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Abstract

In infrared astronomy, the observed chopped and nodded image g can be viewed as the image
obtained by passing the true image f through a highpass filter. Here we propose an iterative
restoration algorithm by building up a tight frame wavelet system from a multiresolution analysis
that has the highpass filter as one of the wavelet filters. To recover f, the low frequency infor-
mation of f hidden in g is unfolded by a wavelet decomposition and reconstruction algorithm
and combined with the given high frequency information in g. The main advantage of using our
method to restore chopped and nodded images is that there are fewer artifacts as compared to
the well-known projected Landweber method. Also the noise in the restored image is significantly
reduced. Simulated and real images are tested to illustrate the efficiency of our method.

1 Introduction

Here we give a very brief introduction to the formation of chopped and nodded images. For details,
we refer the readers to the papers by Bertero et. al [3, 2]. In thermal infrared astronomy the
observed signal s(x,y) at the point (z,y) on the detector plane is the superposition of a weak signal
f(z,y) coming from the celestial source and a large varying background n(x,y,t) coming from the
atmosphere and telescope optics, i.e.,

8($7y) = f($7y) + n($7y7t)'

To extract the celestial source f, we need to eliminate the effect of the background n(z,y,t). A
common approach is to apply a fast modulation of a secondary mirror (“chopping”) together with
the frequent beam switching (“nodding”) techniques. Under suitable assumptions (see [3, 2]), the
observed image g(x,y) provides the second difference of the same signal

g($7y):_f($7y_A)+2f($ay)_f(xay_'_A)’ (1)

where the quantity A is called the chopping throw or chopping amplitude. The image g is called
the chopped and nodded image. To restore f, we need to solve the inversion problem (1) from the
chopped and nodded image g.

If the chopping amplitude A is K times of the sampling distance in the detector plane, where K
is an integer, then we can write (1) in the following discrete form:

gjm = _fj,me + 2f],m - fj,m+K (2)
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where g;,, and f;,, are the samples of g(z,y) and f(z,y) respectively. For each j, let g; be the
vector whose mth entry is given by g;,,, m = 1,2,...,N; and f; be the vector with the nth entry
given by fj,, n=1,2,...,N 4+ 2K. Then (2) can be written in matrix form:

g; = Af; (3)

where the (m, n)th entry of A is given by A(m,n) = =00 +20m+ Kk n—Omt2k,, Withm =1,2,..., N;
n=12,...,N+2K and 0y, , = 1 if m # n and 0, , = 1. The matrix A is called the imaging matriz.
In [3], (3) is solved by the projected Landweber method with positivity constraints. However, the
restored images exhibit artifacts (called “jumps” and “ghosts”) that are related to the mathematical
structure of the imaging matrix A.

In this paper, we introduce a new method to restore the chopped and nodded images. From (2),
we can viewed g as the output obtained by passing f through the highpass filter

(-1,0,...,0,2,0,...,0,—1). (4)
~—— =

An iterative restoration algorithm is proposed by considering the filter (4) as one of the tight wavelet
filters. More precisely, we build up a tight frame wavelet system from a multiresolution analysis
that has the highpass filter (4) as one of the wavelet filters. The chopped and nodded image g keeps
most of the high frequency information of f and the low frequency information in f is folded by
the highpass filter (4). Hence, to recover f, the low frequency information of f hidden in g will be
unfolded and combined with the high frequency information to restore f. We will unfold the low
frequency content iteratively using the wavelet decomposition and reconstruction algorithm.

There are many papers on the construction of wavelet systems from a given lowpass filter, see
for instances, the references listed in [5, 9]. However, there appears to be no papers on building a
wavelet system and its associated multiresolution analysis where one of the wavelet filters is a given
highpass filter. The main advantage of using our method to restore chopped and nodded images is
that there are fewer jumps and ghosts as compared to the projected Landweber method. Also the
noise in the restored image can be significantly reduced by incorporating the wavelet thresholding
denoising scheme. We will illustrate the efficiency of our method by testing it on simulated and real
images.

The outline of the paper is as follows. In Section 2, we recall the projected Landweber method.
In Section 3, we analyze the problem by tight frames and derive our algorithm in the L? space. In
Section 4, we give the matrix form of the algorithm. Special implementation issues such as noise and
artifacts reductions are considered in Section 5. Results on simulated and real images are presented
in Section 6 and some extensions are given in Section 7.

