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Abstract. Graph neural networks (GNNs) have recently gained significant research attention and found applica-4
tions across diverse domains. Unlike traditional convolutional neural networks (CNNs), which operate on structured5
grids, GNNs are defined on unstructured graphs. Despite their wide applications, there remains a lack of work6
providing mathematical interpretations of GNNs. In this paper, we propose a novel framework for designing and7
constructing GNN models from graphon control problems, where graphon is the large graph limit of graph models.8
We also demonstrate that many classical message-passing GNN architectures can be interpreted via our framework.9
Motivated by this connection, we formulate a novel control problem based on the gradient flow of the multiphase10
Potts model. By discretizing this control problem using a specific operator-splitting scheme and employing the un-11
rolling technique, we construct novel GNN architectures called GraphPottsNets (GPN). The intrinsic regularization12
properties of the Potts model are preserved in the proposed GPNs, providing a regularization effect during forward13
propagation of graph signals. Comprehensive experiments demonstrate that our GPNs achieve competitive results14
compared to state-of-the-art GNN models across multiple benchmarks. Moreover, our GPNs exhibit significantly15
greater robustness against node feature perturbations and maintain high prediction accuracy even under intense16
noise on node features.17
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1. Introduction. There has been a recent surge of interest in Graph Neural Networks (GNNs),19

driven by their ability to model relational data and capture complex dependencies in unstructured20

systems. These models have found wide applications across diverse scientific domains, including21

chemistry, physics, and neuroscience [15, 21, 13, 43, 23]. Though GNN models achieved superior22

performances in various tasks, they are shown to be vulnerable to adversarial attacks and noises23

[59, 20, 47, 60]. In some safety-critical and high-stakes applications, like drug discovery and financial24

fraud detection, robustness is a highly valued property. Real-world graph data often contains25

inherent noise due to measurement errors, incomplete information, or label inaccuracies. That is26

why developing robust GNNs has become an urgent priority across many fields.27

One important class of GNN is the message-passing GNN, which operates by passing messages28

between the nodes of a graph, allowing information to propagate throughout the network. In a29

message-passing GNN, each node is associated with a feature vector representing its characteristics30

or attributes. The network iteratively updates these feature vectors based on the information31

received from other nodes. This update process typically involves aggregating and transforming the32

messages received from neighboring nodes and then combining them with the node’s own features33

to produce an updated representation. This mechanism allows the network to capture relational34

dependencies and structural information contained in the graph. By iteratively passing messages35

and updating node representations, the network can learn to incorporate information from the36

entire graph into specific tasks. Popular message-passing GNNs include the Graph Convolutional37

Network (GCN) [25], GraphSAGE [24], Graph Attention Network (GAT) [52], Graph Transformer38

(GT) [16], and Graph Isomorphism Network (GIN) [55].39

Besides the GNNs-based methods, energy-based methods are also commonly used to solve graph40
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applications, especially node classification tasks [3, 4, 19, 5, 45]. This type of method operates by41

minimizing a problem-dependent energy function. The graph cut algorithm [12], which has been42

extensively applied in various fields, solves a node partition problem by finding a cut with minimum43

cost. The graph MBO method [35] generalizes the Ginzburg-Landau energy to graphs and applies44

the MBO scheme, which consists of a diffusion step and a threshold step, to minimize it. The Potts45

model has also been used for graph tasks [57] with different region force terms, in which the nodes46

are partitioned by minimizing the Potts energy function.47

Recently, there have been many works focusing on connecting Convolutional Neural Networks48

(CNNs), which are usually defined on structured data, with continuous control problems and varia-49

tional models [46, 26, 48, 29, 54, 50]. The multi-layer structure of neural networks can be explained50

as some types of iterative numerical schemes for solving optimization problems or control problems.51

By leveraging this continuous point of view, we can modify and design new network structures by52

incorporating prior knowledge as regularization terms into the variational models or control prob-53

lems, and obtain networks that can preserve some desirable properties. For example, in [48, 29], the54

authors proposed novel network structures based on continuous control problems derived from the55

Potts model, which contains a boundary regularization term. In particular, the regularization term56

explicitly imposes some structural constraints on the feature and therefore improves the robustness.57

The model can achieve high accuracy when the network input is disturbed by high level of Gaussian58

noise, and outperforms the current state-of-the-art models.59

Graph models are typically defined on unstructured data, which lacks an explicit continuous60

counterpart. However, we can define a continuous graph via the limit of a sequence of graphs with61

increasing size. The continuous graph defined in this way is called a graphon [6, 7]. A graphon is62

a measurable function defined on a bounded set, and can be viewed as an undirected graph with63

an uncountable number of nodes. The theory of graphons and its connection with graph models64

have been extensively studied [6, 7, 32, 58]. Graphons have also been used for the analysis of GNN65

in the literature. For example, Ruiz et al. [41, 42] defined the graphon neural network (called66

