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SOLVING CONVOLUTION-TYPE INTEGRAL EQUATIONS WITH
HIGH-FREQUENCY USING PRECONDITIONED NEURAL
OPERATORS*

RAYMOND HON-FU CHAN' AND LINGFENG LI#

Abstract. The convolution-type integral equations arise from various fields, e.g., finite impulse
response filters in signal processing and deblurring problems in image processing. When solving these
equations, conventional numerical methods, like the multigrid method, can only efficiently solve the
low-frequency components in the error, but not the high-frequency components. In this paper,
we apply neural operators to address this issue. We propose a novel training strategy that trains
neural operators to solve the high-frequency components efficiently. Then, we combine the neural
operators with some classical iterative solvers, like the weighted Jacobi method, to obtain an efficient
hybrid iterative algorithm for the integral equations. We also analyze the generalization error of our
training strategy and the convergence of the hybrid iterative algorithm. We test our algorithms on
large-scale and ill-conditioned linear systems discretized from one- and two-dimensional convolution-
type integral equations. Our proposed algorithm significantly outperforms the multigrid method and
the preconditioned conjugate gradient method in both iteration numbers and computational time.
Besides, the iteration number of our algorithm is more robust to the changes in the size and condition
numbers of the underlying linear systems than conventional numerical methods. Though we mainly
focus on the integral equations, our method can be directly applied to all kinds of linear problems.

Key words. Integral equation; Neural operator; Multigrid method; hybrid iterative solver

AMS subject classifications. 68T07, 45E10

1. Introduction. Solving linear systems is one of the most fundamental tasks
in scientific computing. In general, there are two types of algorithms for solving
linear systems: direct methods and iterative methods. Direct methods can find the
exact solutions to linear systems using some factorization techniques, e.g., the LU
decomposition method. Although direct methods can find the exact solutions in a
finite number of operations, their computational costs increase very fast with the
problem size, which makes it impractical to solve large-scale linear systems. Iterative
methods, in contrast, solve linear systems by iteratively refining their solutions. They
are particularly useful for large-scale problems because of their low computational
costs compared to direct methods. The solution of typical iterative methods, such
as the Jacobi method, the Gauss-Seidel method, and the Krylov subspace methods,
would approach the exact solution as the iteration number increases. The convergence
rate usually depends on the condition number of the coefficient matrix. For very ill-
conditioned matrices, preconditioning techniques can help accelerate the convergence.
One important class of linear systems is the Toeplitz systems, which arise from many
applications, especially in the solution of convolution-type integral equations, in signal
processing, and in image processing [16, 19, 25]. Toeplitz matrices are matrices with
constant diagonals. By exploring this special structure, many efficient preconditioners
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have been proposed [13, 14, 44].

In the following, we use the terminology in [47] to call the eigenvectors correspond-
ing to large (respectively, small) eigenvalues of a matrix the algebraic high-frequency
(respectively, low-frequency) eigenvectors. If the eigenvector is itself highly-oscillating
(respectively, slowly-oscillating), we call the vector a geometric high-frequency (re-
spectively, low-frequency) eigenvector. Iterative methods, such as the Jacobi and
Gauss-Seidel methods, are called smoothers in that they tend to reduce the algebraic
high-frequency components (eigenvectors corresponding to large eigenvalues) in the
error much faster than the algebraic low-frequency components (eigenvectors corre-
sponding to small eigenvalues). [47].

For PDE problems, the algebraic high-frequency and low-frequency components of
the discretized systems coincide with the geometric high-frequency and low-frequency
components, respectively, i.e., they are highly oscillatory and slowly oscillatory, re-
spectively. In such cases, we can apply the multigrid method to solve the linear
systems efficiently [22]. The idea of multigrid methods is to reduce the geometric
high-frequency error using smoothers such as the Jacobi method, and remove the
geometric low-frequency error using coarse-grid corrections. The multigrid method
is often considered the optimal method for PDE problems, particularly in terms of
computational efficiency [5].

Some recent studies borrow the idea from multigrid methods and replace the
coarse-grid correction step with neural operator solvers [23, 50, 51]. For example,
the DeepONet-based neural operators [33], which are designed for operator learning
in continuous spaces, can reduce the geometric low-frequency error [50, 51]. This
type of structure is known to be frequency-biased [48], i.e., it tends to learn the
geometric low-frequency components in the solution rather than the high-frequency
components during training. Therefore, it can be combined with smoothers to solve
PDE problems.

There also exist other types of neural operators that learn operators in discrete
spaces, like convolutional neural networks (CNN) and Fourier neural operators (FNO)
[29]. In [24, 42], the authors use CNNs as multigrid smoothers and apply them with
coarse-grid corrections to solve PDE problems. Typically, neural operators require
a long time of training before they can be used in applications, so these types of
methods are useful when a linear system needs to be solved multiple times for different
right-hand-side vectors, e.g., when simulating the evolution of fluid dynamics or heat
transfer [3]. Besides, there are also some neural operators that integrate the multigrid
framework into the structure directly for solving linear systems [15, 20].

This paper concerns problems where the algebraic high-frequency (respectively,
low-frequency) components do not correspond to geometric high-frequency (respec-
tively, low-frequency) components. This occurs in some convolution-type integral
equations with smooth kernels [7], where the corresponding linear systems are typ-
ically ill-conditioned Toeplitz or block-Toeplitz. For these systems, the multigrid
method may fail since both smoothers and coarse-grid corrections tend to reduce
the same algebraic high-frequency (geometric low-frequency) components in the er-
ror. Finding a good smoother to solve the algebraic low-frequency (geometric high-
frequency) components is a challenging task for this type of problem [7].

In this work, we aim to solve the algebraic low-frequency components using neural
operators and then combine the operators with smoothers to form a new hybrid
iterative algorithm for the integral equations. The main contributions and findings
are summarized as follows:

1. We developed a new algorithm that solves algebraic low-frequency compo-
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nents using neural operators. The main difference between our method and
previous work [23, 50, 51, 24, 42] is that our method is designed to address
algebraic frequency components, whereas most previous work focuses on spe-
cific geometric frequency components.

2. Inspired by the framework in [50, 51], we apply a hybrid iterative algorithm
combining neural operators and classical smoothers to solve convolution-type
integral equations.

3. We conduct some theoretical analysis of the proposed algorithm. We first es-
timate the generalization error when the neural operator is a two-layer ReLLU
network and derive an upper bound in terms of the number of training sam-
ples, problem size, and the optimization error. We then prove the convergence
of the hybrid iterative algorithm when the neural operator satisfies some rea-
sonable conditions. Lastly, we analyze how the choice of training loss function
would affect the convergence rate of different algebraic frequency components
in the training error.

4. We conduct numerical experiments to solve large-scale and ill-conditioned
integral equations using the proposed method. Our method outperforms
multigrid methods and preconditioned conjugate gradient (PCG) methods
significantly, both in terms of the iteration number and evaluation time. Be-
sides, our experiments show that the convergence rate of our method is robust
against the change in problem size and condition number.

2. Preliminaries.

2.1. Convolution-type integral equations and Toeplitz matrices. In im-
age processing and data analysis, we often need to solve integral equations of the
form:

(2.1) aR(u)(z) + /Q K(z = 2"u(z")dz" = f(2), z€Q.

where u is a continuous image or signal, a > 0 is the regularization weight parameter,
K is a smooth convolution kernel,  is a fixed domain, and R(u) is the regularization
term. When K is a smooth function, e.g., a Gaussian smoothing kernel, the coefficient
matrix of K would be very ill-conditioned, so a regularization term R is required [2].
Equation (2.1) is called the integral equation of the second kind when R(u) = u, and
is called the integral equation of the first kind when a = 0 [36].

Discretizing (2.1) leads to a linear system A,x = y where A, € R™ "™ is the
coefficient matrix, which usually has some special structures like Toeplitz or Block-
Toeplitz-with-Toeplitz-Block (BTTB). In this work, we consider the case when A,, is
symmetric positive definite (SPD). Typical choices for the regularization R(u) include
the Tikhonov regularization u, isotropic diffusion Au, and the total variation —V -
(Vu/|Vul|). When the weight parameter « is small, 4, is typically ill-conditioned.

The matrix A, is called Toeplitz if each diagonal of its coefficient matrices is
constant. We denote the value of elements at the main diagonal, k-th supdiagonal, and
k-th subdiagonal as ag, ax, and a_j respectively. Toeplitz systems are an important
class of linear systems, and their solutions can be found efficiently by leveraging the
special structure. Many fast solvers, including direct methods [1, 4] and iterative
methods [12, 13, 44], have been proposed for solving Toeplitz systems.

A 27-periodic Lebesgue integrable function f : R — R is called the generating
function of 4, if its Fourier coefficients are the entries of 4,,: ap = 5= ["_ f()e~"*?df,
where k=0,+1,£2,.... Let A1(A,) > Aa(4,) > -+ > A (A,) be the eigenvalues
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of A, sorted in descending order. It is proven that the eigenvalues of A, can be
bounded by the range of its generating function [19]:

LEMMA 2.1. Let f be the generating function of A,. Then,

(2.2) eéféi,rzlﬂ f(0) < An(An) < Ar(4n) < Biies f().