2 The Projected Landweber Method

From the physical point of view, the brightness distribution of a celestial source must be non-negative.
In [3], the projected Landweber method is used to find the non-negative solution of (3). It is defined
as follows:
+1 T
£ —p [f 4 AT (g - Af}"))] (5)
where P, is the projection operator onto the set of non-negative vectors and v is a relaxation

parameter which satisfies 0 < v < 2/\; where \; is the largest eigenvalue of AT A. For a detail
discussion and applications on the method, see [1, Chapter 6].



It was pointed out in [1, 3] that the projected Landweber method has a regularization property,
known as semiconvergence: the iterates f](n) first approach the required image, but the noise will be
amplified when the number of iterations is more than a certain limit. Thus a stopping criterion, called
the discrepancy principle, is introduced in order to obtain the best approximation of the required

solution. However, the restored images always have two kinds of artifacts (see Figure 6 (b)) :

e Jumps in the brightness of the restored image at rows /K + K; and ({+ 1)K, £=0,1,... ,q+1,
where ¢ and K are the quotient and remainder of N/K and N is the number of rows in the
image g and K is the chopping amplitude.

e Multiple ghost images, spaced by K, of bright stars. They appear as dark images over a bright
background or vice versa.

3 Tight Frame Analysis

From (4), we see that the chopped and nodded image can be viewed as passing the original image
through a highpass filter sin?(K %) where K is the chopping amplitude. To simplify the discussion
here, we consider only the case that K is odd. To make our main ideas work, we need to build up
a tight frame wavelet system from a multiresolution analysis that has the highpass filter sin?(K 5)
as one of the wavelet filters. There are many papers devoted to the construction of wavelet systems
from a given lowpass filter (see e.g. the references in [5, 9]), however, there are no papers that we
are aware of on building a wavelet system and its associated multiresolution analysis with one of
the wavelet filters is the given highpass filter. To this end, we make use of the unitary extension
principle for tight frame constructions given in [11]. We start with the basics of tight frames and
their constructions in Section 3.1 and then give our algorithm in Section 3.2.

As we have seen in (3), the recovering of the chopped and nodded images can be reduced to
the restoration of one-dimensional signals (along every fixed j in (3)). We therefore consider the
univariate setting only. However, it is straightforward to extend the analysis given here to the
multivariate case.

3.1 Filter Design
Given a finite set U C L?(R), the wavelet system generated by U is defined as

X={p2kz—j): e,k jeci). (6)

A system X C L?(R) with countably many elements is a tight frame if for all f € L?(R),

A% =D [P

heX

To use the unitary extension principle [11], we start with a refinable function. A compactly supported
function ¢ € L?*(R) is refinable (a scaling function) with refinement mask (lowpass filter) 7, if it
satisfies

¢(2) = T¢¢7
where ;5 is the Fourier transform of ¢, and 74 is a 27 trigonometric polynomial with 74(0) = 1.
Let a(j) be the Fourier coeflicients of the trigonometric polynomial 74, then the above refinement
equation can be written as:

$=2> a(j)p(2 —j).

JEL



Normally, the sequence {a(j)} is called the refinement mask, but we also call the corresponding
Fourier series the refinement mask.

For a given refinable function, we define V;; to be the closure of the linear combination of ¢
and its integer translates (shifts) and Vj := {f(2¥:): f € Vi, k € Z}. Then, (i) V}, C Viyy, (ii)
NikezVi = {0}, and (iii) UrezVi is dense in L%(R) (see e.g. [6], [8]). The sequence of spaces Vi,
k € Vi, is called a multiresolution analysis whenever it satisfies (i)—(iii).

