case. Finally, Section
5 deals with numerical experiments related to some image restoration applications.

2. UNILEVEL TOEPLITZ AND DCT III MATRICES

Let f be a real valued even trigonometric polynomial of degree ¢ defined over the interval Q = (0, 27]. From the
Fourier coefficients of f, i.e. a; = (2m) ! [, f(z)e V" dz, i2 = —1, j € Z, we define the sequence of Toeplitz
matrices {T7,(f)}, where T,,(f) = {a:—s}5 =1 € C™*" is said to be the Toeplitz matrix of order n generated by
f. Tt is clear that a; = 0 if |j| > ¢. Moreover, since f is even, i.e. f(z) = f(|z|), it follows that f is completely
determined by its values on the sub-interval [0, 7] and in addition a; = a—; € R. More explicitly, the matrix

T, (f) can be conveniently rewritten in terms of Jordan blocks, that is T,,(f) = Z\J’KC a; Jr[Lj], where JH denotes
the matrix of order m whose (s,t) entry equals 1 if ¢t —s = [ and equals zero otherwise (Jr[,ll] is the I-th power of

the basic Jordan block if I > 1, is the identity matrix if I = 0 and coincides with the |/|-th power of transposed
Jordan block if I < —1). On the other hand, the DCT III matrix of order n generated by the same polynomial

£ is defined as S, (f) = Q. DYIQT, where DY = diago<j<n—1 f(2") with 2! = 7j/N and the matrix

0, = [,/2 — 901 o <(Z — D)= D”)l i1 =1,81,=0if j #1,
n 2n

i,j=1

denotes the unitary matrix diagonalizing the considered algebra, i.e. the DCT III transform matrix. The
matrix S, (f) is the natural preconditioner in the DCT III algebra of the corresponding Toeplitz matrix T,,(f)
and it can be considered the analog of the Strang preconditioner® in the circulant algebra and of the natural
preconditioner in the 7 algebra.

The relationships between S, (f) and T),(f) are even stronger (see?), since S,(f) = Tn(f) + Hp(f), where
H,(f) is a special centrosymmetric Hankel matrix generated by f. A Hankel matrix is one whose entries are
constant along any lower-left—upper-right diagonal. As with Toeplitz matrices, one can consider Hankel matrices
generated by a symbol f over 2. With the same notations, let {a;} denote the Fourier coefficients of f. Then
we have Hn(f) = 21 <jj<. ajKT[f], where K\ denotes the matrix of order m whose (i,j) entry equals 1 if
i+ 7= (+1) mod 2n and equals zero otherwise.

It is evident that H,(f) is a low rank correction for every polynomial f, so that {S,(f)} and {T,,(f)} are equally
distributed and they share the same asymptotic spectral features. This is in essence the reason for which it is
reasonable to expect that S, (f) is a good preconditioner for T),(f).

3. MULTIGRID METHOD FOR UNILEVEL DCT III MATRICES

In this section we describe our multigrid proposal for DCT IIT matrices: in particular we give a constructive
procedure for defining the basic iterations and the projectors in such a way that requirements [a], [b] and [c]
are satisfied.

3.1. Structural and algebraic requirements: [a] and [b]

Let us consider A,, = S, (f) unilevel DCT III matrix generated by a univariate trigonometric polynomial f.
The most important requirement is the definition of a class of projectors pf such that “A,, belonging to the



DCT III algebra of size n” implies that “Aj = (p¥)# A,,p* belongs to the DCT III algebra of size k”; otherwise
it makes no sense to define a recursive strategy as the multigrid one.

Given a DCT III matrix P, of size N (with N = n in the unilevel case), we define our projectors p* as P, T*
where the operator TF € RY*E  n = 2k, is defined as

w1 for ie{2j—-1,25},j=1,....K,
(Tn)m' o { 0 otherwise. )

The operator T* represents a spectral link between the space of the frequencies of size n and the corresponding
space of frequencies of size k according to the following Lemma.

LEMMA 3.1.% The following representation holds true:

(75" @ = QulDr, Si] (4)

where Q,, is the unilevel DCT-III transform matriz of size m and TF is the operator defined in (3). Moreover,
Sy = Dy, Dy, = diag.—.  k[V2cos((s — 1)7/(4K))], Dy = diag .. x[—V2cos((s — 1)7/(4K) + 7/4)]
and (IIy)s: = 1 if and only if (s +t) (modK) = 2 and (s,t) # (1,1). It is worth stressing that the quoted
choice of T* corresponds to the sum of the two analogous structures just considered in the 7 case™® and in the
circulant case'® ! for constructing efficient multigrid procedures.