2.2. Algebraic high/low frequency. The terms algebraic high/low frequency
are commonly used in the analysis of algebraic multigrid methods [47]. When A4,, is
symmetric positive definite (SPD), all the eigenvalues are positive, and there exists a
set of orthonormal eigenvectors {v;}?_; where v; corresponds to A\;(A,). The v; corre-
sponding to the large (resp. small) eigenvalues of A,, are the algebraic high-frequency
(resp. low-frequency) modes associated with A4,,. Meanwhile, vectors can also be
characterized as geometric high-frequency or geometric low-frequency based on the
variation of their entries. Geometric high-frequency vectors refer to those vectors with
rapidly oscillating entries, while geometric low-frequency vectors refer to those with
smooth and slow oscillatory entries. Mathematically, for any given (1, (s such that
C2 > €1 > 0, a vector v is called ¢ —algebraic low-frequency if ||V||?4n D;lAn/HvH?‘ln <
(1, and (p—algebraic high-frequency if ||v||124 D14 /IVI4, > Ca, where D, is the
diagonal component of A,, [40, 47]. T

For any Toeplitz matrix A,, we have ||v\|i Dla = [vl|%2 /ao. We can show
that 1 An(An) M(A)
1
—|vlFe = — A2 A5 € | T v, = v,
Qo " ao Qo Qo

Thus, we need to choose (; and (2 such that %?") < G < (G < %‘j"). For
simplicity, in the following, we omit the explicit dependence of ¢; (resp. (2) in (;-
algebraic low frequency (resp. (2-algebraic high frequency) and simply refer to them
as algebraic low frequency (resp. algebraic high frequency).

For some convolution-type integral equations, the algebraic high-frequency (resp.
low-frequency) components of the coefficient matrices coincide with the geometric
low-frequency (resp. high-frequency) components. In contrast, coefficient matrices
of most PDE problems have the opposite spectral property. In Figure 1 (top row),
we visualize the eigenvectors corresponding to the large and small eigenvalues of the
coefficient matrix of an integral equation (2.1) with I being a Gaussian smoothing
kernel. We observe that the algebraic high-frequency (resp. low-frequency) compo-
nents correspond to the geometric low-frequency (resp. high-frequency) components.
For comparison, we also visualize the eigenvectors of the coefficient matrix of the
Poisson equation in Figure 1 (bottom row), where the algebraic high-frequency (resp.
low-frequency) components correspond to the geometric high-frequency (resp. low-
frequency) components.

2.3. Two-grid method. The algebraic multigrid method is a very efficient
solver for solving linear systems. It consists of the smoothing steps and coarse-grid
correcting steps. Here, we consider a simple two-grid method. The smoothing step is
usually performed by some smoothers. We first define an iterative scheme for solving
Apx=y

(2.3) x5+ = (I, - M7PA)x"™ + M7y, k=1,2,...,

where x(9) is the initial vector, I,, is the n-by-n identity matrix, and M, is an n-by-n
matrix whose inverse can be evaluated efficiently. We further define S(A4,,y, x(0) K)
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Fig. 1: Eigenvectors corresponding to different eigenvalues of the linear system dis-
cretized from the integreal equation (top row) and the Poisson equation (bottom row).

as the procedure of solving A,x = y using x iterations of (2.3) started from x(%).

Denote the iteration matrix as S, = I,, — M, 1A, then the error of x(®) can be
written as
(2.4) x) —x =8, (x" Y —x)=... = §5(x —x).

Many classical iterative methods, like the damped Jacobi iteration, satisfy the smooth-
ing condition [47, 40]: for some o1 > 0 and any e € R"

(2.5) s

%, —oillel%z /ao.

From (2.4) and (2.5), if the error x(*~1) —x contains algebraic high-frequency modes,
e, [[x"=D —x|% and [|x("~1) — x||%. /ag are comparable in magnitude, after ap-

plying the smoothing operator S,,, [|[x*) — x[%, would be efficiently reduced.
The correcting step for A, x = y is typically performed by a coarse grid correction:

x = Py (Au) ' Ryy,

and the iteration matrix is T, := I,, — P}}(AH)_IREAW Here, PI}} denotes the pro-
longation matrix that interpolates a vector on a coarse grid to a fine grid, RhH denotes
the restriction matrix that restricts a vector on a fine grid to a coarse grid, and
Ap = R A, Pl is the coarse grid coefficient matrix.

The two-grid method solves the linear system A, x =y by alternatively applying
the smoothing step and the correcting step (see Algorithm 2.1). By restricting a fine
grid vector to a coarse grid, the geometric low-frequency modes are preserved. There-
fore, solving the coarse grid problem can eliminate the geometric low-frequency modes
efficiently. For most PDE problems, the geometric low-frequency modes are also alge-
braic low-frequency modes, so the coarse-grid correction step and the smoothing step
are complementary to each other. The overall convergence of the two-grid iteration
is guaranteed if for some o9 > 0 and any e € R", T,, satisfies [43]:

(2.6) el S IIT elf; and [|Twella, < |lel4,.
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When o5 is sufficiently small, the first inequality implies that the error vectors after
the correction step, i.e., T,e, will not be algebraic low-frequency vectors (by the
definition of algebraic low-frequency in Section 2.2). Therefore, it can be further
solved efficiently by the smoothing step. Then, by combining (2.5) and (2.6), the
two-grid method would converge in a factor of 1 — o1 /05:

01 01
[SnTrellh, < | Tnell%, — o1llTnell%iz /a0 < | Tnell%, — gllTnellin <(1- ;Q)Hellin.

Algorithm 2.1 Two-grid method

Require: right-hand side vector y and the tolerance €

7=0,and xqg =0

while [ly — A,x, o/ [ly]» > ¢ do
X, = Tpx, + Ph(An) 'Ry > Correcting step
X1 = S(An,y,Xr, K) > Smoothing step
T=7+1

end while

Return x,

When the algebraic low-frequency modes are not geometrically low-frequency,
which is common for integral equations, the two-grid method may fail because the
smoothing steps and the correcting steps both reduce the same high-frequency parts
of the errors. Detailed experiments and analysis of the difficulties in solving integral
equations using multigrid methods can be found in [7].

2.4. Neural operators. Neural operators are neural networks that can approx-
imate mappings between function spaces. Once trained, a neural operator can ap-
proximate the solution of the learned mappings directly for various input conditions,
which makes them particularly well-suited for solving linear or nonlinear systems
[33, 29, 45, 24]. In this work, like the FNO framework [29], we consider the dis-
cretized setting. The input and output functions are discretized on mesh grids and
are represented by finite-dimensional vectors. Thus, the network actually learns a
function between finite-dimensional vector spaces, which can also be viewed as a
finite-dimensional approximation of the underlying solution operator. To be consis-
tent with the literature, we still refer to our approach as operator learning.

For solving a linear system A,x = y, where x and y are in R"™, we need to
construct a neural operator Ay : R — R™ that can approximate x = A 'y by AVy(y),
where 6 denotes the set of all learnable parameters in the network. Here, Ay can be
various types of networks, like the fully connected networks, ResNet [21], U-Net [39],
and the FNO [29]. Although A ! is linear, we still use a nonlinear network, rather
than a general linear model, to approximate it. The reason is that approximating A, !
by a dense n x n matrix would require n? learnable parameters, which is infeasible for
large-scale systems. A nonlinear neural network can use much fewer parameters and
allowing the number of parameters to grow more slowly as n increases, especially for
large-scale problem. An example is provided in Section 5.3.

Typically, the training of neural operators can be either data-driven or physics-
informed. The data-driven method [29] directly minimizes the difference between the
network prediction Ap(y) and the true solution x = A 'y: ming 1 SN INe(yi) —
x;||3. Here {x;,y; = A,x;}¥, is a randomly generated set of training samples.
The physics-informed method [18, 30, 45] minimizes the residual of the problem:

This manuscript is for review purposes only.



240
241

242
243
244
245
246
247
248
249
250
251
252
253

0 NN N
[
N O Ut e

[\
(e}

DN
ot ot ot Ut

N

280

282
283

R. CHAN AND L. LI 7

ming & Zf\il |AnNo(yi) — yill3. It is particularly useful when the true solution x; =
A ly; is not available.

3. A hybrid iterative method for integral equations. As we mentioned in
the last paragraph of Section 2.3, integral equations of convolution type are difficult
to solve using multigrid methods. The main challenge is to find a suitable smoother to
efficiently reduce algebraic low-frequency components, i.e., geometric high-frequency
components. Motivated by the recent attempts to integrate neural operators into
multigrid frameworks [24, 50, 51], we propose a novel framework combining classical
smoothers and neural operators to solve convolution-type integral equations. The
main idea is to design a new loss function for training neural operators so that they
can solve the desired frequency components as expected.