To make the wavelets so constructed to be of any practical use, we need a smoothness assumption
on the refinable function. Here, we assume that the Fourier transform of $ decays at oo with the
rate of 1/2+ 4, § > 0, i.e.

p(w)| < C (1 + |w|—(1/2+6))

for some C' < oo. For a given compactly supported refinable function whose Fourier transform
satisfies this decay condition, the construction of tight frame wavelet systems is to find a finite set
U in V; such that the wavelet system generated by ¥ as defined in (6) forms a tight frame of L2(R).
Recall that an arbitrary ¢ € V; can be represented in the Fourier domain as

1/)(2) = T¢¢7
for some 2m-periodic 7 (see e.g. [11]). The unitary extension principle of [11] says that the wavelet

system form a tight frame in L?(R) provided that 74 together with 7, ¢ € ¥, satisfy the following
conditions

Tp(w) Ty (w + ym) + Z Ty (W) Ty (w +ym) =y, fory=0,1 (7)
pew

for w a.e. in R. The sequences of Fourier coefficients of 7, as well as 7y, itself, are called wavelet
filters.
In order to include sin? (K %) as one of the wavelet filters, we choose

Ty = To := cos? (K%)

as our refinement mask. The corresponding refinable function is a piecewise linear spline with 1/K
at origin and 0 at £K, i.e.

L |z
¢@) =%~ %2 (8)
see Figure 1 (left). Then we define the wavelet filters
— _J9si v v —gin? (K
1 (w) = 2sin (K 2) cos (K 2) , and Ty(w)=sin (K2> .

Using the fact that K is odd, it is easy to check that the masks, 7y, 71, and 79, defined above satisfy
(7). The Fourier coefficients of the three masks are:

1 1 1
a = 1707 "7075707' 7071 ) (9)
K-1 K-1
2 2
by = _iaoa"'aoai ) (10)
4 ~ae—r 4
2K—1
1 1 1
by = -——,0,...,0,-,0,...,0,—— (11)
K-1 K-1
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Figure 1: The scaling function (left), the first wavelet (center), and the second wavelet (right).

and the wavelet functions supported on [—K, K] are:

1 K
V2 V22a+K| . K —2% 1f.—KK§ z< K
1(z) = o(2) = :
2 V22K <z < K L_ 2 fo<a<k
—L+5 & <z<K;
K K? 2 = —= )

see Figure 1 (center) and (right). Clearly b2 matches the filter in (4).

Remark 1. When K is even, a tight frame wavelet system can be constructed with SinZ(K%) as one
of the highpass filters by using the method suggested in [12].

3.2 Analysis

Since Vj, k € Z, forms a multiresolution analysis of L2(R), we can assume without loss of generality
that the pixel values of the original image are the coefficients of a function f in Vj for some k. From
(4), we see that the chopped and nodded image can be viewed as passing the true image through
the highpass filter sin?(K'%) = 72(w). Thus the pixel values of the chopped and nodded images can
be considered as the coefficients of a function ¢ in

Wi_1,2 :=span{h(2° 7' (- — j/2F)) . j e Z},

i.e. g is represented by (25! . —5/2) with j € Z. The chopped and nodded image g keeps most
of the high frequency information of f (the component represented by wavelet ;) and the low
frequency information in f is folded by the highpass filter by. Hence, to recover f, the low frequency
information of f hidden in the chopped and nodded images will be unfolded and combined with the
high frequency information to restore f. We will unfold the low frequency content iteratively using
the wavelet decomposition and reconstruction algorithms. For simplicity, we give the analysis for
the case k = 1. A similar analysis can be carried out for general k.
Let f € V1. Then,

F=2) (02 =2 —5) == V2D v(i)p(2- —j). (13)
JEZ JET
The numbers v(j), j € Z, are the pixel values of the original image we are seeking, and they form
the discrete representation of f under the basis v2¢(2 - —j), j € Z. Comparing (4) and (11), we see
that the given data set (be * v)(j) are the pixel values of the chopped and nodded image. By using
the refinability of ¢, by * v is the coefficient sequence of g represented by 12 (- —j5/2), j € Z, in Wy 2.
We call this g the chopped and nodded function and it is given by

g:=Y (b2 x0)(i)a(- = j/2).

JEL



This function can be obtained precisely once b * v is given.

Here we provide an iterative algorithm to recover v. At step (n+1) of the algorithm, it improves
the low frequency components of f by updating the low-frequency components of the previous step.
The algorithm is presented in the Fourier domain where the problem becomes: given bg/*\v = Ty,
find v. The algorithm makes use of the fact that 79 + 7171 + 7212 = 1, see (7).

Algorithm 1.