WNN) as the limiting object of a sequence of GNNs, and used the defined WNNs to analyze the67

transferability and stability of GNNs. Levie [28] also used the continuous graphon to study the68

generalization error and stability of message-passing GNNs.69

In this work, we aim to extend the continuous viewpoint of CNNs to GNNs. We will build70

connections between the message-passing structures of GNNs and control problems defined for71

graphon functions. This graphon viewpoint is primarily used as a theoretical framework for deriving72

the proposed network architectures and interpreting existing GNN models. Following the ideas of73

a series of previous works [30, 29, 48, 49], we will provide a unified framework that can interpret74

classical message-passing structures of GNN models as operator-splitting of certain graphon control75

problems. Based on this framework, we will propose robust GNN models by introducing extra76

regularization and control variables to the control problems.77

We emphasize that our approach is fundamentally different from algorithm “unfolding” (also78

called unrolling), where an iterative optimization algorithm is transformed into a trainable neural79

network architecture. In such approaches, each iteration of the algorithm becomes one network80

layer (or block), and certain algorithmic parameters are learned from data [22, 56]. In contrast,81

our framework is based on the design of a continuous-time control problem, in which the control82

variables become the training parameters after discretization. For several classes of problems,83

approximate controllability and universal approximation properties have been established [11].84

This work is organized as follows: Section 2 introduces some basic notations of graph models85

and graph neural networks. Section 3 builds the connections between the graphon Potts model and86
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control problems, for which the operator-splitting strategies are introduced and their connections87

with existing state-of-the-art GNN models are discussed in Section 4. We then propose a new88

GNN, called GraphPottsNet, based on the splitting schemes for the graph Potts model in Section89

5. We test our GraphPottsNet with systematic experiments in Section 6. This paper is concluded90

in Section 7.91

2. Preliminaries. In this section, we introduce basic concepts of graph models, and how92

operator-splitting methods can be used to solve them.93

2.1. Graph models and large-graph limit. Consider an undirected graph with N nodes:94

G = (V, E) where V = {vi}Ni=1 is the set of nodes and E ⊂ V 2 is the set of edges. Each edge95

(vi, vj) ∈ E is assigned a positive weight ωij > 0. We extend the definition of weights to non-edge96

pairs by ωij = 0 if (vi, vj) /∈ E . Define a weight matrix WN ∈ RN×N such that (WN )ij = ωij for97

i, j ∈ [N ] where [N ] = {1, 2, . . . , N}. The structure of G can be precisely characterized by WN .98

For each i ∈ [N ], the degree of the i-th node is defined as di :=
∑

j∈[N ] ωij . We make some further99

assumptions on the graph model G considered in this paper:100

1. G is undirected: ωij = ωji for all (vi, vj) ∈ E , which means WN is symmetric.101

2. G contains no self-loops, i.e., all diagonal elements of WN are 0.102

3. G contains no isolated points, i.e., di > 0 for all i ∈ [N ].103

A graphon is a bounded, symmetric, measurable function W : [0, 1)2 → R that can be viewed104

as an undirected graph with an uncountable number of nodes. Every x ∈ [0, 1) represents a node,105

W(x, y) represents the weight between two nodes x and y, and d(x) =
∫ 1

0
W(x, y)dy represents the106

degree of node x. The graph G with weight matrix WN can be associated with a piecewise constant107

graphon WN (x, y) defined on [0, 1)2 by108

WN (x, y) = ωij , (x, y) ∈ Ii × Ij , i, j ∈ [N ]109

where Ii = [ i−1
N , i

N ) for i ∈ [N ]. For any graphon W : [0, 1)2 → R, we can define its cut norm as110

∥W∥□ := sup
S1,S2⊆[0,1)

∣∣∣∣∫
S1×S2

W(x, y)dxdy

∣∣∣∣111

where the supremum is taken over all measurable subsets S1 and S2 of [0, 1). When W is always112

non-negative or non-positive, the supremum is obtained simply when S1 = S2 = [0, 1).113

For any sequence of graphs {WN}∞N=1 and associated piecewise constant graphons {WN}∞N=1,114

if there exists a graphon W such that the cut norm of WN − W converges to 0 as N → ∞, we115

say this sequence of graphs {WN} converges to W [6]. We notice that WN −W may contain both116

negative and positive parts, so the supremum of the cut norm is achieved by choosing non-trivial117

S1 and S2. It has been shown that every graphon function is the limiting object of a convergent118

graph sequence, and every convergent graph sequence has a limit graphon [32, 6, 7]. Each graph119

weight matrix WN can be viewed as a discretization of a continuous graphon W on an N by N120

uniform grid.121

The connections between continuous graphons and finite graphs have been extensively studied122

[6, 7]. It has been proved that some energy functionals for graphons, such as the cut functional, total123

variation, and Ginzburg-Landau functional, are the Γ-limit of sequences of finite graph functionals124