Here, we first clarify the relation between our setting and the well-known fre-
quency principle. The frequency principle discussed in the literature, for example in
[48], mainly concerns meshless network structures whose inputs are coordinate vari-
ables in a domain. Specifically, one approximates a target function g(x), where x
belongs to a given domain €2, by a neural network whose input is x and whose output
is the predicted function value. During training, the frequency principle suggests that
such a network tends to learn the geometric low-frequency components of g(x) faster
than its geometric high-frequency components.

However, the setting in our manuscript is different from that in [48]. First, we use
a mesh-based network structure, whose input and output are functions represented on
a fixed mesh grid. Second, the target of the network is not a single function but the
inverse operator A, 1. If one assumes that our network also follows the frequency prin-
ciple, this would mean that the network can easily learn the “geometric low-frequency
components” of A1 which are difficult to define explicitly. The “frequency” of A, *
is completely different from the frequency of the vector x, which is what we care
about. Therefore, the frequency principle does not directly apply to our setting, and
we do not need to use special architectures to address this issue.

3.1. Training of neural operators. Here, we consider a general neural network
Ny : R* — R™ for approximating the solution operator A ! of the linear systems
A,x =7y. A general expected loss function for training N is:

(3.1) Lexp(0) 1= By pummny) ([ Po(No(y) — x)[13)-

Here, B(R™) is the unit sphere {y € R"|||y|l2 = 1}, u is a probability distribution
defined on B(R™), and P, is an n X n real matrix. Such a preconditioned loss function
has been applied for physics-informed neural networks [32] recently. To approximate
Aty for |lylla # 1 using Ny, we can first normalize y and then scale Np(y) by the
same factor, i.e., No(y/|lyll2)|ly|l2- We suppose the matrix P, has a set of orthonor-
mal eigenvectors {u;}? ; and the corresponding eigenvalues {\;(P,)}" ;. Then, the
loss Lexp can be written as
(3.2)
2

= Ey
2

2 n

=Ey > Xi(Po)’(eTw)?

2 =1

n

> Xi(Pa)(eTu)u;

=1

Ey

P, (Z (eT ui)ui>

i=1

where e := N (y) — x is the error vector and e u; represents the projection of e on
the unit eigenvector u;. From (3.2), we see that the loss function (3.1) is precisely
equivalent to a weighted summation of (e wu;)2, i = 1,...,n, and the weight for each
term is the squared eigenvalues AZ(P,). Therefore, the neural operator damps more
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on the algebraic high-frequency components associated with P, in the error e during
the training process.

To train the neural operator to effectively solve algebraic low-frequency compo-
nents associated with A,,, we therefore need to choose P, such that it has the opposite
spectral properties compared with those of A, i.e., algebraic high-frequency compo-
nents of P, are algebraically low-frequency components with respect to A,. An ideal
choice would be P, = A1, since A;! has the same eigenvectors as A,, and its eigen-
values are the reciprocals of A,,’s. However, calculating the inverse of A,, directly is
not practical as it is our original problem. Here, we propose two practical choices for
P,:

1. Let P, = C(A,)~! where C(4,,) denotes a circulant preconditioner of A,
[13]. For Toeplitz matrices, C'(A,)~! is a good approximation to A, !, and
it can be evaluated efficiently by the fast Fourier transform [11]. It has been
proven that the eigenvalues of C(4,)~1A,, are clustered around 1 [8].

2. Let P, = al,,—A,, for some a > 0. For the Toeplitz matrix A,, with generating
function f(#), we can choose a such that a > maxg . f(6), see (2.2). In
this case, an eigenvector of A,, corresponding to the eigenvalue ); is also an
eigenvector of P,, corresponding to the eigenvalue a — A; > 0.

Using either way to construct P,, we will be able to train a neural operator that can
solve the desired frequency components. We note that when A, is SPD, P, is also
SPD.

Remark 3.1. Here, the P, does not have to be a good preconditioner in the sense
of numerical linear algebra, i.e., we do not require P, 1A, ~ I,. Instead, we only
require P, has a reverse spectrum with A,, making our method applicable even to
problems without good preconditioners.

In practice, we can choose between the two constructions of P, according to the
information available for A,,. If a reasonable upper bound a > Apax(A,) is available,
we recommend using P, = al,, — A,. Since P, and A,, have the same eigenvectors and
the eigenvalue ordering is exactly reversed, the preconditioned loss directly emphasizes
the algebraic low-frequency components of A,. The value of a should not be chosen
much larger than Ap.x(A,); otherwise P, = al,, and the loss (3.2) becomes close to
a simple data-driven loss.

The alternative choice P, = C(4,)~! is mainly useful when such an upper bound
is not easily available but an effective preconditioner C'(4,,) is known. For Toeplitz-
like matrices, there are huge literature studying the construction of preconditioner
like [9, 10, 11, 12, 13, 14]. Tts performance is comparable to that of al,, — A, when
C(A,)~!is a good approximation of A; !, so that the spectrum of P, approximately
reverses the spectrum of A,,. If the preconditioner is poor, then the performance can
be worse. Thus, al,, — A,, is preferred when a good upper bound is available, while
C(A,)~ " is also a comparable choice when a good preconditioner is available.

We demonstrate a simple example here to further illustrate the effect of P, on
neural operator training. We consider a discretized one-dimensional Integral equation
whose eigenvectors are shown in the first row of Figure 1. In this case, the alge-
braic high-frequency (resp. algebraic low-frequency) components of A,, correspond
to the geometric low-frequency (resp. geometric high-frequency) components. We
first construct a vector xg = {— cos(4mt/64) + cos(207t/64) — cos(607t/64)}5%, and
compute yog = A,xq. This vector xg consists of three different frequency components.
Then, we initialize a neural operator Ny and train it by ming || P, (Ng(yo) —x0)||3. We
choose P, = A, and P, = C(A,)~ ! respectively, and compare the predictions of Nj.
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In Figures 2, we plot the neural operator predictions compare against the ground true
solution after different numbers of training epochs and the remaining error after 200
epochs. In Figure 3, we plot the magnitude spectra of the neural operator error after
different number of epochs. When P, = A,,, Ny solves the algebraic high-frequency
(the same as geometric low-frequency) part associated with A, and the remaining
error is geometric high-frequency. On the contrary, when P, = C(A,)~!, Ny solves
the algebraic low-frequency (the same as geometric high-frequency) part associated
with A,, and the remaining error is geometric low-frequency, which is what we desire.

the solution after 0 epochs the solution after 50 epochs the solution after 0 epochs the solution after 50 epochs
2 2 2 2
14 1 1 14
0 0 o 0
-14 -1 -1 -14
-2 -2 -2 -2

0 20 40 60 0 20 0 60 0 20 0 60 0 20 40 60

the solution after 200 epochs the error after 200 epochs the solution after 200 epochs the error after 200 epochs
2 2 2 24
14 1 1 14
-14 -1 -1 -1+
-2 4 -2 -2 -2

0 20 P 0 0 20 10 60 o 20 P 60 0 20 2 60

(a) Pp= Ay (b) P =C(An)™!

Fig. 2: (a) and (b) shows the prediction Np(yo) after different numbers of training
epochs when P, = A, and P, = C(A,)! respectively. Here, the blue curves rep-
resent the true solution xg, the orange curves represent Ny(yo), and the red curve
represents the remaining error.

The magnitude spectrum after 0 epochs The magnitude spectrum after 50 epochs The magnitude spectrum after 0 epochs. The magnitude spectrum after 50 epochs

30 30 30 30

20 20 20 20

10 10 10 10

[ o o o
Geometric low Geometric high ~ Geometric low Geometric high Geometric low Geometric high  Geometric low Geometric high
(Algebraic high) ™ (Algebraic low)  (Algebraic high) > (Algebraic low) (Algebraic high) ™ (Algebraic low)  (Algebraic high) ~——— (Algebraic low)
The magnitude spectrum after 100 epochs The magnitude spectrum after 200 epochs The magnitude spectrum after 100 epochs The magnitude spectrum after 200 epochs

40 40

30 30 30 30

20 20 20 20

10 10 10 10

0 0 0 0
Geometric low Geometric high ~ Geometric low Geometric high Geometric low Geometric high ~ Geometric low Geometric high
(Algebraic high) ™ (Algebraic low)  (Algebraic high) " (Algebraic low) (Algebraic high) > (algebraic low)  (Algebraic high) ™ (Algebraic low)

—1
(a) Pn = Ay (b) Pu = C(An)

Fig. 3: (a) and (b) show the Fourier magnitude spectra of the error after different
numbers of training iterations when P, = A,, and P, = C(A,)~! respectively.

3.2. The modified two-grid method. With a well-trained neural operator
solver, we can solve the linear system A, x =y by replacing the coarse-grid correction
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in the two-grid method (Algorithm 2.1) by a neural operator correction step. The
resulting algorithm is shown in Algorithm 3.1. The overall structure of Algorithm 3.1
is similar to the two-grid method. During each iteration, we first apply k1 steps of
a classical smoother § for pre-smoothing. Then we use our trained neural networks
developed in Section 3.1 to correct the iterant x("*1) in (2.3). Finally, we use k2 steps
of § for post-smoothing. In our algorithm, the smoothing steps are used to reduce
algebraic high-frequency error, while the neural operator is used to reduce algebraic
low-frequency error.