(i) Choose vy € L?|—m,7];

(ii) Iterate on n until convergence:

——

i)\n+1 = T_()T()i)\n + T_lTli)\n + T_2b2 * V. (14)

We remark that the first term in the right hand side of (14) represents the approximation of the
low-frequency components of f whereas the second term improves the high frequency approximation.
Given vy, f, is defined via its Fourier transform as:

~

) = Ba(-/2)8(-/2) € Vi(9). (15)

Strictly speaking, ]/”;L and (Z are the Fourier transform of f and ¢ respectively, whereas v,, is the
symbol of the sequence v,,. But here to simplify the notations, we will use the same “hat” notation
to denote both. In the absence of noise, we can show that the functions f, converge to the true
function f in (13).

Proposition 1. Let ¢ be the refinable function given in (8) with the refinement mask a given in (9),
and let ¢y, 1o be the two wavelets defined in (12) with masks by and by given in (10) and (11). Then,
the sequence Uy, defined in (14) converges to v in the L*-norm for any arbitrary vo € L*[—n, 7). In
particular, f, in (15) converges to f in (13) in the L>-norm.

The proof can be modified readily from the proof of Proposition 3.1 given in [4] where, instead of
a highpass filter, a lowpass filter is given. In the presence of noise, we will add to Algorithm 1 a
wavelet thresholding denoising scheme like we did in [4]. This will be done in Section 5.

Remark 2. Algorithm 1 and Proposition 1 are closely related to the corresponding algorithm and
proposition in [/] except that we use a tight frame wavelet system here instead of a biorthogonal
wavelet system as in [4]. In fact, if K > 1, there is no available method to construct biorthogonal
or orthogonal wavelet systems having SiHQ(K%) as one of the wavelet masks. However, thanks to the
unitary extension principle [11], we can construct a tight frame wavelet system. As we will see later,
tight frame wavelet systems are more nature here, since they provide a new interpretation of existing
numerical methods such as the Landweber method. This permits us to build into our method powerful
denoising and artifact removing schemes based on wavelet theory. Furthermore, the redundant nature
of tight frame systems allows us to extract more information contents from the available redundant
information. In our forthcoming work, the wavelet frames idea will be extended to high resolution
1mage reconstruction applications where we are given a lowpass filter. The tight frame wavelet system
built up on the given lowpass filter via the unitary extension principle of [11] can provide a nature
approach to the problem and better numerical results.



4 Matrix Form of Algorithm 1

In this section, we express Algorithm 1 in the time domain, i.e. in a matrix form ready for numerical
computations. To derive it, we need to consider the boundary conditions, i.e. assumptions of the
true image outside the region of interest. For simplicity, we use symmetric (reflective) extension here,
see [10]. For other extensions, the derivation is similar. In fact, for the infrared images that we are
interested here, the difference between symmetric and periodic boundary extensions is small.

We first define the following matrices. For a given sequence h = (h(j))}-’zf 7, we let T'(h) to be
the M x M (with M > 2J + 1) Toeplitz matrix

h(0) h(—J) 0
: (=)
T(h) == | n(J) ‘ h(—J)
| 0 h(J) h(0) ]
Define
[ h(J) h(J—1) h(2)  h(1) 1
h(2)
T(h) = Oyx(m—s-1) : Ox1 R,
WJ —1)
h(J)
L Ovi—nyx(v—g—1) O(m—gyxJ Om—s)x1 |
and
[ O(ar—)1 Ov—gyxsg OM— ) (M—J—1) |
h(—=J)
= h(—J + 1) .
. 0sx1 : Orx(rm—g-1) ’
h(-2) S S
I h(=1)  h(=2) -+ h(=J+1) h(=J) 1

where R is the M x M reversal (anti-identity) matrix, i.e., it has 1’s on its anti-diagonal and 0’s
elsewhere. They correspond to the symmetric boundary conditions on the left and on the right
respectively. Finally let S, (h) and S_(h) be:

S (h) = Ty(h) + T(h) + T (h),
and
S_(h) = =Ty(h) + T(h) —T,(h).

