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Coupled Reconstruction of 2D Blood Flow and Vessel Geometry from Noisy
Images via Physics-Informed Neural Networks and Quasi-Conformal Mapping*

Han Zhang t Xue-Cheng Tai ¥ Jean-Michel Morel §, and Raymond H. Chan T

Abstract. Blood flow imaging provides important information for hemodynamic behavior within the vascular
system and plays an essential role in medical diagnosis and treatment planning. However, obtaining
high-quality flow images remains a significant challenge. In this work, we address the problem of
denoising flow images that may suffer from artifacts due to short acquisition times or device-induced
errors. We formulate this task as an optimization problem, where the objective is to minimize the
discrepancy between the modeled velocity field, constrained to satisfy the Navier-Stokes equations,
and the observed noisy velocity data. To solve this problem, we decompose it into two subproblems:
a fluid subproblem and a geometry subproblem. The fluid subproblem leverages a Physics-Informed
Neural Network to reconstruct the velocity field from noisy observations, assuming a fixed domain.
The geometry subproblem aims to infer the underlying flow region by optimizing a quasi-conformal
mapping that deforms a reference domain. These two subproblems are solved in an alternating Gauss-
Seidel fashion, iteratively refining both the velocity field and the domain. Upon convergence, the
framework yields a high-quality reconstruction of the flow image. We validate the proposed method
through experiments on synthetic flow data in a converging channel geometry under varying levels
of Gaussian noise, and on real-like flow data in an aortic geometry with signal-dependent noise. The
results demonstrate the effectiveness and robustness of the approach. Additionally, ablation studies
are conducted to assess the influence of key hyperparameters.

Key word. Flow Image Reconstruction, Blood Flow Simulation, Physics-Informed Neural Network, Quasi-
Conformal Geometry, Image Denoise, Image Segmentation

AMS subject classifications. 65N21, 65D18, 76D05, 92C50

1. Introduction. Blood flow imaging plays a fundamental role in characterizing cardio-
vascular dynamics, offering critical insights into hemodynamic behavior within the vascular
system. This technique is indispensable for medical monitoring, cardiovascular disease di-
agnosis, and surgical planning. As a non-invasive approach, it enables safe assessment of
patients with severe cardiovascular conditions while avoiding the flow disturbances caused by
intravascular instrumentation [41].

However, achieving accurate and high-resolution blood flow imaging remains a significant
challenge. Existing modalities, such as flow MRI, often require long acquisition times [26] to
produce clear and high-quality flow images. This not only causes discomfort for patients but
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also makes the imaging process highly susceptible to motion artifacts, such as those caused
by respiration. On the other hand, fast acquisition approaches such as low-dose flow MRI or
Doppler ultrasound offer faster imaging but typically suffer from high noise levels and signal
loss, resulting in data that may be unreliable for precise diagnostic purposes.

In this work, we focus on the problem of reconstructing flow images that are often cor-
rupted by artifacts resulting from short acquisition times or device-induced noise. This task
has been modeled by [21, 22] as an optimization problem, by minimizing the discrepancy
between a modeled velocity field, constrained by the incompressible Navier-Stokes equations,
and the noisy observations.

To more effectively tackle this problem, we propose a reformulation that decomposes into
two coupled subproblems: a fluid subproblem and a geometry subproblem. In the fluid sub-
problem, the flow dynamics are reconstructed within a fixed domain by minimizing the discrep-
ancy between the modeled and measured velocity fields, while ensuring physical consistency
through the incompressible Navier-Stokes constraints. In the geometry subproblem, a correc-
tion mapping, interpretable as a domain gradient, is estimated to register the reconstructed
velocity to the observed data, thereby capturing domain misalignments and approximating the
gradient with respect to the spatial domain. By alternating between the two subproblems in
a Gauss-Seidel fashion, the overall optimization proceeds iteratively until convergence, which
then solves the original problem with theoretical support.

To efficiently solve this coupled optimization problem while leveraging the advantages of
differentiable architectures, we design a new algorithm by making the entire framework to be
network-based. For the fluid subproblem, a novel Physics-Informed Neural Network (PINN)
is used to reconstruct the velocity field, allowing the Navier-Stokes constraints to be enforced
directly through backpropagation. For the geometry subproblem, a U-Net architecture is
adopted to predict the quasi-conformal mapping, which iteratively corrects geometric mis-
alignments by minimizing the discrepancy between the measured and reconstructed velocity
fields through a correction mapping.

We validate our method through comprehensive experiments. First, we evaluate perfor-
mance on synthetic flow images in a converging channel geometry under both low and high
Gaussian noise levels. Next, we test the approach on more anatomically realistic aorta geome-
tries using a signal-dependent noise model. In all cases, our method produces more accurate
and higher-quality reconstructions compared to conventional baselines. We also performed
ablation studies to assess the impact of different weighting parameters in the optimization
of the fluid and geometry subproblems, identifying effective hyperparameter choices. Note
that our work is presented and implemented in the 2D setting; however, it can be potentially
extended to 3D by replacing the Beltrami coefficient with 3D conformality measures in [43].

Overall, the contribution of this task could be summarized as follows.

e We propose a novel framework for jointly reconstructing both the blood flow field and
the flow domain geometry from noisy velocity images, by integrating the Navier-Stokes
model with quasi-conformal mapping theory.

e We reformulate the inverse Navier-Stokes problem into two decoupled subproblems:
a fluid subproblem and a geometry subproblem. Theoretical analysis is provided to
justify the validity of this decomposition.

e We develop a method that utilizes Physics-Informed Neural Networks to reconstruct
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the velocity field by fitting to noisy measurement data and enforcing the Navier-Stokes
equations as soft physical constraints.

e We introduce a mapping approach for segmenting the flow region using quasi-conformal
geometry, which enables globally guided domain evolvation and leveraging morpho-
logical priors from the template.

2. Related Work.

2.1. Blood Simulation. Accurate blood flow measurement is vital for cardiovascular
healthcare, informing diagnosis, surgical planning, and treatment. Although invasive meth-
ods such as Fractional Flow Reserve (FFR) [31] are widely used, they pose risks such as
complications and can disrupt the dynamics of natural flow [41], leading to measurement in-
accuracies. Numerical simulations offer a noninvasive alternative by modeling blood as an
incompressible Newtonian fluid governed by the Navier-Stokes equations [30]. To account for
vessel deformation, these models are extended to fluid-structure interaction (FSI) frameworks
[32].

Methods have been proposed to solve FSI problems. These include dimensional coupling
[13], parallel preconditioning [11], and splitting schemes with stability guarantees [7]. Other
approaches involve space-time formulations [6], discontinuous Galerkin methods [39], coupled
momentum methods [12], and learning-based approach [44, 48].

2.2. Image Denoise. Image restoration is challenged by noise types such as speckle, Pois-
son, and Rician noise, which degrade quality and complicate analysis. To address these, a
variety of denoising methods have been developed. Lou et al. [25] proposed a weighted dif-
ference between anisotropic and isotropic total variation (TV) regularization. Li et al. [24]
introduced a variational model for multiplicative noise removal based on the difference of con-
vex functions [35] combined with primal-dual algorithms. Xiao et al. [40] further improved
impulsive noise removal by incorporating adaptive proximal parameters into a nonconvex TV-
log model. To reduce dependence on initialization, Getreuer et al. [16] developed the convex
Getreuer-Tong-Vese (GTV) model for MAP-Rician noise, efficiently solved using Bregman
splitting [17]. Chen et al. [9] proposed the strictly convex CZ model, which adds a quadratic
regularization term for stability.

Beyond these convex approaches, more advanced techniques employing higher-order and
nonconvex regularization have also been explored. Kang et al. [18] proposed a spatially adap-
tive nonconvex prior to better preserve fine structures, and Martin et al. [27] demonstrated
effective Rician noise removal using nonconvex fidelity terms in conjunction with proximal
point algorithms. These developments reflect the ongoing effort to improve robustness, struc-
tural preservation, and reconstruction accuracy in challenging noise environments.

2.3. Physics-Based Reconstruction. The reconstruction of flow images [10], often cor-
rupted by artifacts from short acquisition times or device noise, has been addressed using
physics-based approaches. Kontogiannis et al. [21] formulated the inverse Navier-Stokes
problem, which optimizes over the fluid dynamics and the computation domain by minimiz-
ing the discrepancy between modeled velocity fields and observations under incompressible
Navier-Stokes constraints. This was extended to 3D flows in [22], introducing a stabilized
Nitsche cut-cell FEM for high-Reynolds-number flows, an implicit geometry representation
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with a viscous Eikonal constraint.