We note that the HINTS method proposed in [50, 51] also replaces the coarse-
grid correction in the two-grid method by a neural operator solver DeepONet [33],
which tends to fit the geometric low-frequency in the target function first [37]. This
phenomenon is probably due to the multi-layer perceptron (MLP) module, which has
been proven to favor geometric low-frequency [6], in the structure of DeepONet. Thus,
[50, 51] utilize this spectral bias property and train DeepONets to learn geometric
low-frequency. The method is good for PDE problems where the smoothers solve the
algebraic high-frequency parts of the solution and the DeepONet solves the algebraic
low-frequency parts of the solution (which is the same as the geometric low-frequency
part), see Figure 1. However, for integral equations, the geometric low-frequency part
is also the algebraic high-frequency part, see Figure 1. Hence in the HINTS method,
both the smoother and DeepONet will only solve the algebraic high-frequency part
of the solution, and therefore the method will not be good for integral equations.
Our neural operator in Section 3.1 is designed to exactly recover the algebraic low-
frequency part of the solution efficiently.

We also want to mention that there is another way of modifying the two-grid
method by replacing the smoothing step by a neural operator and combine it with
the coarse-grid correction step. Such a way is good for solving PDEs problems but
not suitable for integral equations. The coarser-grid correction is designed to reduce
geometric low-frequency components efficiently. For PDE problems, algebraic low-
frequency error components correspond to geometric low-frequency components. In
this case, a neural operator trained to solve algebraic high-frequency components could
be complementary to the coarse-grid correction, and the modified two-grid would
work. However, for the integral equations studied here, the algebraic high-frequency
components of the error correspond to geometric low-frequency components. If the
neural operator were trained to target these algebraic high-frequency components,
then both the neural operator and the classical correction step would mainly solve
the geometric low-frequency error components. This would be similar to the behavior
of classical multigrid methods for integral equations, where the coarse-grid correction
is effective for smooth error components but the geometrically oscillatory components
are not adequately reduced. The geometric high-frequency components would then
be left unsolved. Some numerical examples of solving integral equations by multigrid
methods are available in Figure 6 and 7. Therefore, we do not adopt this way of
modifying the two-grid method.
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Algorithm 3.1

Require: right-hand side vector y, number of pre-smoothing steps v;, number of
post smoothing steps vz, and the tolerance € > 0.
Set 7=0and xg =0
while [ly — A,x,|l2/[[y]l2 > ¢ do

xM = S(An,y,Xr, K1) > Pre-smoothing steps
r,=(y— Anx(rl))/ZT where Z; = ||y — A,xP Il2 > Normalization step
x{?) = Ny(r:)Zy 4 xU > Neural operator correction step
xr+1 = S(An,y, x(TQ)7 K2) > Post-smoothing steps
T=17+1

end while

Return x,

4. Analysis of proposed methods. In this section, we give some theoretical
analysis of our proposed methods. We first derive a generalization error estimate for
the neural operator training (3.1). Then, we analyze the convergence of Algorithm
3.1 under similar assumptions as the two-grid method [40]. Finally, we study how
the choice of P, in the loss function (3.1) would affect the convergence of different
frequency components in the training error.

4.1. Generalization errors analysis of neural operators. We aim to ana-
lyze the generalization error when training the neural operator Ny. The generalization
error reflects how well the model can generalize to new, unseen data, rather than just
memorizing the training data. In this section, we derive an analytical upper bound
for the generalization error of Ny when Ny is defined as a two-layer ReLU network:

2
(4.1) No(x) = ¢;ReLU(W;x),

j=1

where ¢; € R, W; € R"*", j = 1,2, and ReLU(z) = max{z,0}. Two-layer networks
are commonly used in the theoretical study of neural network methods [34, 28, 46]
because of their simplicity. We assume the parameter set 6 is controlled by a positive
contant p:

0 cOp) = {(cl,c%Wl,Wﬁ e < o Wyl < 1,5 = 1,2}.

Since ReLU(cz) = cReLlU(z) for any ¢ > 0, there is no loss of generality of assuming
Wl < 1.

In practice, we are not able to precisely evaluate the expected loss Lexp(8), so
we approximate it with a discrete quadrature instead. Let {y;}¥; be a set of right-
hand-side vectors following a probability distribution g, which is defined on the unit
sphere B(R"), and {x; = A, 'y;}, be the set of ground true solutions. Here, N is
the number of training samples. In practice, we first sample x; from some random
distribution and then compute y; = A, x;. Then, we train the network by minimizing
the empirical loss function:

N
(42) £3,0(0) = = S 1P WNolye) — Xl

i=1
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Here Eé\fnp(ﬁ) is a discrete quadrature approximation to Lexp(6). We also define an
error measurement for Ny as

INo = AT, = EynulNo(y) — A7y, = / INe(y) — A7 yl%, u(y)dy-

~Rd
Then, the estimation of the generalization error [Ny — A%, is given below.
DEFINITION 4.1. A wector x* is a d-minimizer of a function f(x) if f(x*) <
d + infy f(x).

In Definition 4.1, § bounds the deviation between f(x*) and the global minimum, so
0 is a measure of the optimization error.

THEOREM 4.2. Let {y;}}Y, be a set of training data randomly sampled from a
distribution defined on the unit ball p(B(R™)), Ny is a two-layer network defined as
(4.1), and 0* is a §-minimizer of the empirical loss:

. N
S )Eemp(e)

where p > ||A Y2, Then, the following inequality holds with probability at least 1 —e:

108n0°| P |3 2log(2/c) , 5>

VN

where || - || denotes the matriz Frobenius norm.

+90%|1 a3

INo- — AT, < 140 P22 ( N

Remark 4.3. In our error estimates, p is chosen to be greater than ||A;t|s =
1/Amin(45), where A\pnin(A,) denotes the smallest eigenvalue of A,,. For the systems
considered in this work, the integral equation includes a regularization term, ensuring
that the minimum eigenvalue of A,, is bounded away from zero independently of n. For
instance, when R(u) = wu in (2.1), the coefficient matrix is 4,, = al,, + K,,, where I,
is the n-by-n identity matrix and K, is the discretized Gaussian convolution matrix.
Since the eigenvalues of K, are positive, we have Apin(A,) > «. Consequently, one
can choose p to be any constant greater than 1/«, which is independent of n.

The proof of Theorem 4.2 requires some results in Appendix A.
Proof. We first construct a set of parameters 6 € O(p) as

A Al A7l
0=(||An1||2,—||An1||27 R )
4T T4 T,

Then, we have
-1 ALt -1 —A,! -1
No(y) = |4, [2ReLU | —=—y | — [[4, " [2ReLU | ———y | = A,y
[An" [l2 A7 (|2
for any y € R™, which implies that N exactly recover the operator A;; L and Eexp(é) =
LN (6) =o.
The generalization errors of Ny« is bounded as follows:

(4.3) INo- = A, 0 = Eymn (1A (No- (v) = A7 y)13)

= By (|42 P Pa(No-(y) = AL y)3)

< AR P [l (Lexp (07) = Lap(07) + L3 (07))

< APy 2 llo(Loxp(07) = L85 (07) + LY, (0) +6)
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Here, £, (0) = 0 and Lexp(0*) — LN, (0%) is bounded by Lemma A.6. We define

the function class H = {h(y) = HPn(Ng( ) — A y)|210 € ©(p)}. By Lemma A.6,
the error Loy, (0*) — LY, (6%) is bounded by 2Ry (’H,) + supp e [hlooy/ 28CL) with

probability at least 1 — e. Consequently, the generalization error is bounded, with
probability at least 1 — ¢, by

2log(2/¢)

4 9).

(44) o = AL, < AR P2 (2R (1) +21615||h||oo

For every h € H and y € B(R?),
[(y)| < 1Pal3llc1ReLU(Wiy) + ciReLU(Way) — A7 y([3 < 9)| P, 1307
What remains is bounding the complexity Ry (#H). Notice that

[ Pn(No(y) — Ay, Y|2—Z<ZP 3 k)N (y)o — A, y) [k ])

(4.5) = ( D Pali KPPl D WNa(y) — AL y) K (No(y) — A?.V)U]) :
k

Here, [-] denotes the indices of a matrix or vector. We define another class of functions

g as

{g(y) = c;ReLU(W/ y) + c2ReLU (w3 y) —

Tylies) < pullwylla < 1,7 = 1,2: [walla < p}.l

Then, each (Ny(y) — A, 'y)[k], k=1,...,n, belongs to G, and by (4.5),

Hci(iiP (Gx9)>

k=11=1

For any g € G and y ~ u, we have |g(y)| < 3p. Then, using Lemma A.3,

Rn(H) < Z <;;P gk JRN(G X g)> (By Lemma A.3(1-3))
<> <k > (;Pn[yyk] + 3Pl ) R (@ g))

(4.6)
< 18np|| P,l|3 B (9) (By Lemma A.3(6))]

We further estimate Ry(G) by Rn(G) < 2Rn(G1) + Ry (G2). Here Gy is defined as
{aReLU(w "y)|||wl|]2 < 1,|a] < p} and Gy is defined as {w "y|||w]||2 < p}. Then, we
directly apply Lemma A.4 and Lemma A.5 to the above inequality, and get

SUPy~p HYHQ 3p

VN T VN

A

Rn(G) < 3p
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Then, by applying the above estimate of Ry (G) to (4.6), we have
(4.7) Ry (H) < 54np® | Pa]|3/VN.