For the masks a, b; and by given in (9)—(11), their corresponding decomposition (and respectively
reconstruction) matrices are:

Hy = Si(a), Hi=54(b1), Hz=S5(b2) (16)



(and
Hyo=S,(a), Hy=S5_(=b), Hy=_5(bs). (17)

respectively) with J = K and M = N + 2K. We note that since by is antisymmetric, H; # ﬁl.
However, if periodical boundary conditions are used, they will be the same.
Using (7), it is easy to verify that

HoHy+ H\H, + HyHy = I, (18)
where I is the identity. Notice that Hs and the imaging matrix A in (3) are related by:

%
1 |——
HZ:Z A )
*

where * here denotes non-zero matrices of size K x (N + 2K) (cf. (4) and (11)).

According to (14), the term Hof(™), which corresponds to 720, should be replaced by g which
corresponds to b;*\v However, the vector g, which is of length N, is shorter than the vector Hof (n)
which is of length N + 2K. Hence, we can only replace the central part of Hof(™) by g, and the
remaining part are to be determined by the boundary conditions that we have chosen. To achieve
this, we write

~ ~ 1
HyHof ™) = HpAHof ™) 4 — AT A (19)
where
A =diag(1,---,1,0,---,0,1,--- | 1).
—— —— —
K N K

Replacing Af(") by g (i.e. HyHof(™ by HoAHof(™ + %ATg), and using (18), Step (ii) of Algorithm
1 becomes )
f(n+1) = ﬁOHof(n) + ﬁlHlf(n) + (ﬁgAHgf(n) + EATg)

Hence we have the following matrix version of Algorithm 1:
Algorithm 2 (Matrix form of Algorithm 1).
(i) Set an initial approzimation £(0);

(ii) Iterate on n until convergence:

£0+1) — HyHot™ + Hy H £ + (HyAHof™ + %ATg)'

By (18), HyHof™ + HyH,£(™ = £ — H,H,f(™) . Hence by (19), Step (ii) is reduced to

1
£tD) — £ — (ATg — AT Ar™M),
+tA's )
Comparing it with (5), Algorithm 2 is just the Landweber method with v = 1/16, and can be

considered as a reformulation of the method based on the tight frame wavelet theory.



This new formulation puts the whole restoration process into the multiresolution analysis frame-
work and gives analytical representations of the chopped and nodded image and the true image in
terms of the tight frame wavelet systems. The analysis tells us that the algorithms (ours as well as
the Landweber method with v = 1/16) improves the low resolution (coarse level) approximation of
the true image, which contains most of the low frequency information folded by the chop and nod
process, by combining the corresponding part of the previous iterate with the given chopped and
nodded image. This new wavelet viewpoint allows us to incorporate wavelet thresholding denoising
schemes into our algorithm. This will be done in the next section.

5 Noise and Artifacts Removal

Signals contains noise. A successful algorithm has to be able to reduce noise. So far Algorithm 2
only restores the low frequency information of the image. Here in the first two subsections, we add
to Algorithm 2 two extra steps to reduce the noise and also the artifacts (jumps and ghosts). Both
steps are based on Dohono’s thresholding scheme which is easy to implement and is non-linear in
nature. In contrast, the Landweber method is a linear process for denoising. For denoising problems,
the Donoho’s scheme has been shown to be more efficient than linear methods in general (see e.g.
[7, 9]). Our complete algorithm will be given in the last subsection.

5.1 Noise Reduction

In Algorithm 2, we have chosen the tight frame wavelet system {H;, ﬁi}?:[) mainly because we have
to include the high pass filter sin?(K ) from the chop and nod process as one of our wavelet masks.
However, for noise and artifacts removal, we are free to choose any tight frame wavelet systems. To
get a more efficient algorithm, we choose the spline tight frame wavelet system given in [11]. Its

masks are: a = {i, %, i}, b1 = {—@,0, %}, and By = {—i, %,—i}. We note that this is the tight
frame wavelet system obtained in Section 3 if we set K = 1. Hence it has the same shape as that
given in Figure 1. The corresponding decomposition matrices and reconstruction matrices are given
by Go = Si(a), G1 =S4 (61), G2 = S4(B2), and Go = S1(a), G1 = S (=), G2 = S1(B2)-

Let f be the current iterate. The wavelet decomposition of f gives three sets of data: Gof, G1f
and Gof, where Gf gives the coefficients of the coarser level approximation of f and G:1f and Gof

give the wavelet coefficients. By the perfect reconstruction formula (cf (18)), we have
f = GoGof + G1G1f + GoGof.