In parallel, Aguayo et al. [3, 4, 2] developed methods for modeling obstacles in incompress-
ible flows using fictitious domains, penalization potentials, and Brinkman-type permeability
terms for distributed-resistance treatment. For problems with known geometries, physics-
informed neural networks have been applied to reconstruct flow fields: Sun et al. [34] proposed
a physics-constrained neural network to reconstruct flow fields from sparse and noisy mea-
surements, combining probabilistic modeling of physical constraints with data uncertainty to
guide the network toward physically consistent solutions. Gao et al. [15] developed a CNN-
based framework for super-resolution and denoising of fluid flows, using physics-informed
losses to reconstruct high-resolution fields from coarse or noisy observations without high-
resolution labels. Wang et al. [37] employed physics-informed neural networks regularized by
the Navier-Stokes equations for dense flow reconstruction, but their method does not account
for boundary conditions or domain estimation during the reconstruction process.

The problem investigated in this study is inspired by the work of [21], but our approach
introduces several key differences. First, we reformulate the original problem into two al-
ternating solved coupled subproblems explicitly. Such a reformulation differs from previous
approaches and is supported by a dedicated theoretical result (Theorem 3.3), ensuring that it
is mathematically well founded. Second, we solve the fluid subproblem in a new way by using
a physics-informed neural network (PINN), which removes the need for explicit numerical
discretization, making the approach meshless and allowing the integration of modern deep
learning techniques. Third, the geometry subproblem is newly formulated as a registration
task, where the domain evolution is represented by a learned deformation map. Fourth, we
incorporate quasi-conformal (QC) theory into the geometric component to ensure topology
preservation and naturally embed morphological priors in the reconstruction process.

Notation | Description Notation | Description
T Spatial point c Correction mapping
u Modeled flow velocity f Deformation mapping
D Kinetic pressure Qo Reference flow domain
v Kinematic viscosity Q Flow domain
n Outward normal vector I Inlet boundary
g Inlet boundary condition re Outlet boundary
u Measured flow velocity v Wall boundary
Table 1

Notation table for problem formulation.

3. Inverse Navier-Stokes problem. The main objective of this work is to reconstruct the
velocity field over the vessel lumen region, given only a measured blood flow image. To do
so, the model should not only try to extract information from the measured data but also try
to satisfy its fluid physics, which is generally described by the incompressible Navier-Stokes
equation [32]. Before presenting the model, we first describe the notation that is needed for
the discussion. Let D denote the full image domain, and let @ represent the noisy image
obtained from measurements. We describe the lumen domain of the blood vessel as Q2 C D.

4
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Within this domain €. The boundary of the vessel domain 0f2 is divided into three parts: the
inlet T, the outlet I'°, and the wall of the vessel I'V, satisfying 0Q = "uT°UT"v.

In this inverse problem setting, only the noisy velocity field @ is available from the imaging
data, while the underlying flow domain €, the inlet boundary condition g € C(T"!), and the
true velocity field w are unknown. The goal is to reconstruct €2, g, and w such that the
modeled velocity field is consistent with the observed data. To quantify the data misfit, we
define a discrepancy functional that measures the L? distance between the measured velocity
and the simulated one as

(3.1) Laata(u) = [|@ — |72y,
The modeled velocity field is required to satisfy the steady incompressible Navier—Stokes
equations in the domain 2. Specifically, the velocity w associated with a pressure p satisfies
the system
(u-Vu—Vp+rvAu=0 in ),
V-u=0 1in{,
(3.2) u=g onl'
(—p+vVu) - n=0 onl°,

u=0 onIV.

for a domain © C D, where v denotes the kinematic viscosity and m is the outward normal
vector on the boundary. With this forward model (3.2), we could define a solution operator
Uq that maps the inlet condition g and the flow domain €2 to the corresponding velocity field
u, that is, Uq : (g, Q) — u [32].

With these settings, we pose the inverse reconstruction problem as a PDE-constrained
optimization problem. Specifically, our objective is to recover the domain 2 and the inlet
boundary condition g by minimizing the discrepancy functional subject to the Navier—Stokes
equations, that is, we solve

(3.3) min Laata(u = Uq [g,]).

However, optimizing the flow domain 2 is not straightforward and a specific representation
is required. Previous works have employed level-set methods [21] and phase-field approaches
[1]. In our approach, we model the domain using a quasi-conformal mapping, allowing for
both topological control of the evolving process and seamless integration into a network-based
optimization framework.

For the quasi-conformal mapping that will be introduced later, we need to use a reference
domain 2y that has the same topology as the target domain 2. The actual flow domain 2 is
then expressed by a quasi-conformal mapping f as

(3.4) Q= f(Q).

As a result, with 09y = F%) UI'gUTY, the boundaries of the deformed domain are expressed
in terms of the reference boundaries as

(3.5) I'=f(Ty), T°=fTp), I'=fTy),
5
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Consequently, we redefine the solution operator to account for the deformation, denoted by
Ur : (g, f) — u, mapping a boundary condition g and a quasi-conformal mapping function
f to a velocity field u satisfying (3.2), (3.4) and (3.5). The data-fidelity-driven optimization
problem is then reformulated as

(36) min Ldata(u = uf [g) f])a
g.f

subject to the Navier—Stokes equations
u-Vu—Vp+rvAu=0 in f(Q),
V-u=0 in f(Qo),
(3.7) u=g on f(I})
(—p+vVu)-mn=0 on f([Y),
u=0 on f(I'Y).

Despite this reformulation, the joint optimization over multiple coupled variables remains
challenging, especially given the dependency on a deforming spatial domain. To mitigate this
complexity, we adopt a Gauss—Seidel-style alternating optimization strategy. The optimization
is split into two subproblems. The first, termed the fluid subproblem, fixes the current domain
and solves for the velocity field u, pressure p, and the inlet condition g. The second, referred
to as the geometry subproblem, holds u and g fixed while optimizing the deformation mapping
f, thus updating the flow domain.

3.1. Fluid Problem. For the fluid subproblem, we assume that the domain €2 is fixed by
a known mapping f, i.e., Q@ = f(Qp). With the geometry held constant, it becomes more
tractable to minimize the discrepancy between the observed velocity field @ and the modeled
solution w, which satisfies the Navier—Stokes equations on the fixed domain. In this setting,
we redefine the solution operator U,;: g — w that maps a given inlet boundary condition
g to the corresponding velocity field w, while implicitly incorporating the fixed mapping f.
The resulting optimization problem becomes a partial minimization over g with u = U, [g],
formulated as

(3.8) min - Lyata(u = Uy [g])-

Here, the deformation map f is fixed for this minimization problem, reducing the minimization
to a problem that only solves for the fluid dynamics.

3.2. Geometry Problem. To model the geometry subproblem, which aims to improve the
accuracy of domain estimation, it is essential to derive information that guides the optimiza-
tion of the deformation mapping. Note that although the observed velocity field is corrupted
by noise, it still reflects the flow in the true physical domain. Specifically, the reconstructed
flow field that satisfies (3.7) represents the template domain, as it is defined over the region
f(£p). Aligning this reconstructed field with the measured one thus drives the domain evo-
lution by deforming the template domain 5. Conceptually, such a registration map serves
as an approximation of the domain gradient, thereby guiding the deformation toward a more
accurate domain representation.
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To this end, we seek a correction mapping ¢ such that the composed domain ¢=* o £(q)
more closely approximates the true flow domain. By extending the modeled velocity field w
with zero values in the region D\ €2, the refinement is achieved through a registration process
that aligns u with the observed data u through a registration procedure by minimizing

(3.9) Lreg = ||’EL —uo CH%/Q(D) )

where we observe that when the correction mapping c is an identity mapping, the optimization
functional ||& — wo c||2(p) reduces to the original data fidelity functional in ||& — | 2(p).
This reflects the ideal scenario in which no further geometric correction is necessary, indicating
that the current domain accurately captures the true vascular region where the flow occurs.
The theoretical validation of this domain evolution formulation, that it admits a solution
minimizing the original objective (3.6) subject to the Navier—-Stokes constraints in (3.7), will
be presented later in this section.

Both the correction mapping and the deformation mapping are modeled as quasi-conformal
mappings that are diffeomorphic. This design is essential to preserve the topology of the
reference domain, ensuring that Q@ = f(£y) retains the same topological structure as Q.
This property allows the model to incorporate morphological priors effectively. Furthermore,
this formulation is central to the theoretical analysis presented later. We give some detailed
explanations of the Beltrami mapping we shall use for the deformation in the following.

Definition 3.1 (Quasi-conformal map). A quasi-conformal map is a map f : C — C that
satisfies the Beltrami equation

of _ . \of

(3.10) 9 = M(Z)E

for some complex-valued function called Beltrami coefficient p satisfying ||p]|co < 1 and such
that % 1s non-vanishing almost everywhere. The complex partial derivatives are given by

L) g (220

5z ~2\ar "oy 2z = 2\az "oy

The Beltrami coefficient p quantifies the deviation from conformality. If 4 = 0 at a point p,
the map is conformal in a neighborhood around p, reducing (3.10) to the Cauchy-Riemann
equations. In this case, f near p can be written as

f(z) = f(p) + f-(p)(z + u(p)Zz),

where f(p) is a translation and f,(p) a conformal scaling. Thus, 1 captures the non-conformal
part of f, and f is conformal if and only if u = 0.