[8, 58, 51]. We present some details about the definition of operators on graphs and graphons in125

Appendix A.126
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2.2. The graphon Potts model and gradient flows. The graphon Potts model for binary127

classification of nodes x is formulated as128

(2.1) min
u(x)∈{0,1}

α

2
TVW(u)︸ ︷︷ ︸

Total variation term

+ ⟨u, g⟩W︸ ︷︷ ︸
Data fidelity term

,129

where u is the partition function, g is the given region force function, and α is the weight of the130

total variation term. The definition of the graphon total variation TVW and inner product ⟨·, ·⟩W131

can be found in Appendix A (see (A.6) and (A.7)). The total variation measures the length of the132

partition boundary, and the data fidelity term measures the consistency with known data. Problem133

(2.1) is the continuous counterpart of the graph Potts model. More details about the connection134

between the variational models on graphs and graphons can be found in Appendix B. By solving135

(2.1), each x ∈ [0, 1) can be classified into two classes based on the value of u(x). Model (2.1) can136

be easily extended to a multi-phase classification problem, where we denote the number of classes137

as c. Let U(x) ∈ ∆c be a partition function, where138

∆c :=

{
(u1(x), . . . , uc(x)) ∈ {0, 1}c

∣∣∣∣ c∑
k=1

uk(x) = 1,∀x ∈ [0, 1)

}
,139

and G(x) = (g1(x), . . . , gc(x)) ∈ Rc be a multiphase region force function. The multi-phase Potts140

model is given as:141

(2.2) min
U∈∆c

α

2

c∑
k=1

TVW(uk) +

c∑
k=1

⟨uk, gk⟩W .142

Because of the nonsmoothness of the total variation term and the nonconvexity of the constrained143

set ∆c, it is difficult to directly solve model (2.2), and some relaxation techniques, such as the soft144

threshold dynamics approach [31], can be used. We relax the model (2.2) as (see Appendix C for145

detailed derivation):146

(2.3) min
U∈∆̃c

α

2

c∑
k=1

⟨uk,∆Wuk⟩W +

c∑
k=1

⟨uk, gk⟩W + β

c∑
k=1

⟨uk, log(uk)⟩W147

where148

∆̃c :=

{
(u1(x), . . . , uc(x)) ∈ [0, 1]c

∣∣∣∣ c∑
k=1

uk(x) = 1,∀x ∈ [0, 1)

}
,149

∆W is the graphon Laplacian as defined in (A.4), and β is the weight of the entropy term. The150

relaxed model (2.3) can be solved through the gradient flow:151

(2.4)
∂U

∂t
(x, t) = − G(x)︸ ︷︷ ︸

Region force

−α∆WU(x, t)︸ ︷︷ ︸
Diffusion term

+ S(U)(x, t)︸ ︷︷ ︸
Nonlinear term

,152

where S(U) = −β−β log(U)−∂I∆̃c(U), ∆WU = (∆Wu1, . . . ,∆Wuc), I∆̃c is the indicator function153

of the set ∆̃c, and ∂I∆̃c denotes its subgradient.154

The gradient flow of the Potts model can be further used to construct novel neural network155

models. In [48, 29], the authors discretize a control problem, which is modified from the gradient156
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flow of the Potts model for binary image segmentation, using carefully designed operator-splitting157

algorithms and construct novel neural networks by the unrolling method. Because of the existence158

of regularization terms such as the total variation in the Potts model, the unrolled network is more159

robust to noise in the input space than standard neural network models.160

3. The proposed graphon control problems. Inspired by [48, 29], we derive a general161

framework to design graph neural networks based on the gradient flow (2.4). Suppose we are given162

a graphon signal f , which is a function defined on [0, 1). We are interested in modeling a solution163

operator T that maps f to the desired output space, which depends on the nature of the task. We164

consider modeling the solution operator T through the following model:165

(3.1)


∂U
∂t = −G− α∆WU +A(U, t) + S(U) + Ŝ(U, t) (x, t) ∈ [0, 1)× [0, T ],

U(x, 0) = U0(x; f) x ∈ [0, 1),

T (f) = H(UT ),

166

where U(x) ∈ RK is the hidden state variable, K is the hidden dimension, U0(x; f) is the initial167

condition derived from the input signal f , G(x) ∈ RK is the region force in the hidden space,168

A(U, t)(x, t) ∈ RK is a graphon convolution function, S(U) ∈ RK is a nonlinear function, and169

Ŝ(U, t) ∈ RK is a time-dependent nonlinear function. The final output T (f) is computed by a170

transformation operator H acting on UT , which is U at the terminal time t = T . The operator171

H serves as a post-processing operator, and the choice of H is task-dependent. For example, in a172

graph classification problem with c classes, H can be defined as H(UT ) :=
∫
[0,1)