One can further decompose f down to any level by applying the decomposition procedure to Gof,
G%f , G%f ,-.. , whenever it is necessary to analyze f. We further remark that since the down sample
operator is not applied in the decomposition, it is a dyadic translation invariant wavelet decomposi-
tion and reconstruction algorithm.

The key step for denoising is to apply Donoho’s thresholding scheme [7] to the wavelet coefficients
of f at each level. The denoised f is given by:

L—-1
D(£) = (Go)“(G)“E + Y (Go)! [G1TA(G1GEE) + GoTh(GaGE)| (20)
=0

where
Ta((z1, ... ,xl,...)T) = (tx(z1),... ,t)\(wl),...)T,



with t)(z) = z if |z| > X and 0 otherwise. Here L is the number of levels used in the decomposition
and the thresholding parameter A is chosen to be

A = ky/2log(N + 2K) (21)

where £ is the variance of f estimated numerically by the method given in [7].

5.2 Artifacts Reduction

The denoising scheme in Section 5.1 reduces the noise in each iteration. However, we still need to
reduce the artifacts (i.e. the ghosts and the jumps) created by the chop and nod process. Fortunately,
the astronomical infrared images that we are considering have peaks with high intensity while most
of the artifacts are of low intensity. Furthermore, they are isolated. Since our main interest is
to keep the intensity of the major peaks which are of high intensity and are isolated, the wavelet
decomposition of the computed f at major peak areas will have large wavelet coefficients. On the
other hand, most of the artifacts are of low intensity occuring in areas with average level of intensity,
the wavelet coefficients of f in these area will be of average magnitude. Although the areas where
small features occur also have wavelet coefficients with average magnitude, the average intensity
of these areas is smaller than those near the artifacts. We will make use of these observations to
distinguish between stars, features and artifacts.

The main idea is to threshold all wavelet coefficients except those that are from areas near the
major stars or features. To identify those coefficients automatically, we first compute the L-level
wavelet decomposition of f using the masks given in Section 5.1 (see Step 2 below). Then, we
identify the positions of those wavelet coefficients that are contributed by the major stars. This
is done by finding those positions where the intensity values of f are close to the maximum of f.
Theoretically, those positions should be mapped to the positions of corresponding wavelet coefficients.
Since the dyadic translation invariant wavelet transform is used here, and that both the wavelet and
the refinement masks (the high and the low pass filters) used here are of very small support, the
positions of the wavelet coefficients contributed by the high intensity values of f can be identified by
the positions where f has intensity values close to the maximum of f. This approximation simplifies
our scheme (see Step 3 below). Step 4 below is to find small features which occur at points where
both intensity values and wavelet coefficients are of average magnitude. Then we identify the areas
that do not contain large intensity values of f, large wavelet coefficients, or small features (Step 5)
and apply a simple thresholding scheme to reduce artifacts in these areas (Steps 6-7).

Artifacts Reduction:

1. Fix the parameters: 0 < sq < s, < s < 1, and r and L, two positive integers. Let f be the
current iterate with entries f(7), 1 <i < N + 2K.

2. Compute the L-level wavelet decomposition of f as in Section 5.1. This leads to one scaling
coefficient (Go)Lf and 2L wavelet coefficients (G,)(Go)‘f where 0 < ¢ < L, p=1,2.

3. Define a binary position vector U,, where its ith entry U, (i) is given by

1 if£(6) > s- £
Ui :{ if £(i) > s {1§j211?\)f)i21( ()}

0 otherwise.

4. Let F, = maxi<j<n+2k |[Gpf](4)] for p = 1,2, Let By(i) = {j : [j —i| < r}. Define V(i) =
%{minjeBr(i) £(5) + max;ep, (i) f(j)}, and V(i) the average of f(j) for j € B,(i). Define a

10



binary position vector Uy, where its ith entry U, (¢) is 1 if (i) sqF) < |[Gpf](¢)| < sy F)p forp =1
or 2, and (ii) s4V (i) < V(i) < 5,V (4). Set Uy,(i) = 0 otherwise.

5. Generate a binary position vector U from U, and Uy,: U(j) = 1 for all j in B, (i) if either
Un(i) =1 or Uy(i) = 1.

6. For all i such that U(i) = 0, we threshold the wavelet coefficients by replacing [G,(Go)*f] (i) by
sgn([Gp(Go) f](3)) max (|[Gp(Go)f](3)| — A,0) for0<L< L,p=1,2,
where X is given in (21). The wavelet coefficients are unchanged if U(:) = 1.