Using a quasi-conformal mapping to represent the deformations of the domain, the geom-
etry subproblem can be finally formulated with respect to a correction mapping c as

(3.11) min  Lyeg = || —wo cliepy, st ple) <L
7
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In our formulation, the quasi-conformal map c effectively serves as a domain gradient,
producing a smooth topology-preserving deformation that directly drives boundary evolution.
This ensures that the reconstructed geometry keeps the same topology as the template —
an important advantage in cardiovascular applications, where vessel networks have consistent
anatomical structures and the template provides a meaningful morphological prior. Even in
rare cases with atypical anatomy, a coarse template can still be extracted (e.g., from a rough
segmentation) and subsequently refined via flow-driven registration. Such topology preserva-
tion cannot be achieved by phase-based approaches, and level-set methods lack a theoretical
foundation for controlling it. Moreover, because the deformation is obtained by minimizing a
global registration energy over the entire flow field, the resulting geometry evolution is smooth,
stable, and globally coherent. This stands in contrast to the level-set approach, whose evolu-
tion is fundamentally local, driven by contour curvature and neighborhood features, making
it difficult to enforce global structure and long-range consistency during optimization.

3.3. Subproblem Formulations Verification. After decomposing the original problem into
the fluid and geometry subproblems, we now describe the alternating procedure used to iter-
atively solve these subproblems in order to approximate the solution of the original problem.

Let n denote the iteration number. Given a f,, we first solve for iteration n by minimizing
the data discrepancy objective (3.8) subject to the Navier—Stokes constraints (3.7) over the
domain f,(€g), where the first mapping f; is initialized (identity mapping in this work).
With the obtained wy,, pn, g, from the fluid subproblem (3.8), we then solve the geometry
subproblem 3.9 for the correction map to get its minimizer ¢,. This map updates the domain
for the next iteration via f, 411 = ¢, o fn. The process of alternatively solving uy, p,, gn and
¢, then repeats until convergence is met. We also refer to Figure 1 for the pipeline flow.

This alternating scheme captures the interplay between fluid physics and geometric de-
formation: The reconstructed velocity field informs the domain correction, which in turn
influences the next fluid solution. As the iterations progress, both the flow field u,, and the
mapping f, are expected to converge to some limits that align with the measured data, the
governing physics, and anatomical constraints.

To support this methodology, we establish a theory that, under proper assumptions, the
converging sequence generated by this alternating procedure admits a partial and local mini-
mizer of the original problem. The full proof is provided in the appendix for completeness.

Definition 3.2. Let F(z,y) be a function defined on a product space X x Y. The partial
minimization of F with respect to the variable y, for a fivred x € X, is defined as

g/rél)r}l F(z,y).

Theorem 3.3. Let H(D) be the group of diffeomorphisms on a compact domain D. Let
be a domain with smooth boundary and @ measured data in D. Let {(un, Pn, fr, gn, Cn) forq be a
sequence of solutions generated by an iterative inverse Navier—Stokes reconstruction algorithm,
which means

o f1 € H(D) is given,

o (Un,pn,gn) minimize ||a — u||%2(D) with fized fn, € H(D) for (Un,DPn,Gn, fn) satisfying

8
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® fui1 =yt o fu, where ¢, = argmingey(py |t — un o cl| 2.
Assume the following:

(1) The velocity fields converge: u, — uy in L>°(D),

(2) The domain mappings converge: fn, — fi in L®(D),

(3) In a neighborhood of f. in L*°(D), minimizing || — UH%Q(D) under (3.7) admits a
unique solution (Un,Pn,gn) and u € WH(D). The solution operator U : f + u is
continuous for the L>(D) norm.

(4) For large n, the solution u, is uniformly Lipschitz.

Then, the following conclusions hold:

(a) The correction mappings converge: ¢, — id in L*°(D),

(b) The limit f. is the partial and local minimizer under (3.7) for f € H(D),

(¢)  The limit uy is the partial and local minimizer under (3.7) for f € H(D),

Note that assumptions (1)-(2) stem from empirical observations on our numerical scheme.
For all cases presented in this paper, the iterative scheme converges in a manner consistent
with these assumptions. The uniqueness and the regularity of the solution to the Navier-Stokes
equations (i.e., equation (3.7) with an appropriate choice of boundary data g) are established
in [33, Theorem 3.7.3] and [19, Theorem 7.1]. Therefore, given proper smoothness of {0y and
fn, assuming the uniqueness of the associated minimization problem and the uniform Lipschitz
continuity of the solution sequence is reasonable and consistent with the well-posedness of the
PDE constraint.

4. Numerical Method. In the following sections, we provide specific implementation de-
tails, including the point sampling strategy within the region and along the boundaries defined
by the template mask, the formulation of the fluid subproblem, and the geometry modeling.
Finally, we present the complete algorithm.

4.1. Mask Sampling for Flow Domain. Since a binary mask is used to represent the flow
region where blood is expected to circulate, special consideration is required when sampling
points for PINN training. We now describe our sampling strategy for the fluid domain 2 and
its boundary 0f) at iteration n. Denoting the deformation mapping at this iteration by f, the
domain is given by Q = f(€g). Similarly, as in (3.5), the boundary components satisfy

(4.1) U= f(Ty), To=[f(Tf), I'=fTv)

The input data consists of a velocity image @ that is defined on [0,eH]| x [0,cK], where ¢ is
determined by the image resolution. Each pixel point is positioned at coordinates

(42) D={(¢/24+h-e,¢/2+k-€) : whereh=0,...,H—-1and k=0,...,K —1}.

Note that although the value for @ is only explicitly defined on the grid points in D, its values
at other locations can be obtained through interpolation methods; in this work, bilinear
interpolation is used for this purpose.

Let us also denote the mask that is used to represent the domain 2 as Mq defined on
pixel points D as

1 f
(4.3) Mo = orx €W,
0 forxzeD\W.
9
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Figure 1. Overview of the iterative pipeline: starting from an initial mask defining the flow domain, points
are sampled and input to a PINN for flow prediction. The predicted flow is resampled over the image domain,
followed by quasi-conformal mapping to align with the noisy image. The mask is updated via this mapping, and
the process repeats until convergence.

where W = DN are the pixel points within the domain . Using an edge detector [29] on Mg,
which is enforced to be 4-connected, we could then obtain the edge image as M illustrated
in Figure 2.(a). The point set that was used to approximately represent the boundary of €2 is
as

E={xeD: Mr(x)=1}€g.

The inlet and outlet boundaries are constrained to lie on the edges of the image grid, with
coordinates either at %5 or He — %5. In contrast, the vessel wall boundary can be represented
by a set of points that are not on the grid boundary as follows

(4.4) EYV ={(w1,22) € E | w1 ¢ {§e, He — Le}; m2 ¢ {3e, Ke — Le}},

and divide £V into Zy, disjoint points collections as

EY=EFUEFU...EY,

where the points of each £} represent a curve in the image that is 4-connected, and each set
are mutually disjoint.
Furthermore, we also divide £ \ €Y into multiple disjoint points collection as

E=EUEU---UEY,
EC=EPUESU---UEY,
10
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Figure 2. Illustration of the steps used to divide the entire boundary into wall, outlet, and inlet boundaries.
Red indicates the full boundary or the unclassified segments; yellow denotes wall boundaries; green represents
outlets; and pink indicates inlets.

where each of the point sets is 4-connected, and the sets are mutually disjoint. To determine
whether a given point collection £} (where x € {i,0} corresponds to an inlet or outlet), we
first compute the average velocity over the points in the set as follows:

(4.5) w = > u(x).

xcsE”

where |£]| represent the number of points in £,. Then, as in Figure 2.(c), if @* points inward
to the image domain, which indicates an inflow pattern, £ should be an inlet boundary.
Otherwise, the average velocity points outward from the image domain, indicating an outflow
pattern, and thus the collection corresponds to an outlet.

Thus, the pixel points for the interior region of 2 is as

G=W-CE.

and with G and € in hand, we can then do sampling for the interior domain 2\ 99 and the
boundary T.

To sample a new point in the interior domain Q \ 92, we could first randomly choose one
point p from G. Then, the sampled point is as

(4.6) z8 = p+[I1, o],

where {1 and s are randomly sampled from (—¢, €).