Finally, by combining (4.7) and (4.4), we have

2log(2/e
IWo- = A, 0 <140 P <ZRN<H> + sup [ LB 5)
heH

- 1081 Py I3 2log(2/e)
§||Anpn2||2 (TF+9p2HPnH§ T+5 O

with probability at least 1 — e.

This theorem implies that, for any fixed n, with high probability the generalization
error will converge to 0 as N goes to infinity and § goes to 0. Here, § corresponds to
the optimization error when minimizing (4.2).

In Theorem 4.2, the two-layer ReLU network can represent the linear map A, ! ex-
actly. This exact representation eliminates the approximation error from the analysis
and simplifies the proof. For a more general network class, this exact representa-
tion may not hold. In this case, let © denotes the feasible parameter set, if 8% is a
d-minimizer of the empirical loss over O, then the proof from (4.3) becomes

o+ — AR, 4 = Eymn (1AL 2 (No- (v) — AL 1y)I3)
AP ll2(Lexp(07) = Legup(07) + Lnp (0) +6)

emp

= ||ATIP7L_2H2(‘C6XP(9*) - ‘C(]avmp(e*) + ‘Cévmp(e) - £EXP(6) + EEXp(e) + 5)
where 6 is an arbitrary set of parameters in ©. Both differences Lexp(6*) — L, (67)
and LY, (0) — Lexp(8) can be bounded by the same Rademacher complexity estimate
used above:

2log(2/€
2RN(H) + sup |2 7%\(7 / )
heH

Taking the minimum over all € © on the right-hand side gives

2log(2/e)

142, 2l (4RN(”H) + 2 sup [|hlo N
heH

+ Igléiél Lexp(8) + 5>

as an upper bound for [[Np- — A% . The new term mingee Lexp(6) is controlled
by the approximation error of the network class:

min Loy (6) < 1P 3 min By | Wa(y) - 47 "y13.

For standard activation functions and architectures, this approximation error can
often be bounded effectively and shown to converge to 0 as the network size increases,
as studied in related works [52, 49].

Therefore, using other activation functions or more general network classes sim-
ply introduces an additional approximation-error term into the bound, unlike the
two-layer ReLLU case, where the approximation error is exactly zero because 6 can
perfectly represent the inverse operator. If we choose a network class with sufficient
expressive power, then the approximation error can be made sufficiently small. Thus,
the generalization error can still be effectively bounded.
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4.2. Convergence analysis of Algorithm 3.1. The convergence of conven-
tional two-grid methods has been well studied in the literature [40, 43] based on
reasonable assumptions on the smoothing step and the correcting step. We aim to
conduct a similar analysis for our proposed hybrid iterative methods under similar
assumptions. We focus on a simple case of Algorithm 3.1 when k1 = 0 and ko = 1,
i.e., only one post-smoothing step and no pre-smoothing step. We can prove the fol-
lowing estimate by making reasonable assumptions on the neural operators Ny similar
to assumptions made for coarse-grid correction in [40)].

THEOREM 4.4. Suppose y # 0 be a vector in R™, Ny be a neural network solver,
and the iterative solver S (defined as (2.3) with iteration matriz Sy ) satisfies the
smoothing condition (2.5) for some & > 0. Let x,, 7 = 0,1,..., be a sequence
generated by Algorithm 3.1 with k1 = 0 and ke = 1. Then, the following inequality
holds 5

e = Ayl < (1= 5 ) dallxe = A7y R,
if Ny satisfies:
1. correcting condition: ||Np(r) — A 'r[]% < %H./\/'e(r) — A 'r|%. for some
52 > 0. !
2. stability condition: ||Np(r) — A, 'r[|% < ds]|A, x|, for some 65 > 0.

—Ap,x
Here, r = —Y—4nXr
’ [ly—Anx-|[2

Proof. Following Algorithm 3.1, x4 is calculated as
_ Y~ AnXr
ly — Anx |2’

r T :NG(I‘)Hy_AnXTH2+XT; Xr41 :S(AnvanTv]-)

Then, we have
1 = ATy, = 192X — AT,

<% = AT IA, = % = ATyl

. d -
= |ly = Anx- |3 (IINe(r) - A, - ;;IINe(r) - Anlrllia)

0 -
< (1= Sy - A 3N () — 47",
<1—5—15 —A 2114, |13 —1—5—15 — Aty a
< (1= E)ally = A 3147 515, = (1= E)aler — A7YI,

Consequently, the iteration of Algorithm 2 (with k; = 0 and k3 = 1) would converge
if (1 —01/62)d3 < 1. Generally, it would be difficult to guarantee that the correcting
condition and stability condition stated in Theorem 4.4 hold all the time. Using the
Markov’s inequality [31] and Theorem 4.2, we can show the stability condition would
hold with high probability for well-trained Nj.

COROLLARY 4.5. Given any confidence level € > 0 and r ~ p(B(R™)). Let Ny be
a two-layer network, and 0* is a §-minimizer of the empirical loss:

min LN (0
9€0(p) emp( )

where p > ||A;;Y||2. Then, the stability condition
INp- (r) = A e|%, < 85]145 %,
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holds with probability at least 1 —e€ if N is sufficiently large and ¢ is sufficiently small.
Proof. Since ||r||2 = 1, we have

1 1
1/2 1/2°
max (An) /2|4, |13

147 el 2 Oruin (A7) [2113)% =

Then,

Prob ([|Ne- (r) — A, %, > dsl|A; r[%),)

1)
< Prob (HN@* (I‘) — A;1r||?4n > AS>
[ Anll2

[An Py 22l Anll2 [ 1080p?|PallE | o 2 g2, [ 2108(4/€)
4.8 < R + 9p°|| Py, —L 245
ws)  <lhd P 0?2

The last inequality is derived using Markov’s inequality [31] and the generalization
error estimation in Theorem 4.2, and it holds with probability at least 1 —e/2. There-
fore, by choosing sufficiently large N and solving the empirical loss function sufficiently
well such that ¢ is small enough, we can have

Prob([[No- (r) — A7 |3, > 6s]|A7 el ,) < /2,
indicating that
(4.9) [No-(r) — Ay 'r (1%, < 63l A7 el

with probability at least 1 — €/2. The inequality |[Np-(r) — A |5 < 03| A, %
hold if both (4.8) and (4.9) hold simultaneously. By [26], we have

Prob(|| N« (r) — A;erZn < 53||A;1r||in) >(1—-€/2)+(1—€¢/2)—1=1—¢e. QO

For the correcting condition in Theorem 4.4, we will verify it numerically for some
convolution-type integral equations in Section 5.

4.3. The effect of P, on the training dynamics. In this part, we would
like to study how the choice of P, in the training loss (3.1) would affect the training
dynamics of our neural operators. More specifically, we study how the convergence
rate of different algebraic frequency components in training error depends on the
choice of P,.

Let {v;}"_; be a set of orthonormal eigenvectors of A,, with corresponding eigen-
values {A;}7; and \;s are sorted in descending order: A; > Ay > ...\, > 0. Then,
for each y;, the projection of the prediction error Ny(y;) — x; on to each v; is

£(0) == WNo(y;) — x;) Tvi.

Here, ff indicates the i-th algebraic frequency component of the prediction error on
the j-th sample. We also defined the i-th algebraic frequency components in prediction
errors over the entire training set by F;(0) := + Zjvzl( f7)%. In the previous section,
we proposed that P, can be defined as al,, — A,, for some a > A;. Next, we will study
how F;(0) would be affected by a.
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Since the error Ny(y;) — x; can be decomposed by Y i, £7(8)v;. Then, the loss

function £, (0) can be written as

N
£200(0) = 5 S I PANo ;) — )13
j=1
1 & ’
= 2 ||(@n — An) (Zfﬂ >
Jj=1 2
1 ’
=y ZfJ Ai)vi
Jj=1 2

E\H
Mz

fo A)?
i=1

Il
=

J

(0= NP5 D 07

1 Jj=1

3
2

.
Il

Il

=1

emp( )

Consequently, for each F;(0), we have an upper bound F;(6) < =L during training.
We can compare the upper bound of F; and Fj,

Linp(0)/(a—XM)*  (a—An)?