ZUT (x)dx ∈ Rc,173

where Z ∈ Rc×K is a transform matrix. Similar to [48, 29], in (3.1), we introduce an extra linear174

convolution termA to the Potts gradient flow (2.4) to better control the evolutionary behavior of the175

state variable U . Besides, we also introduce the time-dependent nonlinear term Ŝ, which will allow176

a more flexible design of the activation function when constructing neural networks. The diffusion177

term ∆WU , which corresponds to the derivative of the total variation term, ensures that U assigns178

similar hidden-state values to neighboring nodes x ∈ [0, 1), thus promoting spatial consistency in179

U . The weight α modulates the strength of this regularization, with larger α encouraging higher180

spatial consistency. We also remark that the nonlinear term S(U) in (3.1) can either coincide with181

S(U) in (2.4) or represent a different nonlinear term designed for specific tasks. In the following182

section, we propose operator-splitting methods to solve (3.1), and show that the resulting scheme183

has a similar architecture to graph neural networks.184

The control problem (3.1) is motivated by the graphon Potts gradient flow (2.4). Specifically,185

if we choose K to be the number of classes c in the Potts model (2.4), then the evolution of U in186

(3.1) is equivalent to the Potts model gradient flow (2.4) with an extra linear convolution term.187

However, (3.1) is proposed here as a general hidden-state evolution model and the output dimension188

is determined by the task through the post-processing operator H, not by the hidden dimension189

K. For example, in graph regression, T (f) ∈ R directly predicts the value of the regression target,190

and H maps UT to a real value. Here, the parameter K denotes the hidden dimension of the state191

variable U , so it plays the same role as the hidden width in a standard neural network. Increasing192

K enlarges the feature space in which the graph dynamics evolve and therefore increases the model193

capacity. Though it may cause more computational cost, a larger hidden dimension generally allows194

the network to represent more complex mappings and therefore achieve better results on specific195

tasks. Theoretical results regarding the hidden width and model capacity can be found, for example,196

in [33]. In practice, we can choose a proper K according to the computational budget. In the rest197

of this paper, we consider the general form of (3.1), where U(x) ∈ RK is a hidden state variable198
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and K indicates the dimension of the hidden space. The operator H will then transform UT into199

the desired output space according to different tasks. We give examples of H for different tasks in200

Appendix D.201

Based on (3.1), we consider using an optimal control approach to obtain the solution operator202

T (f). More specifically, we assume there is a set of graphon signals fî and the corresponding target203

quantity vî for î = 1, . . . , N̂ , where N̂ denotes the total number of training samples. We denote the204

mapping from fî to T (fî) via (3.1) as Nζ where ζ = {U0, G,A, Ŝ,H} represents the collection of205

all undetermined variables in (3.1). The optimal control problem can be formulated as206

(3.2) min
ζ

N̂∑
î=1

L(Nζ(fî), vî)207

where L is a task-dependent loss function measuring the difference between Nζ(fî) and vî. For208

example, L can be the cross-entropy function for classification tasks or it can be the squared L2209

error for regression tasks.210

4. Proposed operator-splitting scheme for (3.1). In this work, we consider A in (3.1) as211

A(U, t) =

(
K∑
s=1

a1,s(t) ∗Ŵ us + b1(t),

K∑
s=1

a2,s(t) ∗Ŵ us + b2(t), . . . ,

K∑
s=1

aK,s(t) ∗Ŵ us + bK(t)

)
,212

where ∗Ŵ is the graphon convolution defined as (A.5), ak,s(t) ∈ R2 is a convolution kernel, and213

b(t) = (b1(t), . . . , bK(t)) ∈ RK is the bias term. Here, the function Ŵ(x, y) can be chosen as the214

graphon function W(x, y) or its normalized version, like W(x, y)/d(x) and W(x, y)/
√

d(x)d(y).215

We first discretize the time domain [0, T ] using a mesh {τh}Mτ=0 where h = T/M . Then,216

we apply a simple sequential splitting Algorithm E.1 discussed in Appendix E (we refer to [48,217

Appendix C] for an introduction to general operator-splitting algorithms) directly to (3.1), which218

leads to the following time-discretizations:219

(4.1) Uτ = (I − hS)−1
(
Uτ−1 + h

(
−G− α∆WUτ−1 +Aτ−1(Uτ−1) + Ŝτ−1(Uτ−1)

))
.220

Here, we use the superscript τ to denote a time-dependent variable discretized at the τ -th time221

step. The optimal control problem (3.2) can be approximated by222

(4.2) min
ζM

N̂∑
î=1

L(NζM (fî), vî),223

where NζM (fî) denotes H(UM ) with UM being computed iteratively using specific numerical224

schemes from U0 = U0(x; fî), and ζM =
{
U0, G, {{aτ−1

s,k }Ks,k=1,b
τ−1}Mτ=1, {Ŝτ−1}Mτ=1,H

}
denotes225

the collection of all undetermined variables discretized at each time step.226

By the definitions in Appendix A, we write ak,s(t) = (ak,s,0(t), ak,s,1(t)). Then the k-th com-227

ponent of A is228

Ak(U, t)(x) =

K∑
s=1

(
ak,s,0(t)us(x) + ak,s,1(t)