To sample points along a segment of £, £2, and £V, we apply piecewise linear inter-
polation. Specifically, let £* denote one such segment consisting of an ordered set of points
{Po,P1;---, PN, }, where each consecutive pair (p;, p; ) defines a straight-line segment. Then,
we first generate a random value [ € [0, L], where L is the total length of the boundary. We
then determine which segment the sampled point will lie in by accumulating in each segment’s

11
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length S, until L; = Zi:l Sy > 1 is met, which means the sampled points within segment j
as (pj—1,p;). We finally have the sampled point on the boundary as

Lj—1 I—L;

47 e Li—t oot

4.2. Fluid Subproblem. We describe some details for optimizing the fluid subproblems
(3.8) for each iteration n through Physics-Informed Neural Networks. For convenience, we
denote the current spatial domain as €2, omitting the iteration index. This represents €2, at
iteration n. We first randomly sample M points from the inner domain as x5, € Q\ 9Q
according to (4.6) for m = 1,..., M8. Regarding the boundaries, we randomly sample the
coordinates M', M° and M¥ at the inlet, outlet and wall boundary as x!, € I, x5, € T°
and xV% € I'V according to (4.7), respectively. We then introduce two networks as given
in Figure 3: one for the velocity computation, named AN, and another for the pressure
computation, named N,. We use 6, and 6, the trainable parameters for these two neural
networks. The two networks map any point & € €2 to the values of the velocity and pressure
at this point, respectively. Omitting thesubscripts of the sampled points, the flow velocity
and pressure for the point x® can be calculated as

us(x8;6,) = Ny(x8;0,),

(4.8) pE(x2;0,) = N,(x5;0,),

where for the boundaries, the notations are changed correspondingly as u', u®, u" and p°.
Also, let’s define the discretized norm used throughout. Let U denote one of the relevant
domains: Q, T, T° or I'V. For each domain U, let {x,,}M_, represent the corresponding
set of sampled points (indexed appropriately). Given a function F' : U — R, we define the
discrete L? norm as

1 M 1/2
(4.9) IFllasary = (M > |F<:cm>|2> where 2, ~ U.
m=1

12
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To train the networks, in addition to the measured data, the governing partial differential
equations should also be incorporated into the loss function through their residuals to make
the neural networks physics-informed. Since the networks take spatial coordinates as input
and predict physical quantities such as velocity and pressure, automatic differentiation (e.g.,
in PyTorch or TensorFlow) can be used to compute the derivatives required to evaluate these
residuals. We then present the details of these residuals, which together constitute the loss
function.

As the modeled velocity is extended by zero value over D\ Q, the data fitting term is thus
only defined in the domain {2 as

(4.10) Laata(0u; 0p) = [ — u¥|| 72z

To make the process physics-informed, we rewrite the Navier-Stokes equation into residual
forms

(411) Lus(00,0y) = [[uB - Vus — VP& + vAuE|| T e
: 2

+ HV ’ ugHLZ(Q;Mg)a

and its associated boundary conditions into residual form as

(4.12) Lbar(0y,0p,) = ||’LL1 — giH%z(Fi;Mi) + [|(=p° + vVu®) - n||%2(1“0;M0) + ||uw||%2(FW;MW)'

We also assume that the inlet velocity boundary follows a parabolic profile. Therefore, the
inlet velocity prediction should be regularized to be a parabolic velocity profile whose average
velocity matches the average noisy velocity over I, given by

r _3fi":" \—|2
o'(@) = 447 (1 df77e)

where q is the centroid of ' and |I'| represents the length of it. This leads to an additional
regularization for the inlet velocity as

(4.13) Lin = [lv' = "l Z2(risamy

Integrating the losses from both the flow and deformation problems with proper boundary
losses, we obtain

(414) ['ﬂuid(aua ap) = adataLldata + 0nsLlns + bdrLbdr + @inLin,

where Qqata, Qns, Obdr and ay, are the weights for reconstruction error, the Navier-Stokes
equations, the boundary condition and inlet velocity regularization respectively. Then, the
fluid optimization problem is modeled as follows,

(4.15) i Lania(0..6,).

To reduce the loss values, gradient descent methods are used to update 6, and 6, with
the help of two distinct optimizers by
0,0, — Tuveuﬁﬂuid(equ op)a
Gp — E)p — TpV9p£ﬁuid(0u, Op).
13

(4.16)
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Figure 4. Architecture of the UNet used for quasi-conformal mapping estimation.

where Vg, and Vg, are the gradients with respect to 6, and 6,, which are computed by
autogradient within PyTorch. Here, 7, and 7, represent adaptive step sizes determined by
various methods [5, 20], with step sizes computed according to the approach outlined in [20)].

After sufficiently training the neural networks N, and N, in iteration n by minimizing
(4.14) with Q = Q,, in (4.11)-(4.13), we sample the reconstructed flow image over the entire
image grid D (defined in (4.2) for use in the geometry subproblem to be detailed in the next
subsection. The sampled velocity field u is defined as:

,

us(x), ifxeg,
ul(x), ifxe&l
(4.17) w(x) = u’(x), ifxel°,
uV(x), ifxelv,
0, otherwise.

Here, G, &, £°, and £V denote the sets of points in the discretized image grid corresponding
to , I, I'°, and I'V as described in Section 4.1, respectively.

4.3. Geometry Subproblem. We now address the geometry subproblem for each iteration
n. We first obtain the value of solved @ from the fluid subproblem. Then, we also define the
norm over the discretized grid D for a function F' : D — R as

1/2
(4.13) 1Pl 2oy = (HlK )» rF<w>|2> ,

xeD

As discussed in the previous section, we need to register the image @ obtained from the

solution of the fluid subproblem (4.15) to the captured noisy image @ to produce a mapping

¢, which serves as an approximation of the domain gradient. This mapping is generated by a
14
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neural network
(4.19) ¢ = No(i;0,)

where 6. is the trainable weights of the network. Following the approach of [46, 47], we
use a U-Net architecture for N, as illustrated in Figure 4, to estimate the quasi-conformal
mapping. To ensure accurate registration, the network is trained by minimizing the following
registration loss.

(4.20) £reg(90> - Hﬂ' —uo CH%Q(D)’

For ¢ to be a quasi-conformal mapping, its associated Beltrami coefficient must be strictly less
than 1 according to Definition 3.1. In addition, to promote the mapping ¢ to be diffeomorphic,
we apply Laplacian regularization to encourage smoothness and control geometric distortion.
Thereby, the regularization terms are introduced as

ﬁbc(ec) = He’u(c)_l H%Q(’D)’

(4.21)
Lrap(00) = [ Aclap).

where p(c) represents the Beltrami coefficient of the mapping ¢, computed through a finite
difference implementation of Equation (3.10). The term Ac denotes the Laplacian of the map-
ping c. Together, these regularizations ensure that ¢ adheres to quasi-conformal constraints
while maintaining desirable geometric properties, such as continuity and smoothness.

The overall objective function for the geometry subproblems (3.9) is then replaced by

(4-22) £ge0 (oc) = aregﬁreg + apcLpe + alapﬁlapy

where oueg, e, and oy, are the weighting parameters for the registration error, Beltrami
regularization, and Laplacian regularization, respectively. Then, the geometry subproblem is
reformulated as

(4.23) Iréil’l Loeo(0c).

To reduce the loss values, gradient descent methods are used to update 8. by
(4.24) 0. 0. —71.Vo Lgeo(Oe),

where Vy_ is the gradient with respect to 6., 7. represents adaptive step sizes as in [5]. After
sufficient training, the produced mapping is used to warp the current mask, thereby refining
the vessel region. This updated domain is then used in the next iteration of fluid subproblem
training.

4.4. Overall Algorithm. The proposed algorithm iteratively alternates between solving
the flow subproblem (4.15) and the geometry subproblem (4.23) to achieve accurate blood
flow imaging. As a result, the overall optimization problem (3.6), subject to the constraint in
(3.7), is approximately solved through this alternating scheme between the fluid subproblem
(4.15) and the geometry subproblem (4.23).

15
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We begin with the fluid subproblem using the domain mask Mgq , which represents the
mask at iteration n, as defined in (4.3). The initial mask Mgq,, provided at the beginning,
serves as both a topological prior and a coarse approximation of the spatial domain in which
blood flow is expected to occur. Based on the current mask Mg, , spatial points are sampled
and used as input to the PINN models N, and N, in (4.8) used for (4.15). These two
networks are then trained on the sampled points by minimizing the fluid loss function defined
in (4.14), using the gradient descent described in (4.16). Once sufficiently trained, the models
produce a velocity field that adheres to the governing physical laws (3.7) while fitting the
noisy observational data .

After training, we evaluate the predicted velocity at the points of the image grid D (as
defined in (4.2)), which produces a reconstructed flow image ,, which corresponds to the
indexed sampled velocity image at iteration n, denoted by @ in (4.17). To correct for potential
misalignments between the solved domain of this iteration and the actual vessel geometry, we
estimate a quasi-conformal registration mapping that aligns 4, with the observed flow .
This is achieved by training the mapping network A, to minimize the registration loss (4.22),
using the gradient descent scheme in (4.24). After sufficient training, the network outputs a
registration mapping c¢,, which is used to update the vessel mask by warping the previous
domain: Mg, ,, = Mg, oc,. As shown in Remark 1, this is equivalent to Mg, ., = MCT—Ll(Qn).
The updated mask Mg, , then replaces the previous one and serves as the domain mask for
the next iteration, as illustrated in Figure 1, enabling a new round of point sampling for the
fluid subproblem training.