Lp(0)/(a=Xn)?  (a—M)*

emp

When a — )\f, the ratio % converges to +0o0, which implies that the algebraic
low-frequency components in the training error have significantly lower bounds than
the algebraic high-frequency components. Consequently, we expect that algebraic
low-frequency components would decay much faster than algebraic high-frequency
components during training.

We will further verify it by the following numerical examples. We train a two-
layer fully-connected network by minimizing the empirical loss Eemp using the gradient
descent method, where the coefficient matrix A,, is discretized from a one-dimensional
integral equation (the construction of A,, is the same as (5.1) in Section 5.2.1) The
step size is of order O(a™!). Here, we use n = 32 and the maximum eigenvalue of A,
is smaller than but close to 1.1. Then, we visualize the change of F;(07) during the
first 50 time steps in Figure 4 for @ = 1.1 and a = 1.5. In Figure 4, Fi, F,, /5, and F),
represent the algebraic high, medium, and low frequency components in the training
error. When a = 1.1, we observe that F,, and F), /5 decay fast while F; remains almost
unchanged, which implies that Ny is focusing on solving the algebraic low frequency
rather than the high frequency. When a = 1.5, the convergence rates of different
frequency components become comparable, indicating that Ay does not focus on any
part of frequency specifically.
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(a) a=1.1 (b) a=1.5

Fig. 4: Figures of F;(07)/F;(6°), 7 = 0,1,..., during training for different choices of
a.

5. Numerical experiments.

5.1. Training setting. The training of all neural operators in this section is con-
ducted on the NVIDIA RTX A6000 GPU with 48 GB of memory. For one-dimensional
problems, we train the neural operators for 1,000 epochs with a learning rate of 10~*
and a batch size of 100. For two-dimensional problems, we train for 2,000 epochs with
a learning rate of 10~# and a batch size of 10. Details of the neural operator structures
are given in Appendix B. In all experiments, we set ko = 0 in Algorithm 3.1, i.e., we
only do the pre-smoothing step. In each batch, we randomly generate training samples
x from a uniform distribution between [0, 1] (using the numpy.random.rand function)
and compute the right-hand side vector y = A, x. To improve the long-term stability
of our methods, we apply a strategy similar to [24] during training. Specifically, after
generating random training sample pairs (x,y), we apply & iterations of Algorithm
3.1 with the latest updated Ny. Then, we calculate the remaining error e and the
residual r = A,e. The pair (r,e) is further used as training data. We visualize the
training process in Figure 5. The number & is randomly chosen from 1 to 10.

Generate x andy = A, x ——»  Training batch {(x;, i)}y
X=X%Yi=Y l

1 N
Solve y = Anx loss = + S IPaWaly:) —=3)13
=

with Algorithm 2
X;=ey;=r J

Compute error e Backpropagate and update Ny
and residualr = A, e

Fig. 5: Training process of one batch

5.2. One-dimensional integral equations.
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5.2.1. Tikhonov regularized integral equation. We consider (2.1) where
R(u) = u, K is the Gaussian smoothing kernel, and 2 = [0,1]. The R(u) = u corre-
sponds to the gradient of the Tikhonov regularization term |[ul|%, (- The coefficient
matrix of the discretized system is

(5.1) A, =al, + K,

where o > 0 is the weight of regularization, I,, is the identity matrix, and K, is a
discrete convolution matrix of a Gaussian smoothing kernel. We set the standard
deviation of the Gaussian kernel to be 1.5. Then A, is a Toeplitz matrix. During
training, we define P,, = (a+1)I,,— A,, in the loss function (3.1). Since the sum of each
row of K, is less than or equal to 1, the maximum eigenvalue of K, is less than 1, which
is guaranteed by the Gershgorin circle theorem [17]. Then, the maximum eigenvalue
of A, is less than 1 + «. During the evaluation, we solve the system A,x =y using
our proposed algorithm (Algorithm 3.1 with k; = 5, ko = 0, and the pre-smoothing
step is performed by the weighted Jacobi iterations with weight 0.3) until the relative
residual error is less than 10~'°. For comparison, we also applied the two-grid method
to solve this equation. Our two-grid method follows Algorithm 2.1 with x = 5 and
uses the weighted Jacobi iteration with weight 0.3 to perform the smoothing step.
We test all methods on different a@ and n. We also note that the number of required
iterations is almost the same for both the two-grid method and the more advanced
multigrid methods. This is because the dominant components in the error are the
highest geometric frequency (or equivalently, the lowest algebraic frequency), which
is only solvable on the finest grid. Consequently, convergence is primarily affected
by the number of smoothing steps applied at the finest level, rather than the specific
multigrid scheme. The condition numbers of the system A,, corresponding to different
« and n are listed in Table 8. The training time for our neural operators is about
10min, 12min, and 16min when n = 256, 512, and 1024 respectively. For each pair,
all methods are evaluated on 10 random right-hand-side vectors. Table 1 reports the
average iteration count, evaluation time, and the standard deviation of the number
of iterations.

In these experiments, our proposed method converges significantly faster than the
two-grid method, requiring fewer iterations and less computational time. Besides, the
iteration number of our proposed method is robust to variations in the regularization
parameter «, whereas the two-grid method is highly sensitive to changes in a. Thanks
to the highly parallelized structure of neural networks, the computational time of our
method scales far more gradually with increasing problem size compared to the two-
grid approach. A graphical comparison (Figure 6) highlights the efficiency of our
hybrid iterative method in resolving both low- and high-frequency components, while
the two-grid method reduces only geometric low-frequency modes.

5.2.2. anisotropic diffusion regularized integral equation. Here, we also
consider another regularization term R(u)(z) = =V - (a(z)u(z)) for the integral equa-
tion (2.1), where a(z) = 1+ 0.5sin(27z). The coefficient matrix of the discretized
system is A,, = aD,, + K,,, where D,, corresponds to the regularization term and K,
corresponds to the convolution term. Here, K,, is the same as in the previous sub-
section, and D, is a tri-diagonal matrix with varying coefficients along the diagonals.
During the training, we choose the P, in the loss function (3.1) to be the inverse of
the optimal circulant preconditioner [13]. In this case, though A, is not a Toeplitz
matrix, the optimal circulant preconditioner is a good approximation to A,, if a(z) is
uniformly bounded away from zero and from above [9]. The inverse of the circulant
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a n = 256 n =512 n = 1024
twogrid |10 | 2405(L6s)E24 2407(4s)+£14 2413(14s)£13
e [ 10-T | 15928(115)£283 | 15951(27s)%145 | 15083(91s)+123

107 | 45705(26)2904 | 45808(768)E550 | 46000(311s)L478
ovosed |07 | 6.6(0.055)£0.4 | 7.0(0.065)£0.0 | 6.8(0.085) £0.4
P F;ESZ 10-% | 6.8(0.055)£04 | 6.8(0.065)£0.1 | 7.0(0.085)%0.5
tetho 10" | 6.8(0.055)£0.5 | 7.0(0.065)=0.0 | 6.9(0.085)£0.3

Table 1: The average number of iterations and evaluation time required for solving
the one-dimensional integral equation with Tikhonov regularization.
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Fig. 6: The magnitude spectra from our proposed method and the two-grid method.
Since the magnitude spectra of real vectors are symmetric, here we show half of
the spectra. In these figures, the x-axis represents the frequency domain where the
left part corresponds to geometric low-frequency and the right part corresponds to
geometric high-frequency.

preconditioner can be efficiently implemented using the Fast Fourier transform. We
keep the same implementation details as in the Tikhonov case and only change the
weight of the weighted Jacobi iteration to 0.025 for both the two-grid method and
our proposed method. We compare our methods with the two-grid method for this
problem with different n and «. The condition number of each case is listed in Ta-
ble 8, and the results are reported in Table 2. Our proposed algorithm consistently
outperformed the two-grid method in both the iteration number and computational
time. The convergence rate of our method is also robust to the change of o compared
to the two-grid method.

5.3. Two-dimensional integral equations.
Tikhonov regularized integral equation. We also consider a two-dimensional
Integral equation with Tikhonov regularization: A,: = al,2 + K,2 where I,2 =

I,®1I,, K, = K, ® K,, and ® denotes the Kronecker product. The size of the
system A,,» is n? x n?. The K, here is the same as Section 5.2. The matrix vector
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a n = 256 n =512 n = 1024
twogrid |10 | 1196008528 1200(2s)£19 1201(7s) %11
e [ 10-T | 8550(6s)£288 | 8640(15s)£202 | 8678(495)E117
107 | 33876(22s) L1724 | 34338(60s) L1214 | 34566(1965)L=700
e 07T 5A(0.05)£0.3 | 5.6(0.068)£0.5 | 6.0(0.075)£0.0
P F;ESZ 10-% | 6.0(0.055)20.0 | 6.0(0.065)£0.0 | 6.0(0.078)%0.0
tetho 10" | 6.0(0.055)£0.0 | 6.1(0.06s)£0.3 | 7.1(0.08%)£0.5

Table 2: The average number of iterations and evaluation time required for solving
the one-dimensional integral equation with anisotropic diffusion regularization.

multiplications A,2x can be computed efficiently by using this tensor strucutre:

(5.2) Apox = ax + Vee(K,) XK,)

where X € R™*"™ is the matricization reshaping of x, and Vec denotes the vectorization
function, which is the inverse of matricization, of the input matrix. The multiplication
K, XK, can further be implemented through the one-dimensional convolution. In
the loss function Eévmp(H), we choose P2 = al,2 — A,2 with a =1+ o. We consider
different choices of o and n, and the condition numbers of the corresponding systems
are shown in Table 8. The training time for our neural operators is about 36min,
152min, and 645min when n = 256, 512, and 1024 respectively.