7. Using the reconstruction formula, reconstruct the image from the modified wavelet coefficients
together with the coarse level scaling coefficient (Gg)'f.

5.3 The Complete Algorithm

For 1D signals, we have the following complete algorithm.

Algorithm 3.

(i) Set an initial approzimation £(0);

(ii) Iterate on n until convergence:

£ D) = P, | HyD(Hof ™) + H\D(Hf™) + (HyAH£™ + %ATg), :

where D is given in (20) and Py is the projection operator onto the set of nonnegative vectors.
(iii) Perform the artifacts reduction steps as given in Section 5.2.

We note here that while denoising scheme is built in each iteration, the artifacts reducing scheme
is only implemented at the last iteration. This is because without the denoising scheme, the random
noise blows up with the iterations, especially those noise whose spectrum is close to the singularity of
sin? (K %), the convolution kernel of the chop and nod procedure. On the other hand, the artifacts
generated by the chop and nod procedure are similar to the small features of the image that they
usually do not blow up with the iterations. Hence, we do not need the artifact removal scheme at
each iteration.

For computational complexity, Algorithm 3 needs O(L(N + 2K)) operations per iteration, since
for each level, the cost of one wavelet transform is linear with respect to the number of unknowns.
In contrast, the projected Landweber method requires O(N + 2K) operations per iteration.

For 2D images, we first recall that the chop and nod process is a 1D process. In fact, in (3), we
restore the image columnwise for each fixed j. Thus there is no need to change the restoration part
of Algorithm 3. More precisely, we can still use the 1D tight frame wavelet system {Hi,ﬁi}?zo for
2D images. However, to better capture the noise and artifacts in between the columns, we use 2D
noise and artifacts reduction schemes. Since both are wavelet schemes, the extension from 1D to 2D
is easy by using tensor products.

11



For example, for 2D image f expressed as a matrix, the wavelet decomposition of f gives nine
sets of data: {G)f G:}F}%yqzo where G; are given in Section 5.1. The denoising scheme in 2D is

D(f) = (éo)L(Go)Lf(GT)L(éoT)L

+Z > (Go)'GyTh (GolGo) E(GE)GT) GT(GR)" (22)
=0 0<p,q<2
(p,q)#(0,0)
Similarly for the 2D artifacts reduction schemes, we can simply replace the 1-D wavelets by 2D
wavelets. For example, in Step 4 of Section 5.2, F}, will be replaced by

Fp:q = ?3%§|[prnG5](317]2)|a 0 < b,q < 27 (pa q) 7& (070)3

and B, (i1,12) will be a square of width (2r + 1) centered at pixel (i1, %2).

6 Numerical Results

In this section, we test Algorithm 3 against the projected Landweber method for one- and two-
dimensional examples.

We first give three 1D examples, the first two of which are given in [2]. In all three examples,
N =128 and K = 37. The true object f* has 202 points and the observation region (i.e. the support
of g) lies between point 38 and point 165. For parameters, we set L =4, s = 0.8, s, = 0.4, sq = 0.1,
r = 5. The initial guess is the zero vector. White Gaussian noise with standard deviation 0.02 is
added to all examples. We stop the iteration when

||f”“—f ll2
€012

Ezample 1. The true object consists of two narrow Gaussian functions (simulating two bright stars

over a black background), one inside and one outside the observation region. The results are in

Figure 2, with the numbers of iterations required for convergence listed in the caption.

Ezample 2. The true object consists of one narrow Gaussian function (simulating a bright star) over

a smooth background. The results are in Figure 3.

Ezample 3. The true object consists of two narrow Gaussian functions (simulating two bright stars

with different intensities) over a smooth background. The results are in Figure 4.