This alternation between the PINN-based flow reconstruction problem (4.15) and domain
refinement through the quasi-conformal registration problem (4.23) continues iteratively. The
algorithm terminates when either a convergence criterion is satisfied or the maximum number
of iterations is reached. The overall algorithm is summarized in Algorithm 4.1 for a clear
presentation.

Remark 1. The two formulations

(4.25) Mg, M

ntl cnl(Qn)

and Mq Mgq, ocy

n+1 = n
are equivalent under the interpretation of Mq as the characteristic function of the domain Q.

This equivalence is seen by evaluating the composition:

n ().

n

(4.26) Mg, ocp(z) =1 <= cp(2)eQy, <<= z€c

Therefore, Mg, o ¢, is the characteristic function of c,; (), which justifies the update

Mg, ., = Mg, o cn as a computationally convenient form to generate the warped mask.

5. Experiment.

5.1. Implementation Details.
Data Synthesis Synthetic data were generated using MATLAB FEATool with the inlet
velocity profile

2
(5.1 g(z) = v (1 - fiy).
16
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Algorithm 4.1 The main algorithm

Require: Measured flow image u, reference mask Mgq,;
Ensure: Reconstructed flow image w, reconstructed mask Mgq;
1: ]MQ1 — MQO;
2: 0,,0,,0. < random initialization;
3: for n =1 : Nyax do

4: Sample points using Mg, as described in Section 4.1;

5: 0,,0, < gradient descent as (4.16) with the sampled points;
6: for each € D (defined in (4.2)) do

7 w(xz) « Ny(z; 0,) ;

8: end for

9: Uy, — U;

10: if ||a — ﬁnH%Q(D) converge then

11: u < ﬁ,n, Mg + Mﬂn;

12: Finish and output;

13: end if

14: 0. < gradient descent as (4.24) with u;
15: e Ne(Un; 0,);

16: MQn+1 — MQn O Cp;

17: end for

where v is a velocity parameter chosen for a specific experiment, q denotes the centroid of the
inlet boundary I'', and |T| represents its length (in 2D). All synthesized images were of size
256 x 256. The spatial resolution for each experiment is reported individually.

Noise Model To simulate the measurement noise in MRI flow imaging, we adopted a
signal-dependent noise model combining Gaussian components

(5.2) u=u++/|ul -ni+ns,

where n; ~ N(0,0%) and ng ~ N(0,03) are two independent Gaussian noise terms.

Network Architecture The PINN model consists of two separate MLPs for velocity and
pressure. The velocity network has 8 layers with 40 neurons per layer, while the pressure net-
work also has 8 layers with 20 neurons per layer. Increasing the number of layers can improve
expressiveness, but can lead to a higher computational cost without significant performance
gains [44]. The U-Net architecture used to generate the correction mapping is shown in Fig-
ure 4 and has been demonstrated to be effective for producing high-quality quasi-conformal
mappings in previous works [43, 45].

Error Metric To evaluate the performance of our method, we use several metrics, includ-
ing Mean Squared Error (MSE), Relative Error (RE), Peak Signal-to-Noise Ratio (PSNR),
Structural Similarity Index (SSIM), Dice coefficient, and 95th percentile Hausdorff distance
(HD95). Detailed definitions of these metrics are provided in Appendix B.

Computational Platform Our methods were implemented in all experiments using the
Python programming language in combination with the PyTorch framework. The experiments
were conducted on a Windows 11 PC equipped with an Nvidia 4060 Ti GPU and a 13th Gen

17
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Figure 5. Qualitative comparison of flow and region reconstruction. Red contours show ground truth; yellow
contours indicate predicted domains. Top two rows: low noise group; bottom two: high noise group. Fach pair
shows x- (top) and y-direction (bottom) velocity. Yellow contour in ”Noisy” column marks the initialization.

Intel(R) Core(TM) i7-13700KF 3.40 GHz CPU.

Parameters We set the weights of the composite loss function as follows if not specified:
for fluid subproblem, agata = 1.0, apge = 1.0 X 1073, apg = 1.0, oy = 0.1; for geometry
subproblem, ayeg = 1.0, ape = 1.0 % 101, Qlap = 1.

5.2. Flow Image over Converging Channel. To validate the proposed method, we con-
ducted experiments on synthetic flow images within a converging channel. The data consists
of a two-channel image of size 256 x 256, representing the vertical and horizontal components
of the velocity field over a physical domain measuring 40 cm x 40 cm. In the simulation
setup, the inlet boundary velocity follows a parabolic profile with a maximum velocity of
5 cm/s. We assume a Newtonian fluid with dynamic viscosity p = 0.035 g-cm™! -s~! and
density p = 1.05 g-cm ™3, corresponding to a Reynolds number of 150 based on a charac-
teristic length of 5 cm and a characteristic velocity of 1 cm/s. Either low or high levels of
Gaussian noise were added to the synthesized images. For low noise, the z-direction flow had
zero-mean noise with standard deviation 1, and the y-direction flow had zero-mean noise with
standard deviation 0.01. For high noise, the z-direction flow had a standard deviation of 2,
and the y-direction flow had a standard deviation of 0.02. The training was conducted for 240
iterations, alternating between 40 iterations of the fluid subproblem and 40 iterations of the
geometry subproblem. Each fluid subproblem involves 50,000 collocation points. The entire

18
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Flow Image Reconstruction Fluid Domain Segmentation
RE MSE  PSNR  SSIM MSE Dice HD95
Noise 0.4974  0.4742  23.119 0.1962 | 0.0961 0.9119  24.739
FFDNet 0.0827  0.0973  32.935 0.7452 | 0.0454 0.9522  16.454
BM3D 0.0348 0.0483 31.276  0.8870 | 0.0457 0.9518  16.342

Low MC-DCT | 0.0411 0.0383 34.523 0.9172 | 0.0476  0.9498 16.616
Wang et al. | 0.0648 0.0486 34.921 0.9855 | 0.0407 0.9573 16.000

Ours 0.0124 0.0414 35.298 0.9847 | 0.0067 0.9933  4.000

Noise 1.9621 1.7588 17.304 0.0645 | 0.0961 0.9119 24.739

FFDNet 0.1656  0.3241  29.386  0.6564 | 0.0521  0.9358 19.417

High BM3D 0.1279  0.1012  32.130 0.7733 | 0.0529  0.9350 20.105

MC-DCT | 0.0891 0.0727 31.283 0.8224 | 0.0681  0.9292 19.647
Wang et al. | 0.0577 0.0495 33.816 0.9637 | 0.0439  0.9539 21.000
Ours 0.0150 0.0410 35.296 0.9841 | 0.0114 0.9887  4.000

Table 2
Quantitative results for flow images in the converging channel geometry, comparing FFDNet [/9], BM3D
[253], MC-DCT [42], Wang et al. [37], and the proposed method.

(a)

20
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-20 = = = .§ ;,' ¥
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Figure 6. Discrepancies in velocity fields among the noisy input (gray), reconstructed results (red for
positive, blue for negative), and ground truth (green “+7). The upper indicates the velocity in x-axzis while the
lower for y-azis. (a) Low noise; (b) High noise.
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Figure 7. Illustration of segmentation uncertainty for the converging channel geometry with Gaussian
noise. The maps show the standard deviation computed from five noisy images with randomly generated noise.
The left corresponds to the low-noise case, while the right represents the high-noise case.

training process takes approximately 5 minutes for the converging channel geometry case.

We compared our method with learning-based approaches like FFDNet [49] and traditional
image processing techniques such as BM3D [23], multiscale DCT [42], and a physics-based
method [37]. The evaluation included both quantitative metrics and qualitative visualizations
for flow image reconstruction and region segmentation. Since competing methods do not
provide segmentations directly, we applied the geodesic active contour model [8] to extract
flow regions from their denoised outputs.

Figure 5 shows qualitative comparisons. The red contours indicate the ground-truth flow
regions, and the yellow contours show those inferred by each method. The first two rows
correspond to low-noise inputs, and the last two correspond to high-noise conditions. For
each noise level, the velocity components in the xz- and y-directions are shown in the upper
and lower rows, respectively. The yellow contour in the ”Noisy” column reflects the initial
domain estimate used to initialize the applicable methods.