∫ 1

0

Ŵ(x, y)us(y) dy

)
+ bk(t),229
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while230

−α∆Wuk(x) = −α

(
uk(x)−

1

d(x)

∫ 1

0

W(x, y)uk(y) dy

)
.231

If we choose Ŵ(x, y) = W(x, y)/d(x), then the k-th component of A(U, t)−α∆WU can be written232

as233

K∑
s=1

(
(ak,s,0(t)− αδk,s)us(x) + (ak,s,1(t) + αδk,s)

∫ 1

0

Ŵ(x, y)us(y) dy

)
+ bk(t)234

where δk,s = 1 if k = s and δk,s = 0 otherwise. If we compute UM directly through (4.1), then235

the optimal value of the training problem (4.2) is independent of α. To see this, assume first that236

(4.2) attains its minimum when α = α0, with coefficients ak,s(t) = a∗k,s(t) = (a∗k,s,0(t), a
∗
k,s,1(t)) for237

each k and s. If we then change α to another value α1, we define a new set of coefficients by taking238

ak,s(t) = a∗k,s(t) for k ̸= s and239

ak,k(t) =
(
a∗k,k,0(t)− α1 + α0, a∗k,k,1(t) + α1 − α0

)
240

for each k, while keeping all other undetermined variables unchanged. Then the training problem241

(4.2) attains the same minimum with this new set of coefficients, and the resulting trajectory Uτ for242

every training sample is exactly the same as the one obtained from a∗k,s(t) when α = α0. Therefore,243

the optimal value of the training problem (4.2) is independent of α, and the effect of α may be244

compensated by the learnable parameters ak,s(t).245

To make the role of α more explicit, we design two hybrid operator-splitting algorithms to solve246

(3.1). We first split operators in (3.1) into two groups: −G(x) − α∆WU + A(U, t)(x, t) + Ŝ(U, t)247

and S(U) sequentially as Algorithm E.1. Then, the first group of operators is further split into248

two subgroups: −G(x)−α∆WU(x, t) and A(U, t)(x, t)+ Ŝ(U, t). These two subgroups can be split249

by either a sequential scheme or a parallel scheme. Both methods are efficient and have the same250

order of accuracy (See Appendix F). Consequently, we will consider both sequential and parallel251

splitting schemes for this group of operators, resulting in two different hybrid splitting algorithms as252

presented in the following subsections. In the proposed splitting schemes, the two operator-splitting253

steps can be different, either sequential or parallel, and the temporal discretization can be different,254

either implicit or explicit. This is the reason why we call the splitting scheme “hybrid”. We will255

discuss the details of the two splitting schemes in the following subsections.256

4.1. The first splitting algorithm for (3.1). We first consider the parallel splitting of257

−G(x)− α∆WU(x, t) and A(U, t)(x, t) + Ŝ(U, t), as shown in Algorithm 4.1.258

In Algorithm 4.1, we still need to solve three subproblems. We solve (4.3) as:259

Uτ− 1
2 ,1 = (I − 2hŜτ )−1

(
Uτ−1 + 2hAτ−1(Uτ−1)

)
260

= (I − 2hŜτ )−1


uτ−1
1 + 2h

∑K
s=1 a

τ−1
1,s ∗Ŵ uτ−1

s + 2hbτ−1
1

uτ−1
2 + 2h

∑K
s=1 a

τ−1
2,s ∗Ŵ uτ−1

s + 2hbτ−1
2

...

uτ−1
K + 2h

∑K
s=1 a

τ−1
K,s ∗Ŵ uτ−1

s + 2hbτ−1
K

 .261
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Algorithm 4.1 The first hybrid splitting method

Input: The initial condition U(x, 0).
Output: The computed solution U(x, T ).
Set U0 = U(x, 0).
for τ = 1, · · · ,M do
Solve for Uτ− 1

2 ,1:

(4.3)
Uτ− 1

2 ,1 − Uτ−1

2h
= Aτ−1(Uτ−1) + Ŝτ (Uτ− 1

2 ,1)

Solve for Uτ− 1
2 ,2:

(4.4)
Uτ− 1

2 ,2 − Uτ−1

2h
= −G− α∆WUτ−1

Combine Uτ− 1
2 ,1 and Uτ− 1

2 ,2:

Uτ− 1
2 =

1

2
(Uτ− 1

2 ,1 + Uτ− 1
2 ,2)

Solve for Uτ :

(4.5)
Uτ − Uτ− 1

2

h
∈ S(Uτ )

end for

Subproblem (4.4) is solved explicitly:262

Uτ− 1
2 ,2 = Uτ−1 + 2h(−G− α∆WUτ−1) =


uτ−1
1 + 2h(−g1 − α∆Wuτ−1

1 )
uτ−1
2 + 2h(−g2 − α∆Wuτ−1

2 )
...