Notice also that the simple relation stated in the previous Lemma is the key step in defining a multigrid method,
since it allows us to obtain again a DCT III matrix at the lower level.

PROPOSITION 3.2. Let A, and P, be two DCT III matrices of size N and let p¥ = P,T*, n = 2k. Then,
the matriz Ay = (pE)T Aupk is a DCT III matriz of size K. In addition, if A, is positive definite and P, is
invertible, then Ay is positive definite.

Proof. The projected matrix (p¥)T A, pt can be spectrally decomposed by taking into account relation (4).
Indeed, setting A, = Q,Da, QL and Q,Dp, QL, we have

T
(pfl)TAnpr = [Trlf] PnAnPnTrlf
= [T9)" QuDp2a, QIT)
= @k (DkDLPgAn Dy + 1y DDy p2a, Dknk) Qr

where we pose

D p2
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Therefore, it is evident that the matrix Ay = DDy p2a, Dy, + HkﬁkDZ’pnzAn DIl is a diagonal matrix and
finally, Ay = QrArQy is, by construction, a DCT III matrix of size K.

The invertibility of P, and the fact that T is full rank implies that p! has also full rank K and therefore,
taking into account the positive definiteness of A,,, we deduce that Ay is positive definite as well. 0O

As the last step of this subsection, we define the iterations to be used in Steps 0. and 6. A reasonable choice
is to set V,, = I, — wA,, where w = 2||f||3! for the intermediate iteration and w = ||f||3} for the smoothing
step. An alternative good proposal consists in applying the ordinary conjugate gradient method as intermediate
iteration and the Gauss Seidel method as smoothing iteration. Finally, let us check carefully the requirements
[a] and [b] with regard to the proposed definitions of pf and of the basic iterations. The parameter § = 1/2
is in the interval (0,1), the cost of a matrix vector product involving p¥ is O(N), if the DCT III matrix P,
is banded for some bandwidth independent of n. The computation of the representation of A; can be done
formally in O(1) operations since we know that Aj belongs to the algebra (see section 12 in'?). Finally, all the
proposed basic iterations have a linear cost as the dimension since we have assumed, at the very beginning, that
A, is banded. In conclusion, in what follows also the matrix P, has to be taken banded.



3.2. Analytical requirements: [b] and [c]

Here we will consider the convergence requirements of [c] and some further stuctural requirements of [b] that
possess a more analytical flavour. Indeed, it is important to preserve the “structure” also in a stronger sense,
i.e. in applying the full multigrid procedure to A, := S, (f) with f nonnegative even polynomial, we have to
require that the matrix Ay, obtained at the lower level, is DCT III of size K, and of the same type. More
precisely, we have to require that Ay can be viewed as Si(f), where f is a nonnegative even polynomial with
the same essential features of f.

PROPOSITION 3.3.% Let n = 2k, p¥ = S,,(p)TF, and A,, = S,.(f). Suppose that f and p are even polynomials
with f being nonnegative. Then, the matriz Ay = (pE)1S,(f)pE coincides with Si(f) where f is an even
polynomial of the form f(x) = 2[cos¥(x/4) f(x/2)p? (x/2) + sin*(x/4) f (1 — x/2)p* (1 — 2/2)], with = € [0,7].

Now, the requirements dictated by the convergence results come into the play, so that we describe conditions
on the polynomial p that will insure the optimal convergence rate of the multigrid procedure. More specifically,
if f has a unique zero x° € [0, 7], then we consider 2° = 7 — 2% and we set P,, = S,,(p), where p is the even
trigonometric polynomial defined as

p(x) = (2 = 2cos(z — i°)) /21 ~ |z — 2°PP1A/21 over [0, 7] (5)
with
] sin?(2/2) |z — 2°|* B
B > Bmin = min {l IILH;O cos2 (,27/2) f(ZC) = 0} > (6)
0 < p’(a)+p*(r—2). (7)

If f has more than one zero in [0, 7], then the corresponding polynomial p will be the product of the basic
polynomials of kind (5), satisfying the condition (6) for every single zero and globally the condition (7). The
quoted choice of the polynomial p allows us to describe more precisely further properties of the function f,

generating the DCT-IIT matrix Ay = Sk(f), that are essential in a recursive application of the multigrid
procedure.