As shown in Figure 5 and Table 2, our method consistently outperforms the others. Re-
garding flow image quality, conventional image denoising models are unable to fully eliminate
artifacts, often resulting in unnatural or physically implausible flow patterns. While the
physics-based approach by Wang et al. [37] achieves improved performance, its accuracy re-
mains limited in both mechanical reconstruction and domain segmentation, which arises from
the lack of coupled geometry evolution and the absence of domain boundary information dur-
ing the optimization process. In contrast, by incorporating the physics of fluid flow through the
Navier—Stokes equations and the associated domain evolution, our approach produces more
realistic and accurate reconstructions in both fluid mechanics and domain. The PINN model
with boundary information used for velocity estimation further ensures robust and efficient
optimization. Regarding region segmentation, it is observed that the active contour model,
when applied to denoised images, often yields inaccurate boundaries, particularly near wall
regions and close to the inlet, due to its reliance solely on image gradients. In contrast, our
method benefits from the underlying velocity field information through a registration-based
manner, enabling it to recover flow regions that closely match the ground truth and extract a
more accurate flow region.

To closely examine the noisy measurements, the reconstructed velocity field, and the
ground truth, we present Figure 6. The upper row shows the x-velocity component, and
the bottom row shows the y-velocity component. In each plot, the curves represent velocity
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Figure 8. Qualitative comparison of flow and region reconstruction. Red contours show ground truth; yellow
contours indicate predicted domains. Top two rows: low noise group; bottom two: high noise group. Fach pair
shows z- (top) and y-direction (bottom) velocity. Yellow contour in ”Noisy” column marks the initialization.

magnitudes sampled along a horizontal line at a fixed z-location. The horizontal displace-
ment from the vertical indicates speed — larger deviations correspond to higher velocities.
Reconstructed velocities are colored red for positive (rightward /upward) and blue for negative
(leftward /downward) values; gray curves represent noisy observations, and green “+” mark-
ers indicate ground truth. From the profile observations, the reconstructed velocities closely
match the ground truth across inflow, outflow, and intermediate regions. They accurately
capture the fluid dynamics and effectively suppress noise, as indicated by the gray curves,
while preserving physical consistency.

We also evaluate the uncertainty of our model under different levels of Gaussian noise.
Specifically, we apply our method to five independently generated noisy images at both low
and high noise levels, and compute the standard deviation of the resulting segmented regions.
The corresponding uncertainty map, shown in Figure 7, indicates that the segmentation un-
certainty remains relatively low even under high noise. This robustness can be attributed to
the global guidance provided by the registration-based geometry modeling.

5.3. Flow Image over Aorta Vessel. To evaluate our method in a more realistic setting,

we conducted experiments on synthetic flow images within an aorta geometry. The 256 x 256

images represent an 8 cm x 8 cm domain, with the radius of the aorta around 2 ¢cm. Following

the simulation setup in [36, 14], a parabolic inlet velocity profile with a peak of 20 cm/s
21
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Flow Image Reconstruction Fluid Domain Segmentation
RE MSE PSNR  SSIM MSE Dice HD95
Noise 2.1716  5.8275  24.375 0.2967 | 0.1627 0.7904  26.476
FFDNet 0.1456  0.8605  32.514  0.9251 | 0.0517 0.9194 15.454
BM3D 0.1371  0.7917  32.276  0.9176 | 0.0529 0.9119 14.342

Low MC-DCT | 0.1670  0.7214 34.675 0.9353 | 0.0613  0.8922 14.000
Wang et al. | 0.1651  0.4825  35.642  0.9788 | 0.0587  0.9024 13.928

Ours 0.0847 0.4133 38.447 0.9869 | 0.0281 0.9574  8.000

Noise 3.1875  24.0538 18.680  0.2487 | 0.1627  0.7904 26.476

FFDNet 0.1566  3.4682  26.672 0.8915 | 0.0637  0.9019 16.170

High BM3D 0.2654  3.7285  24.287 0.8835 | 0.0607  0.8881 16.854

MC-DCT 0.2753  4.1753  27.176 09117 | 0.0648  0.8767 15.000
Wang et al. | 0.2328 0.8734 33.374  0.9667 | 0.0761  0.8937 15.000
Ours 0.0964 0.5973 36.136 0.9804 | 0.0296 0.9540 8.000

Table 3
Quantitative results for flow images in the aorta geometry, comparing FFDNet [49], BM3D [253], MC-DCT
[42], Wang et al. [37], and the proposed method.

(a) FFDNet (b) BM3D (c) MS-DCT
8 8 8
6 6 6
4 4 4
2 ‘ 2 2
0 0 0
0 8 0 2 4 6 8 0 8
(d) Wang et. al. (f) Ground Truth
8 8
6 6
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0 2 4 6 8 8 0 2 4 6 8

Figure 9. Streamline visualization reconstructed from a low-noise flow image under identical settings.

22

This manuscript is for review purposes only.



600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616

617

/ ) \
/ r

e / -

| il g )
i / / \
/Al ( ) \
\‘ ‘ itk Y I
(LTI L

0

0 2 4 6 8 8
(d) Wang et. al. (f) Ground Truth
8 8
6 6 J
4 4 4
2 2 2
0 0 0
0 8 0 2 4 6 8 0 2 4 6 8

Figure 10. Streamline visualization reconstructed from a high-noise flow image under identical settings.

was used. The dynamic viscosity is set to p = 0.035 g-cm™!-s™! and the density to p =

1.05 g - cm 3. The Reynolds number for the simulation is 600, based on a characteristic length
of 1 cm and a characteristic velocity of 20 cm/s. Signal-dependent noise was added following
the model in (5.2). For low noise, the standard deviations were set to o3 = 1 and o9 = 2 for
the two directions, while for high noise, both directions used o1 = 2 and o2 = 2. The training
was performed for 400 iterations, alternating between 40 iterations of the fluid subproblem
and 40 iterations of the geometry subproblem. Each fluid subproblem uses 50,000 collocation
points. The entire training process takes approximately 9 minutes for the aorta geometry
case.

As in the previous case, we compared our method with FFDNet [49], BM3D [23], mul-
tiscale DCT [42], and a physics-based method [37], evaluating both flow reconstruction and
segmentation. For methods without native segmentation, the geodesic active contour model
[8] was applied. Figure 8 presents qualitative results, following the same layout as Figure 5,
with red contours indicating ground truth and yellow contours showing inferred domains under
both low and high noise conditions.

As shown in the results in Figure 8 and Table 3, our method consistently outperforms the
others in all evaluation metrics. Conventional denoising methods such as FFDNet, BM3D, and
multiscale DCT struggle to effectively suppress noise, particularly under high-noise conditions.
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Figure 11. Illustration of segmentation uncertainty for the aorta geometry with signal-dependent noise.
The maps show the standard deviation computed from five noisy images with randomly generated noise. The
left corresponds to the low-noise case, while the right represents the high-noise case.

This limitation is especially evident in the last two columns of the figure, where these methods
produce flow fields with pronounced artifacts or physically implausible patterns. In such cases,
the reconstructed images fail to preserve the underlying flow structure and offer limited utility
for meaningful fluid dynamics analysis. While the physics-based approach by Wang et al. [37]
achieves improved quantitative performance compared to traditional denoising methods, its
accuracy remains insufficient, primarily due to the absence of coupled geometry evolution and
of the associated domain boundary information during the optimization process.

In contrast, our method consistently produces clean and physically realistic reconstruc-
tions, as demonstrated in Figures 9 and 10, which show reconstructed streamlines from low-
and high-noise images, respectively. This improvement is primarily attributed to the incor-
poration of physical constraints via the Navier—Stokes equations and the robust optimization
enabled by the differentiable PINN model, as well as the coupled domain evolution during the
process. By enforcing consistency with the governing physics of fluid flow and the domain,
our differentiable approach effectively suppresses noise while preserving essential flow features
embedded in noisy measurements.

Regarding flow region segmentation, intensity-based methods, such as geodesic active
contours, often result in inaccurate boundary detection, particularly near vessel walls, where
velocity naturally decreases. This misidentification leads to segmentations that deviate from
the true physiological flow region.

Our method, on the contrary, performs flow reconstruction and region segmentation in a
coupled manner, allowing each task to inform and refine the other. This mutual reinforcement
improves the accuracy of both the reconstructed flow fields and the segmented domains. The
synergy between physics-informed reconstruction and segmentation contributes to the overall
performance advantage of our approach, as confirmed by both visual results and quantitative
evaluations. For the high-noise aorta case, the segmented domain occasionally shows jagged
boundaries. This was addressed in [21] by adding a viscous term that implies motion of the
domain’s boundary by its mean curvature [28]. Instead, we apply morphological opening
followed by closing with a disk of radius r = 6, which effectively bounds the absolute value of
the boundary curvature by 1/r.