uτ−1
K + 2h(−gK − α∆Wuτ−1

K )

 .263

The last substep (4.5) is solved implicitly:264

Uτ = (I − hS)−1Uτ−1/2.265

We formulate the full update from Uτ−1 to Uτ as:266

(4.6) Uτ = σ̂1

(
1

2
Uτ−1 + h(−G− α∆WUτ−1) +

1

2
σ̂τ
2

(
Uτ−1 + 2hAτ−1(Uτ−1)

))
,267

where σ̂1 = (I − hS)−1 and σ̂τ
2 = (I − 2hŜτ )−1. Here σ̂1 : RK → RK and σ̂τ

2 : RK → RK are268

applied pointwise to their input functions.269
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Algorithm 4.2 The second hybrid splitting method

Data: The initial condition U(x, 0).
Result: The computed solution U(x, T ).
Set U0 = U(x, 0).
for τ = 1, · · · ,M do
Solve for Uτ− 2

3 :

(4.7)
Uτ− 2

3 − Uτ−1

h
= Aτ−1(Uτ−1) + Ŝτ (Uτ− 2

3 )

Solve for Uτ− 1
3 :

(4.8)
Uτ− 1

3 − Uτ− 2
3

h
= −G− α∆WUτ− 2

3

Solve for Uτ :

(4.9)
Uτ − Uτ− 1

3

h
∈ S(Uτ )

end for

4.2. The second splitting algorithm for (3.1). We then consider the sequential splitting270

of −G(x)− α∆WU(x, t) and A(U, t)(x, t) + Ŝ(U, t), as shown in Algorithm 4.2.271

Substep (4.7) is solved as:272

Uτ− 2
3 = (I − hŜτ )−1

(
Uτ−1 + hAτ−1(Uτ−1)

)
273

= (I − hŜτ )−1


uτ−1
1 + h

∑K
s=1 a

τ−1
1,s ∗Ŵ uτ−1

s + hbτ−1
1

uτ−1
2 + h

∑K
s=1 a

τ−1
2,s ∗Ŵ uτ−1

s + hbτ−1
2

...

uτ−1
K + h

∑K
s=1 a

τ−1
K,s ∗Ŵ uτ−1

s + hbτ−1
K

 .274

Substep (4.8) is solved explicitly:275

Uτ− 1
3 = Uτ− 2

3 + h(−G− α∆WUτ− 2
3 ) =


u
τ− 2

3
1 + h(−g1 − α∆Wu

τ− 2
3

1 )

u
τ− 2

3
2 + h(−g2 − α∆Wu

τ− 2
3

2 )
...

u
τ− 2

3

K + h(−gK − α∆Wu
τ− 2

3

K )

 .276

The last substep (4.9) is solved implicitly:277

Uτ = (I − hS)−1Uτ−1/3.278

The full update from Uτ−1 to Uτ is given as:279
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(4.10) Uτ = σ̂1

(
−hG+ (I − αh∆W)σ̂τ

2

(
Uτ−1 + hAτ−1(Uτ−1)

))
.280

4.3. Discretization on finite graphs. After temporal discretization, we discuss the spatial281

discretization of (3.1) in this subsection. Let WN ∈ RN×N be an N by N matrix that discretizes282

W as: (WN )ij = W( i−1
N , j−1

N ) for i, j = 1, ..., N . We discretize the model (3.1) on this finite graph283

WN . For each τ = 1, . . . ,M , Uτ and G are discretized as matrices Uτ = (uτ
1 , . . . ,u

τ
K) ∈ RN×K and284

G = (g1, . . . ,gK) ∈ RN×K . The identity operator I is approximated by an identity matrix IN , the285

graphon Laplacian ∆W is discretized as the graph Laplacian ∆WN
(defined as (A.1) in Appendix286

A), and the graphon convolution term Aτ−1 is discretized as Aτ−1 by replacing ∗Ŵ with the graph287

convolution ∗ŴN
(defined as (A.2) in Appendix A), where ŴN is the discretization of Ŵ(x, y) on288

WN , and we denote the discretization of U0 as U0.289

Equations (4.6) and (4.10) are discretized as290

(4.11) Uτ = σ̂1

(
1

2
Uτ−1 + h(−G+ α∆WN

Uτ−1) +
1

2
σ̂τ
2

(
Uτ−1 + 2hAτ−1(Uτ−1)

))
,291

and292

(4.12) Uτ = σ̂1

(
−hG+ (IN + αh∆WN

)σ̂τ
2

(
Uτ−1 + hAτ−1(Uτ−1)

))
293

for τ = 1, . . . ,M . Here, the activation functions σ̂1 : RK → RK and σ̂τ
2 : RK → RK remain the294

same as in (4.6) and (4.10). The transformation operator H is discretized as H, and we refer to295