PROPOSITION 3.4.% Let n = 2k, pf = S,,(p)TF, and A,, = S,.(f). Suppose that f and p are even polynomials
with f being nonnegative. Assume that (3 is a fixed constant independent of n and that p globally satisfies the
previously described conditions (5)—(7). Then,

1. if f is a polynomial then f is a polynomial with o fized degree only depending on the orders of the zeros

of f;

2. if 2° is a zero of f(z), then y° = 22° is a zero of f (clearly if /2 < 2° < 7 then y° is rewritten as
0 _ 0
Yy = 2(71' -z ))7

3. the order of the zero y° off is exactly the same as the one of the zero x° of f, except in the case 2° = 7
where the order of the zero y° is the one of the zero z° of f increased by two.

Notice that the previous proposition also shows why the computational complexity is not increased at the
lower levels. Indeed, it is easy to prove that the degree of the generating functions fUl, j = 0,...,log(N) — 1,
of any multigrid iteration stay bounded by a constant which only depends on the first function f[% since the
number of the zeros of each flJ! equals the number of the zeros of fI°! and their orders are increased at most
by 2 (by item &.). More specifically, if the r-th zero of fl is 7, then the r-th zero of fI*! with s < tis w/2t*
and the r-th zero of fI* with s > ¢ is 0: this shows that the order of the k-th zero of fI*! is the same as for
I O] for s < ¢ and is simply increased by two if s > t. In addition, the crucial informations on the “nature” of
f, namely the position and degree of the zeros of f, are formaly established in claims 2. and 3., so that at the
lower level the new projector is easily defined in the same way.



Finally, mention has to be made to the following condition on the polynomial p

. sin®(z/2) |z — 2°*
o2 (@f2) f@) OO} '

B > Puin = min {z

(8)

This condition is slightly weaker than (6) and, in connection with (5) and (7), is equivalent to the optimality
of the two-grid method, but it is not sufficient in general for the optimality of the full multigrid method. For
instance, for the discretization of the Laplacian with homogeneous Neumann boundary conditions, in the light
of (6) we have f(z) =2 — 2cos(z), z° = 0, deg(f) = 1 and then we can chose deg(p) = 0. This means that the
corresponding matrix S, (f) is singular, but its one-rank correction S, (f) = Sp(f) +dee”, e; =1,i=1,...,N,
is invertible. Moreover, we do not need a nontrivial weight function p in order to satisfy (8) and therefore,
we can simply choose p* = T* for devising an optimal two-grid method: the effectiveness of this quite strange
conclusion is confirmed experimentally in Section 5: we refer the reader to the first column of Table 1 and to the
first column of Table 2 for the optimality of the two-grid method and the non optimality of the full multi-grid
method ((8) holds true, but (6) is violated).

4. THE TWO-LEVEL CASE

Let f be a 2-variate even trigonometric polynomial defined over the square 02, with Q = (0,27] and having
degree ¢ = (c1,¢2), ¢, > 0 with regard to the variables £ = (z1,z2). From the Fourier coefficients of f, i.e.
aj = (2m)72 [, f(2)e 00 da, 2 = —1, j = (ji,j2) € Z* with (j, ) = jiz1 + jos, we build the sequence of
two-level Toeplitz matrices {T,(f)}, n = (n1,n2), where T,,(f) = {ar—s}7_.r € CNMXN(™) N (n) = nyny,
e = (1,1)T € N2, is said to be the Toeplitz matrix of order N generated by f. It is clear that a; = 0 if the
condition |j| < ¢ is violated (i.e. if there exists ¥ such that the absolute value of j exceeds c;). Moreover,
since f is even, i.e. f(z) = f(|z|) with |z| = (Jz1], |z2|), it follows that f is completely determined by its values
on [0,7]? and in addition a; = a—_; € R. More explicitly, the matrix T},(f) can be conveniently rewritten in
terms of Jordan blocks, that is Tn(f) = >_);1<. aj,L[f] =D lji1<er 2olja| < a(jhjd)Jr[fll] ®Jr{f22], where, in the above