To assess the segmentation uncertainty in the aorta geometry case with signal-dependent
noise, we follow a procedure similar to the converging channel experiment. Our method is
applied to five independently generated noisy images at both low and high noise levels, and the
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Figure 12. Training dynamics and convergence behavior for the aorta geometry case by our method and the
reference. The reference method is done by removing the Navier—Stokes residual terms and boundary conditions,
training the model solely with the data-fidelity term. The greem curve represents the total loss of the fluid
subproblem, the black curve corresponds to the geometry subproblem, and the blue curve demotes the result
obtained by the reference model trained with only the data-fidelity term. (a) Total fluid and geometry losses; (b)
data loss in the fluid subproblem and registration loss in the geometry subproblem; (c) Navier—Stokes residuals;
(d) PSNR evolution during training.

standard deviation of the resulting segmented regions is calculated. The uncertainty map in
Figure 11 shows that the segmentation remains stable, with controllable variations even under
high noise conditions. This consistency highlights the robustness of the proposed framework,
benefiting from the globally guided deformation in the registration-based geometry modeling.

We further examine the error plots in Figure 12 to better understand the training dynamics
and the role of the physics-informed component, by comparing our method with a reference
approach. The reference method is obtained by removing the Navier—Stokes residual terms
and boundary conditions, and training the model solely using the data-fidelity term. In these
plots, for our method, the green curve represents the total loss of the fluid subproblem, while
the black curve corresponds to the geometry subproblem. The blue curve shows the result
obtained using the reference approach. As illustrated in Figure 12(a), the alternating behavior
between the total fluid loss (y-axis on the left) and the total geometry loss (y-axis on the right)
clearly demonstrates the effect of our alternating optimization strategy. Because our method
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Figure 13. Wall shear stress (WSS) distribution on the aortic wall obtained from the reconstructed solution
in the high-noise case. The color codes the spatial variation of shear stress magnitude (dyn/c1n2).

incorporates physical constraints, the data error decreases more slowly than in the reference
model. However, as shown in Figure 12(c), the minimization of the Navier-Stokes residual
leads to significantly improved reconstruction accuracy, which is reflected by the better PSNR
in Figure 12(d).

Wall shear stress (WSS) is a clinically significant hemodynamic quantity. Therefore, we
further estimate this variable and visualize its spatial distribution in Figure 13. The results are
obtained from the high-noise aorta geometry case. Using the reconstructed velocity networks,
which allow direct computation of velocity gradients, together with the pressure network, we
evaluate the WSS distribution on the vessel boundary. A color-coded plot with an accom-
panying color bar is provided to illustrate its spatial variation. Combined with the velocity
visualization shown in Figure 8, we observe that elevated shear stress occurs in regions where
the flow direction changes markedly due to geometric constraints of the vessel, while lower
WSS values appear in areas where the velocity field propagates more smoothly.

5.4. Self Ablation. Here, we perform ablation studies to assess the impact of different
weighting parameters in the optimization of the fluid and geometry subproblems. The high-
niose flow image with Aorta geometry is used.

Test on super-resolution Our method is built upon a meshless PINN solver constrained
by the Navier—Stokes equations. Thanks to the meshless formulation, the reconstructed veloc-
ity field can be evaluated at arbitrary spatial resolution while maintaining solution accuracy.
To demonstrate this advantage, we include a super-resolution experiment using aorta flow
data of sizes 64 x 64, 128 x 128, and the originally 256 x 256, For each case, we apply the same
reconstruction algorithm, and then evaluate the resulting velocity field on a 256 x 256 grid. As
shown in Table 4, all reconstructed high-resolution velocity fields closely match the 256 x 256
ground truth, as reflected by the quantitative metrics. This experiment confirms that our
method can reliably recover high-quality flow fields even from low-resolution measurements.

Test on agata : We conducted an ablation study to evaluate the effect of the data fitting
weight parameter agata, Which plays a critical role in aligning the predicted velocity field with
the observed data. The best overall performance was achieved at agaa = 10°, striking a
strong yet balanced emphasis on data fidelity while maintaining physical regularization. At
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Figure 14. Ablation study evaluating the impact of the data fitting weight cgata on training performance.
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Figure 15. Ablation study evaluating the impact of Beltrami reqularization weight agata on training perfor-
mance.

Qdata = 10', the model still performed well, although signs of overfitting appeared as the
network prioritized fitting noisy data, which reduced generalization. Lowering the weight to
10~ caused a slight performance drop due to weaker data alignment, particularly in regions
with fine flow features. When ogata was reduced further to 1072, the performance suffered
significantly: the data constraint was too weak to effectively guide the model, causing the
optimization to rely primarily on regularization and resulting in poor recovery of the flow
field and domain structure.

Test on ap. : We conducted a self-ablation study on the sensitivity to the Beltrami
coefficient regularization weight, ay,.. The best performance occurred at ape = 10', balancing
mapping regularization and registration. At ap. = 10°, results were acceptable, although mi-
nor deterioration appeared, probably due to increased deformation causing localized shrinkage.
Lowering to ap, = 107! significantly degraded performance, as weak regularization allowed
excessive domain deviation, topological errors, and outlier regions that harmed precision. Con-
versely, at ap,. = 102, over-regularization constrained the model, limiting domain propagation
and adaptation to subtle variations, leading to incomplete or inaccurate reconstructions. This
over-constraint effect intensified at oy, = 103.
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Qdata RE MSE PSNR SSIM
102 2.7861 3.1784 25.542 0.8524
1071 0.2071 0.9284 31.917 0.9378
100 0.0969 0.5966 36.053 0.9792
10* 0.1578 0.9546 31.786 0.9427
e [l Dice HD |[pl]oe <1
101 1.078 0.8817 15.757 X
100 0.337 0.9375 10.757 v
10* 0.068 0.9542 7.616 v
102 0.005 0.9056 13.572 v
103 0.000 0.8271 19.278 v

Table 4

Ablation study on the impact of flow image resolution, varying data fidelity weight ctgara and the Beltrami
regularization weight ap. for flow images in an aorta-shaped domain under high-noise conditions.

6. Conclusion. In this work, we propose a novel framework that integrates deep learning
with physical modeling to improve the reconstruction of 2D flow images under noisy measure-
ments. The problem is formulated to enforce physical consistency through the Navier—Stokes
equations and preserve anatomical structures using quasi-conformal mappings. It is decom-
posed into two subproblems: a fluid subproblem, which estimates the velocity field within a
given domain using Navier—Stokes constraints, and a geometry subproblem, which refines the
domain by aligning the reconstructed velocity with observed data via a quasi-conformal map-
ping. These subproblems are solved iteratively in a Gauss—Seidel fashion until convergence,
providing a solution supported by theoretical guarantees. In practice, we employ a Physics-
Informed Neural Network for the fluid subproblem and a UNet-based Mapping Estimator for
the geometry subproblem.

We extensively validated our method through experiments. Initial tests on synthetic
flow images in a converging channel under varying Gaussian noise levels validate the proposed
method. Further evaluations on anatomically realistic aorta geometries with signal-dependent
noise confirmed its effectiveness in complex real-world settings. Our method consistently out-
performed the baseline approaches, delivering more accurate and higher-quality reconstruc-
tions. Ablation studies also highlighted the impact of weighting schemes and guided the
selection of effective hyperparameters.

Future work will extend this framework to 3D flow reconstruction and 4D dynamic flow
analysis by replacing the 2D quasi-conformal mappings with Jacobian-based constraints or
hyperelastic energy models to ensure smooth and bijective deformations in higher dimensions.
We also plan to adapt the framework for higher Reynolds number flows by employing more
expressive architectures, such as PirateNets [38]. Additionally, we aim to tackle more chal-
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lenging imaging modalities, such as ultrasound Doppler imaging, which involve higher noise
levels and real-time computational constraints. Furthermore, since the current Gauss—Seidel
alternating scheme lacks a formal convergence guarantee, and the validation of the split prob-
lems relies primarily on empirical observations, we plan to develop a theoretical convergence
analysis by adding additional regularization.
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Appendix A. Proof For Theorem 3.3.

Proof.

Conclusion (a): ¢, — id in L*>°(D).
Since each f,, is a diffeomorphism of D, the limit f, is also a diffeomorphism. Thus, f, — f«
uniformly on D.
By Lemma A.1, we have ¢, — id in L°°(D). This implies that the objective functional
|% —wun 0 cnl|L2(py converges to ||i— u||%2(D) as the iterations proceed given that D is compact.
Such convergence reflects the diminishing need for geometric correction.

Conclusion (b) - f, is a partial and local minimizer
From assumption (1) and (2), and u,, = U [f,] by definition, we conclude that

U[fn]%U[f*]:u* in LOO(D)a

which implies

Ju (fn) = o =Ufalll 2oy = 1 = U fll 2 py = Ju (f2) -

- Step 1:
Let € > 0 be arbitrary. By assumption (1), u, — us in L>°(D). So there exists Nj such that
for all n > Ny,

g
[t = Us| ooy < 3

Now fix a small perturbation ¢ € H(D), close to identity, which we will quantify later. Define
f=clof, and U[f]:=U [cil o fnl -

With ¢, = argmin.ey(p) [|@ — un © ¢| 12(p), we have

(A1) |t — uy o Cn||L2(D) < ||t —uy o C||L2(D) , VYeceH(D).