Appendix D for the definition of H for different tasks.296

Finally, the optimal control problem (4.2) becomes297

(4.13) min
θ

N̂∑
î=1

L(Nθ(f̂i), vî).298

Here, f̂i is the discretization of fî, Nθ(f̂i) equals H(UM ), where UM is computed by (4.11) or (4.12)299

iteratively from U0, and θ denotes the collection of all undetermined variables in G, σ̂τ
2 , and Aτ−1.300

4.4. Connections with message-passing structures of GNNs. The model (3.1) is closely301

related to many classical message-passing GNNs. In this subsection, we show that some classical302

GNN layers are operator-splittings of a special case of (3.1) without the region force term G and303

the diffusion term α∆W .304

A large class of modern graph neural networks follow similar message-passing structures. A305

complete graph neural network consists of several message-passing layers and an output layer. The306

message-passing layers iteratively update nodes’ features by combining features from neighboring307

nodes, and the output layer makes the final prediction according to the outputs of previous layers.308

The structure of the output layer is identical to H in the previous subsection. We then show that309

many message-passing layers can be explained using (4.6) or (4.10).310

Suppose the matrix Uτ = (uτ
1 ,u

τ
2 , . . . ,u

τ
K) ∈ RN×K contains the hidden state vectors at the311

τ -th layer. We present the update rule of message-passing layers in some classical GNNs and their312

connections with (3.1) as follows313

• Graph convolutional network (GCN) [25]:314
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The GCN layer (GCNConv) is defined as315

(4.14) Uτ = σ
(
(IN +D

−1/2
N WND

−1/2
N )Uτ−1Xτ−1 + 1N ⊗ (bτ−1)⊤

)
316

where σ is a nonlinear activation function, Xτ−1 ∈ RK×K is the convolution coefficient317

matrix, 1N ∈ RN is a vector with all elements equal to 1, and bτ−1 ∈ RK is the bias318

vector. The matrix Xτ−1 and vector bτ−1 are learned during training. Expression (4.14) is319

exactly a discretization of (4.6) without the region force and the diffusion term on a finite320

graph WN . To see this, we first set G = 0, α = 0, Ŝτ = 0, and absorb the time step 2h321

into the convolution operations A. Then (4.6) is reduced to322

Uτ =σ̂1

(
Uτ−1 +Aτ−1(Uτ−1)

)
.323

We further define each convolution term aτ−1
k,s in Aτ−1 as

aτ−1
k,s =

{
(Xτ−1

sk − 1, Xτ−1
sk ), k = s

(Xτ−1
sk , Xτ−1

sk ), k ̸= s
,

where Xsk represents the element of X at s-th row and k-th column, and choose Ŵ as324

W(x, y)/
√
d(x)d(y). Then, we have325

aτ−1
k,s ∗Ŵ u :=

(Xτ−1
sk − 1)u+Xτ−1

sk

∫ 1

0
W(x,y)√
d(x)d(y)

u(y)dy, k = s,

Xτ−1
sk u+Xτ−1

sk

∫ 1

0
W(x,y)√
d(x)d(y)

u(y)dy, k ̸= s,
326

where Xτ−1
sk represents the element of Xτ−1 at s-th row and k-th column. Then, the term327

Uτ−1 +Aτ−1(Uτ−1) becomes328

Uτ−1 +


∑K

s=1 X
τ−1
s1 uτ−1

s∑K
s=1 X

τ−1
s2 uτ−1

s
...∑K

s=1 X
τ−1
sK uτ−1

s

− Uτ−1 +



∑K
s=1 X

τ−1
s1

∫ 1

0
W(x,y)√
d(x)d(y)

uτ−1
s (y)dy∑K

s=1 X
τ−1
s2

∫ 1

0
W(x,y)√
d(x)d(y)

uτ−1
s (y)dy

...∑K
s=1 X

τ−1
sK

∫ 1

0
W(x,y)√
d(x)d(y)

uτ−1
s (y)dy

+


bτ−1
1

bτ−1
2
...

bτ−1
K

 .329

If we discretize the system on a finite graph WN , then uτ−1
k becomes a vector uτ−1

k and the330

integration
∫ 1

0
W(x,y)√
d(x)d(y)

uτ−1
s (y)dy becomes D

−1/2
N WND

−1/2
N uτ−1

s . Consequently, equation331

(4.6) is discretized as332

Uτ = σ̂1

(
Uτ−1Xτ−1 +D

−1/2
N WND

−1/2
N Uτ−1Xτ−1 + 1N ⊗ (bτ−1)⊤

)
333

where bτ−1 = (bτ−1
1 , bτ−1

2 , . . . , bτ−1
K )⊤. The discretization of (4.6) has exactly the same334

form as (4.14) with activation σ = σ̂1.335

• GraphSAGE [24]:336

Consider the SAGE convolution layer (SAGEConv) in [24] with mean aggregation:337

(4.15) Uτ = σ
(
Uτ−1Xτ−1 +D−1

N WNUτ−1Yτ−1 + 1N ⊗ (bτ−1)⊤
)