To solve this linear system, we apply Algorithm 3.1 with k; = 20, k = 0, and the
pre-smoothing step is performed by the weighted Jacobi iteration with weight 0.01.
We compare our method against two benchmark approaches: the multigrid method
and the preconditioned conjugate gradient (PCG) method, where the preconditioner
for the PCG iteration is the block-circulant preconditioner from [10]. During the
implementations of all methods, we implement the matrix vector multiplications via
(5.2). For the multigrid method, we do 20 steps of the weighted Jacobi iteration for
pre-smoothing at each level, and do not perform post-smoothing (This is also called
the \-cycle). For n = 256, 512, and 1024, the total multigrid level is chosen to be 5,
6, and 7, respectively. Similar to the one-dimensional cases, here the convergence of
multigrid methods depends mainly on the number of smoothing steps on the finest
grid rather than the specific multigrid scheme, because the main components in the
error are only solvable on the finest grid.

The stopping criterion is when the relative residual error is below 107'°. Ta-
ble 3 presents the average number of iterations and evaluation time over 10 trials
with randomly generated right-hand-side vectors. Our method demonstrates signifi-
cant improvements over both the multigrid and PCG methods in terms of iteration
number and computational efficiency. Notably, while the PCG method relies on a
carefully constructed preconditioner, our approach does not necessarily require one,
which makes our method more broadly applicable. We also visualize the magnitude
spectrum of the errors during iterations for our proposed method and the multigrid
method in Figure 7. We observe that the multigrid method fails to address geometric
high-frequency components, while ours can solve all frequency components efficiently.
Besides, the cost of our methods increases very mildly when the matrix size and
condition number increase.

We also want to mention that when n = 256,512, 1024, the number of elements
in A;Ql is about 4 x 102, 7 x 10'°, 1 x 102, while the number of parameters in the FNO
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a n = 256 n =512 n = 1024
mltigrid |10 | 008(12min)E=3 | G1L(4.9min)E2 | 611(21 Tmnin)=1
o [ 10T [ 5072(10min)£34 | 5096(4Lmin)£18 | 6008 (3hr)E10
107 | 41207(2hr)£407 | 41220(3hr)+211 | 41228(33hr)£110
PCG 103 89(1.35)£0.7 94.5(7.25)£0.5 98(26.35)£0.2
nethed 10T [1625(2.4)£0.5 | 173.0(11.95)£0.4 | 180(46.7)£0.2
1077 | 276(4.0s)22.4 | 204(20.25)£1.9 | 307(73.65)£1.0
o od 107 BE(0.199)E10 | 98(1365)£0.9 | 9.8(5.105)%04
P It’ﬁs‘ii 10-7 | 11.2(0.26s)%2.2 | 12.1(1.698)£1.5 | 12.3(6.58) 1.4
HeLho 107 | 13.8(0.30s)20.7 | 15.6(2.10s)£1.8 | 16.7(3.7s)£1.8

Table 3: The averaged number of iterations and evaluation time required for solving
the two-dimensional integral equation.

multigrid
method
L 7 i
magnitude spectrum O 0  0eveles X “ (]
of the initial error 1 cycles NS 1' . 10-cycles . ” -

>~ smoothing®
steps

DNN
“ correction

Fig. 7: The magnitude spectra from the proposed method and the multigrid method.
In these figures, the x-y plane represents the 2-dimensional shifted frequency domain.
On both x and y axises, the central part corresponds to the geometric low frequency
and the side parts corresponds to the geometric high-frequency.

is about 5 x 107,2 x 10%,2 x 108, respectively (the same network structure is used for
the latter two cases). This support the motivation (mentioned in Section 2.4) of using
a nonlinear network to approximate the linear inverse opeartor rather than a dense
linear model. We did not spend much effort on optimizing the network structure, so
the number of parameters may have room for further reduction.

5.4. Transferability of neural operators. In previous experiments, we inde-
pendently trained distinct neural operators for each problem size n when solving the
same equation. While this approach suffices for solving systems of the form A,x =y
with fixed A,, and varying right-hand side y, it becomes computationally expensive
when we need to solve an equation discretized at different n, because we need to
retrain a new Ny for each n. Consequently, we investigate whether a neural operator
trained for a small system can be easily generalized to larger systems discretized from
the same equation. Thanks to the resolution-invariant structure of the FNO [29], M
can directly take input vectors of different sizes. We consider the one-dimensional in-
tegral equation (5.1). For each value of o = 1072, 107*, and 1075, we first apply the
neural operator Ny trained on n = 256 directly to systems with n = 512 and n = 1024
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@ Directly apply After fine-tunning
1073 38.3(0.338)+5.2 9.7(0.08s)£1.0
n =512 1072 63.7(0.56s)+4.4 9.9(0.08s)+0.8
107 47.1(0.425)+2.5 8.8(0.08s)+0.6
1073 51.1(0.60s)£3.6 12.1(0.15s)£1.6
n = 1024 10~ 113.6(1.32s)£6.9 14.2(0.17s)+4.4
107° 79.0(0.925)+10.4 10.8(0.13s)+0.7

Table 4: The average number of iterations and evaluation time when transferring
models trained with n = 256 to n = 512 and n = 1024.

without any modification. Then, we fine-tune Ny on different n, i.e., continue to train
Ny for 50 epochs on the new system, to see the improvements. The numerical results
are presented in Table 4. We observe that directly applying Ny trained on small n to
larger systems can still work, but it takes much more iterations to converge. However,
the convergence performance improves significantly after only a few epochs of fine-
tuning. This suggests that our neural operator retains transferability across different
system sizes, requiring only minimal fine-tuning effort for effective adaptation.

5.5. Validating the convergence rate of the generalization error. In The-
orem 4.2, we derive an analytical upper bound for training neural operators. By fixing
the structure of neural operators, the expected Lo error would converge at the order
of O(N~'/2) if we can find the global minimizer, i.e., § = 0. Here, we numerically
estimate the convergence rate and compare it with the theoretical result.

We consider solving the system A,, = oI, + K,, (the same as Section 5.2.1) with
n = 32 and o = 0.01. Let Ny be a two-layer network defined as (4.1). We then
randomly generate a finite set of training samples and train Ny by minimizing the
empirical loss (4.2). Since our generalization error estimate in Theorem 4.2 works for
general P,, we set P,, = I, in the loss function for simplicity. Due to the existence
of the optimization error §, the actual convergence rate might be lower than the
theoretical rate. To mitigate the effect of optimization error, we train Ny with 5
different random initializations and select the model with the minimum empirical loss.
The testing error is shown in Table 5. Here, we choose the number of training samples
N; =10 x 2% for i = 0,1,...,4 and computed the generalization error accordingly.
We also estimated the convergence rate for i = 1,2,3,4 by

error(Ni_l) Ni—l
10g( error(V;) >/10g( N; >’

where error(N;) represents the generalization error when training on N; samples, and
shows the convergence rate (marked in parentheses for each N;) as well. We see the
convergence rate is close to the theoretical result, i.e., —0.5, when N is small. When
N is large, the optimization error will start to dominate the generalization error, so
the observed convergence rate also decreases.

5.6. Validation of Assumption 1 in Theorem 4.4. We also validate the
correcting condition assumed in Theorem 4.4. We consider the one-dimensional and
two-dimensional integral equation with Tikhonov regularization, and calculate the
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N;

N; =10

Ny =20

N = 40

Ny =80

N; = 160

error

0.92

0.67(-0.46)

0.47(-0.51)

0.32(-0.55)

0.26(-0.30)

-

oo

N Y

Table 5: Generalization error and estimated convergence rate (marked inside paren-
theses) with respect to different numbers of training samples.

ratio
[N (r) — A %

(5.3) IV (x) = A2 x| /a0

for 100 randomly generated right-hand-sides r. The results are shown in Table 6. In
all scenarios, the ratios (5.3) are very stable, indicating that the correcting condition
holds with high probability for some J5.