In all examples, we can see the improvement of our method over the projected Landweber method.
We remark that in [2], the relative discrepancy error, defined by

On i= < 0.0002. (23)

_ 1AE™ — gl
n -
Igll2

is used as the stopping criterion. Here we use (23) instead of (24) because we find that ¢, is not a
good measure of the relative restoration error which is defined as:

(24)

| [ + mean(f* — £(™))] — £*||
Sn = . 3
[1£%]|2

see [2]. We illustrate this in Figure 5 where we measure €, and ¢, against n. We see that smaller ¢,
does not imply necessarily smaller ¢,,, and that as far as the relative restoration error g, is concerned,
Algorithm 3 is more accurate than the Projected Landweber method.
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In fact, €, measures the relative error between Af(™) and g. We note that Af(") are the wavelet
coefficients of f(") with respect to the wavelet 1, of (12) and g are the corresponding wavelet
coefficients of f* corrupted by noise. Since f* is corrupted with noise, only few outliers of its wavelet
coefficients are contributed by the image £*, and most of small wavelet coefficients are contributed
by the noise. Thus if Af(™ is too close to g, it may indicate that the approximation f () follows too
close to the noise and this is not desirable.

Finally we consider a real 2D image obtained from United Kingdom Infra-Red Telescope [2]. For
parameters, we have chosen L = 2, s = 0.8, s, = 0.4, sq = 0.1, r = 3. We stop the iteration when
on, < 0.001. The results are given in Figure 6. It is clear from the figures that our results have much
less noise and the artifacts are greatly reduced.

7 Extension and Conclusion

From (14), we see that if 1o = bT*\v is available, then we can improve Algorithm 1 by replacing
(14) by

Unt1 = T0ToUp + T1b1 * v + Tobe % v.
. — . . . .
In matrix terms, by * v is the image b with entries

. 1 1
b(j,m) = —ifj,me + §fj,m+K

(cf. (2)). It can be obtained from the true image by doing a chop and chop process. We test the
improvement of our Algorithm 3 for the three 1-D test examples in Section 6. The results are shown
in Figure 7, and we can easily see the improvement.

In this paper, we present a method for denoising chopped and nodded images obtained from
infrared astronomy. Our wavelet approach allows us not only to denoise the image, but in the same
time, protect the intensity level at regions crucial to the observers (like stars), and remove artifacts
that are intrinsic to the mathematical model.

As remarked in Remark 2 in Section 3.2, our idea here can be extended to high resolution image
reconstruction applications where we are given a lowpass filter. The tight frame wavelet system
built up on the given lowpass filter via the unitary extension principle of [11] can provide a nature
approach to the problem and better numerical results.

Acknowledgment: We thank Prof. Bertero for introducing us to the topic and his many advices and
helps in our research.
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Figure 2: Example 1. (a) Original signal; (b) observed region; (¢) chopped and nodded g with noise;
(d) result by the projected Landweber method (84 iterations); (e) result by Algorithm 3 without
artifacts reduction (264 iterations); (f) result by Algorithm 3 with artifacts reduction.
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Figure 3: Example 2. (a) Original signal; (b) observed region; (¢) chopped and nodded g with noise;
(d) result by the projected Landweber method (152 iterations); (e) result by Algorithm 3 without
artifacts reduction (280 iterations); (f) result by Algorithm 3 with artifacts reduction.

16



L L L L L L L L L
20 40 60 80 100 120 40 60 80 100 120 140 160

08 08
0.6 0.6
04 04

L
40 60 80 100 120 140 160 40 60 80 100 120 140 160

(e) (f)

Figure 4: Example 3. (a) Original signal; (b) observed region; (¢) chopped and nodded g with noise;
(d) result by the projected Landweber method (151 iterations); (e) result by Algorithm 3 without
artifacts reduction (335 iterations); (f) result by Algorithm 3 with artifacts reduction.
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Figure 5: Relative discrepancy error €, versus n (left column) and relative restoration error ¢, versus
n (right column) for the three 1D examples (from top to bottom). Solid line: Projected Landweber

method; dashed line: Algorithm 3.
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Figure 6: K = 37. (a) The chopped and nodded image g; (b) result from the projected Landweber
method (118 iterations); (c) result from Algorithm 3 without artifacts reduction (201 iterations); (d)
result from Algorithm 3 with artifacts reduction.
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Figure 7: The results on the left column are done with only g available and those on the right have
both g and b available. (a)-(b) Example 1 (264 and 41 iterations), (c¢)-(d) Example 2 (280 and 87
iterations), (e)—(f) Example 3 (335 and 92 iterations).
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