equation, ® denotes tensor product and J,{,a] with scalar [ and m is the same structure considered in Section
2. Indeed, the set {Jr[f ]} is the canonical basis of the linear space of the two-level Toeplitz matrices of partial
dimensions n; and ns. On the other hand, the two-level matrix belonging to the cosine III algebra of order N (n)
generated by the same polynomial f is defined as S, (f) = QnDEc”]Qg, where the matrix @, = Qn, ® @, denotes

the unitary matrix diagonalizing the considered algebra, i.e. the 2 level DCT III transform matrix and DEcn] =

diag o< j<n_er f(:vgn]) Here, the relation 0 < j < n — e’ and the expression xg."] =mj/n = (7wj1/n1, 7j2 /n2) are

intended to be componentwise. As in the unilevel setting, we observe a Toeplitz plus Hankel 1r.ep1resen‘pauti0n,4
e Su(f) = Tulf) + Hu(f), where Ho(F) = Tocjjiec KR = iy <o Lacial<en Wi K| © Kz

4.1. The requirements [a], [b] and [c] in the two-level case

We first observe that the definition of the basic iterations can be done verbatim in the multilevel case. The cost
will result again linear as the dimension N = N(n). Therefore, the only delicate point concerns the definition
of the projector pf and the consequences on the structural and analytical properties of the projected matrix
Ag. Therefore, we will focus on this point, by considering the use of tensorial arguments as main tool. More
precisely, the projector is constructed as pt = P,U¥, where P, is a two-level DCT-III matrix with n = (ny, ns)
and the operator U¥ is defined as Tr’fll ®TT’f§ with n, = 2k, and Tr’f: being the unilevel operator given in equation
As in the unilevel case the key step is in highlightining the link between the space of frequencies of sizes
n = (n1,n2) and the corresponding space of frequencies of sizes k = (ki, k2). From the definition of U¥ and
from equation (4), it holds that

U Qn = (T8 9T (Qny © Quy)
(Tr) T Qu,] © (Th2)T Qns)



[Q/ﬂ [Dklvskl]] ® [ka [Dkzvskz]]
= Qk[[Dk1 ) Sk‘l] ® [Dk2>5k2]]

where Q = Qk, ® Q,. By using the former relation it is easy to prove that Ay is still a DCT III matrix of
order k = (k1, ko) if P, is chosen as a DCT III matrix of order n = (n1,ns).

In analogy with the unilevel case, for computational reasons (requirements [a] and [b]), we restrict the choice
of the DCT-III matrix P, to the case where P,, = S,,(p) with p an even trigonometric polynomial. In addition,
in order to get optimal convergence rate (see requirement [c]), we will impose the following conditions. If the
function f has a unique zero x° € [0,7]?, then we set P, = S, (p), where p is the polynomial defined over [0, 71]?

as
o~ ] (Zm —:amwm) o)

#0eM(z0) \r=1

where

= sin®(2,/2) |z, — 29%
B > Pmin = min {Z| ; z}lgig cos?(z, /2) f(x) =00, (10)
0 < > @) (11)

geEM(z)U{x}

with M (x) being the set of the “mirror points” of z. A formal definition is the following: & € M (z) if and
only if £ # z and for any r = 1,2 it holds %, € {z,,7 — z,}. In the unilevel setting, it is evident that the
unique mirror point of x is m — x, while in the two-level context we observe three mirror points. Notice that
for every # € M(x) we have M (%) = {M(x)\{#}} U {z}. If f has more than one zero in [0,7]?, then the
corresponding polynomial p will be the product of the basic polynomials of kind (9), satisfying the condition
(10) for all zeros and globally the condition (11). The quoted choice of p induces some useful properties on the
function f generating the DCT-III matrix Ay at the lower level.

PROPOSITION 4.1.% Let n = 2k, p* = S, (p)UE, and A,, = S,(f). Suppose that f and p are even polynomials

with f being nonnegative. Assume that (3 is a fixed constant independent of n and that p globally satisfies the
previously described conditions (9)—(11). Then,

1. the matriz (pE)T'S,(f)pk coincides with Sk(f) where f is the even nonnegative polynomial described by
the formula f(z) = 4 [ £(2/2* (/D (@/0) + T yersys) FOP W (/)] for « = (o1,22) € 0,7
and where C(z) = szl cos(z,). If f is a polynomial then f is a polynomial with a fized degree only
depending on the orders of the zeros of f.