- Step 2: Inequality for |[U/ [c ™o f,] —U [fn]HLQ(D)
By the continuity of the mapping in assumption (3), for every € > 0, there exists 6 > 0 such
that for f, f, € H(D),

e

1f = fallpoepy <0 = UL =ULflllz2p) < 3-

By conclusion (a), we have ||t o f,, — full reo(p) < 0 for n large enough. Hence, we get
_ €
(A.2) [t [ o fu] =ULFulll 2y < 3

- Step 3: Inequality for ||u,oc— unHLg(D)
As u,, satisfies (3.7) for fixed f,, with assumption (4), there is a constant M such that

[un(e(z)) = un(@)] < M?|e(z) — .
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880 Integrating over D, we get

881 ||tn 0 c — unH%z(D) = / un (c(x)) — un(2)]* da < MQ/ le(x) — z|*dx
D D

882 Now since [|c — id|| o (py < 6, if we choose

3

3M+/|D]

883 o<

884  We can have

585 (A.3) ltn © ¢ — unl|p2(py < MSy/D] < %
886 - Step 4:
887 With (A.2) and (A.3), we have
_ _ 2e
88 (Ad) lupoe—U[c o f] HL2(D) < lun o ¢ = un|lr2(py + |un —U [c" o fir] HLQ(D) <3

839  We now compare

890 Ju(f) = |la—Ulc o falll popy s Ju (favr) = [a=U [ 0 ful[[ 12y -
891 By the triangle inequality
892 Hﬁ -Uu [c_l o fn] H > ||t — upoc|| — Hun oc—U [c_l o fn] H .

893 Using (A.4)

504 i~ [ o gl > N = wn ol — =

895 Together with (A.1), we have

2
w06 (A5) Julf) = = o el = 5

897 Similarly, we can have Hun ocp, —U [c; Lo fn] H < £/3 by the techniques as above, and obtain

~ ~ 13
903 (A6) = unocall 2 U [furalll = 4 fas] = tm 0 call > T (fasr) = 5.
899 Hence
900 Ju(f) > Ju (fas1) — €

901  Take n — oo, then fr+1 — fu,U [fnt1] = U [f4], sO

902 (A7) liminf Jy (f) > Ju (f) -

F=f
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Thus, f, is a partial and local minimizer of the misfit.
Conclusion (c) - u, is a partial and local minimizer
Denote the solution set for u as

A:={U[fle L*D)| f e H(D)}.

Define the functional as

J(u) = |1t — ul[2(p)-

As f. € H(D) is a local minimizer for f — J(U [f]), there exists d; > 0 such that for all
feH(D) and ||f — fullpoo(p) < 61 such that

(A.8) JUL) = lla=U[f 20y = le = U [f]ll 2y = T (us) -

Let € > 0, by assumption (3), there exists do > 0 such that for all f € H(D), which satisfy
”f - f*HLoo(D) < (52, we have
A 1f] = Ul 2oy <&

where we can make o < §; without loss of generality.
Then, for any u € A and [[U [f] = U [f]ll 12(py < €, We have

If — f*||L<><>(D) < 02 < 1.
By (A.8), we have
(A.9) J(u)=JUIf]) = TU[fu]) = T (us),

which means u, is a partial and local minimizer of J over A. [ |

In the theory below, we show that if the sequence of mappings f,,, obtained from some
iterative algorithm for minimizing ||ﬂ—u||%2( D) under (3.7), converges, then the corresponding

correction mappings ¢, = fn41 o f,,; ! will converge to the identity mapping.

Lemma A.1. Let D C C be a compact set. Given a sequence of diffeomorphisms fn, : D —
D. We have

(A.10) fn— f  uniformly on D, where f: D — D is a diffeomorphism,
if and only if

(A.11) fry10 fit = idp uniformly on D.
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Let € > 0 be arbitrary. Since f,, — f uniformly on D, there exists N; € N such that for all
n > Ny,

€
(A12) sup [[fu(2) = f2)] < 5.
xzeD
Additionally, the uniform convergence of f,, — f and the fact that each f, and f are diffeo-
morphisms implies that f, ! — f~! uniformly on D by Lemma A.2.

Let N = max(Nj, N2). For all n > N and all # € D, define y := f,7!(x). Then = = f,,(y),
and we compute

(A.13) fovro [N (@) = fara(y),

so that

(A.14) a1 0 f (@) =zl = || fara (y) = falw)-

Now, we insert f(y) and use the triangle inequality

(A.15) 11 @) = £ < s @) = SO+ 1F@) = Fal)l < S+ 5 = <.

Since this holds for all z € D, we have

(A.16) sup || fra10 fr H(x) — 2| <&, Vn>N.
zeD

Hence,

(A.17) far10 ft = 4dp uniformly on D.

(<=):

With f,110 f,; ! — 4dp uniformly on D for every ¢ > 0, there exists N € N such that for all
n>Nandall z € D,

(A.18) [frsa(fa (@) — 2| <e.

Let y = £, (2), so z = f,(y). Then the above becomes

(A.19) |fav1(y) — fay)l <e, VyeD.

Thus,

(A.20) sup [ fr+1(y) — fu(y)| <e.
yeD

This shows that the sequence {f,} is uniformly Cauchy in C(D), the space of continuous
functions on the compact set D with the sup norm.

Since D is compact and each f, is continuous, there exists a continuous function f: D — D
such that

(A.21) fn — f uniformly on D. [ |
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Lemma A.2. Let D C C be a compact set, and let { f,}5°; be a sequence of diffeomorphism
from D onto itself such that f, — [ uniformly on D. Assume that the limit function f: D —
D is also a diffeomorphism. Then

(A.22) it = 7Y uniformly on D.

Proof. For any € > 0. Since f,, ! is continuous on the compact set D, there exists § > 0
such that for any x1, 29 € D,

(A.23) 21 — 29| <6 = |f (1) — £, Ha)| < e

Now fix any € D, and let y = f~!(z). We can have z = f(y) and x, := f,(y). For &
mentioned above, we can find a sufficiently large n, as f, — f uniformly, to obtain

(A.24) |20 — x| = |fuly) = f(y)] <0.

Since f,, is bijective, we have f, '(z,) =y = f~!(x). Together with (A.23), we have

(@) = FH @) < U f @) = fo ()l + 1 Han) — £ ()]

(A.25)
<e+0=e.

Therefore, f, 1 — f~! uniformly on D. |

Appendix B. Metrics Definition.

To evaluate the accuracy and speed of our methods, some accuracy measurements are
reported in the following sections.

The relative error (RE) is defined as

ot u* (@) — u (2)?
(B.1) RE =) |uGT TR

xeG

where u* is the reconstructed flow, uST is the ground truth flow, and G denotes the set of
pixel points.
Peak Signal-to-Noise Ratio (PSNR) is defined as

maXge uST(x))?
(B.2) PSNR(u’, ™) = 101ogyo (a T o —(ué)T@)'Q) |

where |G| is number of points in G.
Structural Similarity Index (SSIM) is defined as

2Mu* )MuGT (x) + Cl) (QU'LL* uGT (x) + 02)
B. IM GT) :
(B.3)  SSIM(u*, u ‘g’ Z e

24 pyer ()2 + C1) (0w ()% 4 oyer(x)? + C2)’
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where C1, Cy are small constants to stabilize the division, and

P = U %W, 02 = (u")? xw — (po)?,
fryer = uST xw,  oZgr = (W) xw — (uyor)?,
Oy* uGT = (U* ' uGT) *W — Uy* * e GT,

where w is a Gaussian kernel of mean as 0 and standard deviation as 1.5. The convolution is
with reflect padding
The Dice coefficient measures the spatial overlap of two binary masks and is defined as

. 2|Q* N QGT|
B.4 Dice(Q, Qar) = —x 1 22GT1
(B.4) (€2, Qar) 0T 00t

where €, and Qg represent the predicted and ground-truth regions. || is the area of Q. A
value of 1 indicates perfect overlap.

The 95th percentile Hausdorff distance (HD95) measures the boundary discrepancy be-
tween two segmented regions by taking the 95th percentile of the bidirectional surface dis-
tances, thereby reducing the influence of outlier points or noisy boundaries. It is defined as

(B.5)  HDgs(€2, Qar) = max {P95({d(1’7 Qar) |2 € }), Pos({d(y, Q) [y € QGT})}v

where d(z,Qqr) = infycaq, |2 — yll, d(y, Q) = infieq, ||y — 2| and Pgs({2;}) denotes the
95% smallest of the set of {z;}.
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