« n = 256 n =512 n = 1024
10-3 0.267+£2.97x107° | 0.267+2.91x 107 ° | 0.267+£2.87x 10"
d=1 10~ 0.266+4.27x107% [ 0.266£2.61 x 10~7 | 0.266+2.64x10~F
10—° 0.266+4.99x107% [ 0.266£7.73x107% | 0.266+6.39x 1077
10-3 0.290+1.71x 1073 | 0.304+2.87x 1073 | 0.493+9.84 x 103
d=2 10~ 0.270+1.86x107% [ 0.266£1.51 x 10~ | 0.266+1.16 x 10~ F
10=° 0.266+1.93x107% [ 0.266+9.97x107% | 0.279+£3.01 x 10~*

Table 6: Validation of the correcting condition

6. Conclusion and future works. In this work, we combine classical iter-
ative solvers and neural operators to solve large-scale linear systems arising from
convolution-type integral equations. We propose a new training strategy for neural
operators that can address algebraic low-frequency components efficiently. We also
estimate the generalization error for our proposed training strategy with two-layer
neural networks, providing an upper bound on the generalization error in terms of
the number of training samples, problem size, and the optimization error. In the fu-
ture, we will also try to estimate the generalization error for some general multi-layer
networks like [35]. Another important direction is to tighten the current bound. The
current generalization error bound is obtained using a global Rademacher-complexity
argument, which may not be optimal. Techniques like local Rademacher complexity
or covering-number techniques [38] may lead to sharper and possibly optimal gener-
alization error estimates.

In the numerical experiments, our algorithm outperforms some classical numeri-
cal methods, such as the multigrid and the PCG method, by a huge margin in both
iteration numbers and computational time. Our method has demonstrated the ability
to address large-scale and ill-conditioned linear systems. Thanks to the highly par-
allel structures of neural networks, the computational time increases gradually when
the problem size increases. We also show that the proposed method can be easily
transferred to systems discretized at different sizes with mild cost.

Though we focus on a certain type of integral equations (the integral equation of
the second kind), the proposed algorithm and training strategy can be generalized to
other types of problems directly. We will consider applying the proposed method to
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different integral equations, e.g., the integral equation of the first kind, in the following
works. One limitation of our proposed method is the requirement for training, which
takes a much longer time than evaluation. When the underlying system changes
frequently, we need to retrain our neural operators many times. To address this issue,
we will try to design multiple-input neural operators, like the Meta-MgNet [15], that
can solve a class of linear systems instead of one specific system.
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877 Appendix A. Rademacher complexity and generalization error. In

878 this section, we introduce the definition of the Rademacher complexity and how to
879 estimate the generalization error using this complexity.

880 DEFINITION A.1. Let {x; € R"}Y | be a set of i.i.d. random variables drawn from
881 certain distribution X and {&;}.; be a set of i.i.d Rademacher variables (i.e., only
882 taking value of 1 and —1 with equal probability). Then the empirical Rademacher
883 Complexity of the function class F is defined as

N
884 Ry (F) :==E. (?22 (11, ;&f(&))) .

885 Taking its expectation over X yields the Rademacher Complexity of the function
886 class F

N
887 RN(F):=Ey (RN(]:)) =ExE,. (SUP (;7 Z&f(&‘))) .

feF
888
889 Remark A.2. In the rest of this section, we assume that all x; sampled from X
890 are uniformly bounded: ||x;||2 < 1.

891 Some calculation rules of the Rademecher complexity are given below

892 LEMMA A.3. Let F,G be function classes and a,b be constants. Then

893 1. Ry(F) < Rn(G) if FCG

894 2. RN(]-'+Q) :RN(]:)JrRN(g).

895 3. Ry(aF) = |a|Rn(F).

896 4. (contraction lemma [27]) Assume that o : R — R is a L-Lipschitz function,
897 then Ry (o(F)) < LRN(F).

898 5. If | flleo is uniformly bounded for any f € F, then Rn(F?) < 2||flloc By (F)
899 where F2 .= {f(x)?|f € F}.

900 6. If || f|loo is uniformly bounded for any f € F, then Ry (FXF) < 6] flloo Bn (F)I
901 where F x F = {f1(x) f2(x)|f1, f2 € F}.

2 Proof. The first 3 computation rules can be directly derived from the definition.
3 The proof of the contraction lemma can be found in [41, Lemma 26.9]. Rule 5 is
| a direct application of the contraction lemma. Though o(z) = (z)? is not a Lips-
5 chitz function when x € R, its derivative 2z is bounded when z is bounded. Since
6 Supser I/ lloo is assumed to be finite, we can apply the contraction lemma to estimate
907 Rn(F?) directly. What remains is to prove property 6. For any fi f2, we can write it
08 as fife=2(fi+f2)?— %12 — %22, so we have F x F C 2(F+F)? — 172 — L F2 Then,
909 applying calculation rules 1 to 5, we have

1 1 1 1
910 Rn(F x F) <Ry <2(f+f)2 - 5# — 2#) <Ry (2(f+f)2> + Rn(F?)

1
o1 < 52(sup || flloo + sup || flloo) (2R (F)) + 2 8up || flloo B (F) = 6 8up || f[loc By (F)-
fer feF feF feF
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The same technique is used in the proof of [28, Lemma 4.4]. |

Lemma A.4 ([41, Lemma 26.10]) gives an upper bound for the Rademacher com-
plexity for a class of linear functions.

LEMMA A.4. Let G be the linear transformation function class defined by

g = {g(X) = WTX|W € an ||W||2 S C}7

su x|[2C
where C > 0. Then we have Ry(G) < p"%}\u”z.

Using Lemma A.4, we can estimate the Rademacher complexity of the composition
of a ReLU function and linear transformations.

LEMMA A.5. Let G be defined by

G:={g9(x) = aReLU(WTX)\W eR™ |lwll2 < 1,]a| < C},

su x| C
where C > 0. Then we have Ry(G) < %j\u”z.

Proof. Let {x;}; be a set of randomly generated vectors. In Definition A.1, we
have

N N
1
sup (N Z Eig(Xi)> = [ sup (X/_ Z eiReLU(wai)>
i ac i=1

7C!C]7HWH2§1

N
<C sup <Zif ZeiReLU(wai)> ,

Iwll2<1 i=1

which implies that Ry(G) < CRy({ReLU(w 'x)|w € R",||wl||2 < 1}). Then, using
the Lipschitz continuity of the ReLU function and the contraction lemma (Lemma
A.3(3)), we get

C'supy [|x]|2

VN )
where the last inequality is derived from Lemma A .4. 0
Let I : R — R be a given continuous function and £ := {I(f(x))|f € F} be a
function class. In machine learning problems, [ usually represents the loss function

that measures the difference between the model f and a given ground truth label. For
any f € F, we define

Ry(G) < CRy({w'x|w e R", |wl2 < 1}) <

=z

N
(A1) La(f) = Exnx (I(f(x))) and Ly (f) = Z(l(f(xi)))-

The difference |Ly(f) — La(f)|? is called the generalization error, which can be
bounded by the Rademacher complexity using Lemma A.6 ([41, Theorem 26.5]).

LEMMA A.6. Let F be a set of functions, {x1,--- ,xn} be i.i.d. random variables
sampled from X. Then, for any € > 0 and f € F, the following inequality holds with
probability at least 1 — €,

(A.2) La(f) — Ly(f) < 2Rn(lo F) + sup  I(f)]o 21%(2/6)
I(f)EloF
where Lo F :={I(f)|f € F}.
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Fully connected
Input: y € R or R? layer:
R'(or R?) — R"

Fully connected
layer: Output: z € B! or R?
R" = R(or R?)

Fourier layer: Fourier layer:
R 5 R* R 5 R*

Fig. 8: The structure of Fourier neural operators

944 Appendix B. Network structures. In Section 5, we adopt the Fourier
945 mneural operators (FNO) [29]. The general structure is shown in Figure 8. Here, the
946 first fully connected layer L; aims to lift the input dimension to R* where h is the
947 hidden dimension specified by users. The last fully connected layer Lo aims to change
948 the output dimension back to R! or R%. The Fourier layer is introduced in [29] and
919 is defined as o(FFT ! o Ry o FFT(z) + Wiz +b), l = 1,..., L, where ¢ is a nonlinear
950 activation function, R; is a complex linear transformation applied only to the first
51 k low-frequency components in each dimension, W; is a linear transformation, and
52 b is a bias vector. More details of the implementation of the FNO can be found in
53 [29]. Here, W} is implemented as a convolution operator with learnable convolutional
54 kernels. The hyperparameters of networks used for Section 5 are listed in Table 7.

problem dimension | problem size | h L k  kernel size
n = 256 64 6 64 7
d=1 n =512 64 6 128 7
n = 1024 64 6 128 7
n = 256 64 5 32 5
d=2 n =512 64 6 64 7
n = 1024 64 6 64 7

Table 7: Hyperparameters in neural operators

955 Appendix C. Table 8: Condition number of linear systems used in
956  Section 5.
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o n = 256 n =512 n = 1024
1073 971 972 972
Section 5.2.1 10~1 7678 7683 7685
10~° 24849 24904 24918
1073 488 490 492
Section 5.2.2 1072 4225 4286 4316
10~° 19159 19546 19746
1073 999.7 999.9 1000.0
Section 5.3 10~ 9996.5 9999.1 9999.7
10~° 99957.2 99982.5 99988.8

Table 8: Condition number of linear systems corresponding to different choices of «
and n in Section 5
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