2. If 20 is a zero of f(x) then y° = 22° is a zero of f (clearly if 7/2 < 20 < & then y° is rewritten as

0 _ _ 20
Yr = (ﬂ- mr))

3. The order of the zero y° off is exactly the same as the one of the zero x° of f if 20 # 7 for all r = 1,2.

If 2% = 7 for a given r then the order of the zero y° is the one of the zero 2° of f increased by two.

4.2. The Toeplitz case

The structure of the proposed multigrid technique is essentially the same as in the DCT-III algebra case (for
any details refer to” % !3). In the unilevel setting we define the matrix TF € RN*X n = 2k + 1, with

1 for i1=2j, 7=1,...,. K
ky., . — g, ) ) , 1L,
(L) = { 0  otherwise

and their variations T¥[t], T¥[t] (see®'3), that are employed in order to preserve the exact Toeplitz structure at
each subsequent level of projection. More precisely, for every ¢ > 0, T¥[t] coincides with the submatrix of T*



obtained by deleting its first and last ¢ columns, i.e., by setting 0 € R** the null matrix,

ot >
Th = | T | erAxc
02t

However, a preliminary numerical experimentation proved that the convergence behavior is no more optimal
(as for T*), while the optimality is preserved by considering a matrix of the form

oF—t
Tl =| 77, | € R,
0t

The projectors are defined as P,T*[t], where P, is the Toeplitz matrix generated by a suitable nonnegative
trigonometric polynomial of degree b (see”™ ?) and ¢ = b—1 is the minimal integer such that [T*[t]]" P, A, P, TF[t]
is Toeplitz when A,, is Toeplitz. Analogously, in the two-level case, the matrix P, equals T),(p) where n =
(n1,n2) and p is a suitable bivariate nonnegative polynomial of partial degrees t; and t, (see”!3). Therefore,
we set UK[t] = TH[t] ® Tr2[t.], p¥ = P,UE[t], t = (t1,t2) and so the projected matrix takes the form
[UK[)T Py A, P URE] € R %2 where ky = (ny — 2t; — 1)/2 and ky = (ngy — 2t — 1)/2.

The definition of the smoothing operators follows the same lines as in the preceeding sections and will not be
discussed explicitly.

5. NUMERICAL EXPERIMENTS AND CONCLUSIONS

The numerical experiments will concern unilevel and two-level (banded) DCT-III/Toeplitz linear systems with
generating functions having zeros at z° € {0,7}, the interest being related to problems in imaging. More
precisely, we consider linear systems coming from a super-resolution problem and linear systems coming from
the image restoration context in which we suppose that the blur operator is compactly supported and spatially
invariant. In both cases we consider reflecting (Neumann) boundary conditions (refer e.g. to>1!°) that give
raise to DCT-III structures and Dirichlet boundary conditions giving raise to Toeplitz structures. We recall
that in the case of DCT III matrices we always use Richardson iterations with w = 2||f||o} and w = 1] f|| !
as intermediate iteration and smoothing iteration respectively. In the case of Toeplitz systems we prefer the
alternative choice of the conjugate gradient and of the Gauss Seidel iteration. Moreover the choice of the
projectors is performed according to the analysis of the previous sections and, finally, in all the tables the vector
z. denotes the exact solution of the related linear system.

Super-resolution problem

In this setting we consider Neumann boundary conditions and consequently one has to solve linear systems
of the form A,z = b, where A, is a two-level DCT III matrix of separable type. More specifically, we have
Ap = Sp(p(z1)p(z2)) with p(z;) = 2 + 2cos(z;), n = (n1,n2) and therefore, A, = Sy, (p) ® Sp,(p)- Due to the
tensorial structure of the linear algebra problem, it is sufficient to provide an efficient numerical procedure for
the unilevel problem in order to solve the two-level problem too: some numerical evidences concerning this basic
unilevel DCT-III problem are reported in Subsection 5.2. Finally, if the boundary conditions are of Dirichlet
type, then we have a Toeplitz structure with A, = Tp, (p) ® Th,(p)-

Image-restoration problem
In the following we let A, (-) to be either S,,(-) or T,,(-). Let S be the true image (for instance a “satellite”)
and let us consider the blurred image

Sq = An(Y(x1,22)[4 + 2 cos(x1) + 2cos(x2)]?)S (12)

where the matrix A, (¢¥(z1,22)[4 + 2cos(x1) + 2 cos(z2)]?) represents the compactly supported and spatially
invariant “blurring operator”. Here [4 + 2cos(z;) + 2cos(z2)]? has a zero at (w,m) of order 2k, its Fourier
coefficients are nonnegative (related to the stencil [1,1,4,1,1]) and 9 (x,z2) is a nonnegative polynomial with



Table 1. Twogrid - 1D case: S,(f)z

0, (il'e)i = l/N

g=1 qg=2 qg=3
N w:O|w:1 w=1|w= w:1|w:2|w=3
16 25 7 15 13 - 34 32
32 26 7 16 15 36 35 34
64 27 7 16 16 36 35 35
128 28 7 16 16 36 35 35
256 28 7 16 16 36 35 35
512 29 7 16 16 36 35 35
Table 2. Multigrid - 1D case: S,(f)z =b, f(0) =0, (zc); = i/N.

g=1 q=2 q=3
N w:O|w: w=1|w= w:1|w:2|w=3
16 1 1 1 1 1 1 1
32 26 7 16 15 36 34 32
64 60 7 17 16 63 35 34
128 125 7 18 16 123 35 35
256 251 7 18 16 225 35 35
512 497 7 18 16 391 35 35

nonnegative Fourier coefficients. The considered choice is made in such a way that the resulting blur operator is
a band approximation of the classical Gaussian blur whose Fourier coefficients are positive, symmetric and decay
exponentially and whose generating function is close to zero in a neighborhood of (7, 7) and is positive elsewhere.
Finally the presence of the term #(z;,x2) leads to a larger bandwidth so that the resulting blurring effect is
more realistic. In Subsection 5.2, we report some numerical evidences concerning the problem of reconstruct
S from S, by using our multigrid in the case of the DCT-III algebra and with several (artificial) data sets S.
Finally, in Subsection 5.3, we show an instance of the same problem in the Toeplitz case and with a true image
of a satellite S. A common point in the two applications is the fact that the generating functions show a zero
in w orin (m, 7). According to our multigrid theory this means that the reduced matrices will have generating
functions with a unique zero at 0 or at (0,0) respectively: this property will be mantained in all the further
levels according to our theoretical analysis. We stress that the latter property is inherent to the discretization
of differential problems, while the original problems can be viewed as discretizations of integral problems. Due
to this duality, we will focus our attention to the case of generating functions with zeros at 0 or at 7 in the
unilevel context, and at (0,0) or at (m,7) in the two-level context.

5.1. Case z° = 0 or z° = (0,0)

Here, we consider the solution of linear systems of the form S,(f,)x = b where S,(f,) = Sp(f,) + dee” /N
and f,(z) = [2 — 2cos(x)]? with a unique zero at z° = 0 of order 2¢g. Notice that, according to Proposition
3.2, the position of the zero at the lower levels is exactly the same as at the first level; consequently the
function p(z) in the projectors can be the same at all the subsequent levels. This property is of great help for
a simplified implementation of the proposed multigrid algorithm. Both our two grid and multigrid procedures
are tested for different values of ¢ and for several choices of the dimension N. Concerning the polynomial
puw(z) = [2 — 2cos(m — z)]¥, related to p& = S, (py,)TF, the choice of w is performed taking into account the
condition (6). It is transparent that the lower is the value of w, the greater will be the advantage from a
computational viewpoint. The results in Table 1 confirm the optimality of the corresponding two-grid iteration
in the sense that the number of iterations is uniformly bounded by a constant not depending on the size N
indicated in the first column. Following the suggestions in (6) and (10), in order to have a full multigrid
optimality we must choose w at least equal to 1 if ¢ = 1,2 and at least equal to 2 if ¢ = 3, as confirmed in



Table 3. Twogrid - 2D case: S,(f)z =b, f(0,0) =0, (zc); = [i/n1] /n2 + ¢ (mod ny)/n1.

N =nins w:O|w=1 w:1|w:2 w=1|w=2|w:3
327 22 16 36 35 75 - -
642 22 16 36 36 75 74 73
1282 22 16 36 36 75 74 73

Table 4. Multigrid - 2D case: S,(f)z =b, f(0,0) =0, (zc); = [i/n1] /n2 + i (mod ny)/n;.

qg=1 q=2 q=3
N =nino w:O|w=1 w:1|w:2 w=1|w=2|w:3
162 1 1 1 - 1 - -
322 22 16 36 1 75 1 1
64> 52 16 36 36 119 74 73
1282 108 16 36 36 296 74 73
2562 217 16 37 36 670 74 73
5122 430 16 37 36 1329 74 73

Table 2. Analogous considerations can be made in the two-level setting, as reported in Tables 3 and 4, where
we consider f,(z1,x2) = [2 — 2cos(x1)]? + [2 — 2 cos(z2)]? with a zero at 2° = (0,0) of order 2¢ and we chose

w

Puw(z1,22) =[(4 — 2cos(z1) — 2cos(m — x2))(4 — 2 cos(m —x1) — 2cos(x2))(4 — 2cos(m — 1) — 2 cos(m — x2))]

5.2. Case z° = 7 or 2° = (m, )

As emphasized at the beginning of the section, it is interesting to consider the case of a univariate generating
function having a unique zero in position 7 and, analogously, the case of a two-variate function possessing a
unique zero at (m, 7). The remarkable fact is that the choice of the proper projector according to (5)—(7) in the
unilevel case produces at the lower level a DCT-III matrix Ay associated with a generating function having a
unique zero at 0. The same is true if we replace (8) by (6) and in the multilevel case by imposing either the
multilevel generalization of (8) or (10). Therefore, starting from that level, the multigrid strategy is the same as
in the previously considered Section 5.1, both from the point of view of practical and theoretical issues. Tables 5
and 6 confirm the optimality of our two-grid and multigrid procedures where the constant number of iterations
is very small and seems to be independent of the spectral decomposition of the exact solution. Finally, we point
out that the problem in Tables 5 and 6 refers to the image restoration problem with ¥ = 1 and ¢(z) = 1. For
the Super-resolution problem the number of iterations is small and seems to decrease with n both for the
two-grid and for the multigrid procedures: more precisely, setting (z.); = i/N the exact solution, in the case of
a two-grid method we have 14, 12, 11, 10 and 8 iterations for N = 32,64, 128,256,512 and, in the case of a full
multigrid method, 14, 13, 13, 12 and 10 iterations for N = 32, 64,128,256, 512.

5.3. The image restoration of a satellite

We consider the restoration of S from S, in the case of Dirichlet boundary conditions. According to (12),
the Point Spread Function is determined by ¢ = 3 and ¢(z1,22) = [4 + 2 cos(z1) + 2cos(z2)]® + 1 so that the
resulting generating function is nonnegative and has a unique zero at (7, 7) of order 6. Therefore, the associated
Toeplitz sequence is asymptotically very ill-conditioned (~ [N (n)]?) and, despite this bad spectral behavior, the
proposed multigrid method is optimal as emphasized by the linear convergence reported in Table 7. We stress
that we are applying the ordinary conjugate gradient method as intermediate iteration and the Gauss Seidel



Table 5. Twogrid - 2D case: Sn(f)r = b, n = (n1,n2), f(m,m) = 0, A) (zc)i = i/N, B) (zc)i = [i/n1]/n2 +
i (mod n1)/n1, C) (xe); = [i/n1] /n2 + i (mod n1)/n1 + 1072(=)%, D) (we); = [i/n1] /n2 +1i (mod n1)/ni + 1071 (=),
E) (zc)i = [i/n1] /n2 +i (mod n1)/ni + (=)',

I qg=19(r1,12) =1 |

[N=mn: [A[B[C[D[E]

327 5771717
642 501711711717
1282 501711711717

Table 6. Multigrid - 2D case: Sn(f)zr = b, n = (nl,n2),‘ f(m,m) =0, A) (ze)i = i/N, B) (we)i = [i/m1] /n2 +
i (mod n1)/n1, C) (ze)i = [i/n1] /n2 + i (mod n1)/n1 + 1072(=)%, D) (we); = [i/n1] /n2 +1i (mod n1)/ni + 1071 (=),
E) (ze)i = [i/n1] [n2 + i (mod n1)/ny + (=)',

I g=1¢(z1,22) =1 |

[N=mn [A[B[C[D]E]
162 1l1]1]1]1
322 501711711717
64> 501711711717
1282 416 |6]|6]6
2562 4 16|6]|6]6
5122 416|6]|61|6

method as smoothing iteration.

Finally, we remark that in the case of noise the regularized systems with g > 0 (u Tikhonov parameter) have
a better conditioning than in the case of p = 0: therefore, our multigrid procedure, which is optimal for u = 0,
will be robust since the number of iterations will be bounded by a constant independent both of N(n) and of
-
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