338
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where Xτ−1,Yτ−1 ∈ RK×K are learnable matrices. We set G(x) = 0, α = 0, Ŝτ = 0, and339

absorb the time step into the convolution kernel and the bias term. Equation (4.6) reduces340

to341

Uτ =σ̂1

(
Uτ−1 +Aτ−1(Uτ−1)

)
.342

We further define aτ−1
k,s in Aτ−1 as aτ−1

k,s =

{
(Xτ−1

sk − 1, Y τ−1
sk ), k = s

(Xτ−1
sk , Y τ−1

sk ), k ̸= s
, where Xτ−1

sk and343

Y τ−1
sk represent the elements of Xτ−1 and Yτ−1 at the s-th row and k-th column, and344

choose Ŵ as W(x, y)/d(x). Then, we have345

aτ−1
k,s ∗Ŵ u =

{
(Xτ−1

sk − 1)u+ Y τ−1
sk

∫ 1

0
W(x,y)
d(x) u(y)dy k = s,

Xτ−1
sk u+ Y τ−1

sk

∫ 1

0
W(x,y)
d(x) u(y)dy k ̸= s,

346

and Uτ−1 +Aτ−1(Uτ−1) becomes347

Uτ−1 +


∑K

s=1 X
τ−1
s1 uτ−1

s (x)∑K
s=1 X

τ−1
s2 uτ−1

s (x)
...∑K

s=1 X
τ−1
sK uτ−1

s (x)

− Uτ−1 +


∑K

s=1 Y
τ−1
s1

∫ 1

0
W(x,y)
d(x) uτ−1

s (y)dy∑K
s=1 Y

τ−1
s2

∫ 1

0
W(x,y)
d(x) uτ−1

s (y)dy
...∑K

s=1 Y
τ−1
sK

∫ 1

0
W(x,y)
d(x) uτ−1

s (y)dy

+


bτ−1
1

bτ−1
2
...

bτ−1
K

 .348

After further discretizing on WN , we get the following iterative update349

Uτ = σ̂1

(
Uτ−1Xτ−1 +D−1

N WNUτ−1Yτ−1 + 1N ⊗ (bτ−1)⊤
)
,350

and (4.6) exactly recovers (4.15) with activation σ = σ̂1.351

• Graph isomorphism network (GIN) [55]:352

The update rule of the GIN layer (GINConv) is353

(4.16) Uτ = MLPτ ((1 + ϵ)Uτ−1 +WNUτ−1)354

where MLPτ (·) is a learnable multilayer perceptron acting on each row of (1 + ϵ)Uτ−1 +355

WNUτ−1, and ϵ is a learnable parameter. Unlike the GCN and GraphSAGE layer, the356

GIN does not have learnable convolution coefficients and bias. Instead, GIN learns the357

activation function at each time step.358

By setting G(x) = 0, α = 0, bk = 0, S = 0, and absorbing the time step, (4.10) reduces to359

Uτ = σ̂τ
2

(
Uτ−1 +Aτ−1(Uτ−1)

)
.360

By defining the convolution operators in Aτ−1 as361

(4.17) aτ−1
k,s ∗Ŵ u =

{
ϵu+

∫ 1

0
W(x,y)
d(x) u(y)dy k = s

0 k ̸= s,
362

and discretizing (4.10) on a finite graph WN , we get363

Uτ = σ̂τ
2 ((1 + ϵ)Uτ−1 +WNUτ−1).364

Unlike the GCN and GraphSAGE layer, we directly parameterize the activation σ̂τ
2 using365

an MLP at each time step τ instead of parameterizing Ŝτ . Then, (4.10) is equivalent to366

(4.16).367
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5. The proposed GNN model. Based on the two splitting algorithms discussed in Section368

3, we propose two novel GNN models by using the unrolling method [36] for Algorithms 4.1 and369

4.2. This procedure involves two steps: discretizing (4.6) and (4.10) on a finite graph WN , and370

parameterizing unknown terms, such as G, Aτ−1, and σ̂1 and σ̂τ
2 , as learnable modules. The371

discretization of (4.6) and (4.10) on WN gives (4.11) and (4.12) respectively. We discuss the372

parameterization step in the following.373

5.1. Parameterization. We need to parameterize the region force term G, the convolution374

Aτ−1, and the activation functions σ̂1 and σ̂τ
2 . We present a general way of parameterization for375

each term as follows:376

1. The region force terms G:377

We use a learnable GNN module Gθ∗ , such as the GIN network, to parameterize G, where378

θ∗ denotes the set of all learnable parameters in Gθ∗ . The input of Gθ∗ is a graph function379

f , and the output of Gθ∗ is a matrix of size N ×K, where the k-th column of the output380

represents the region force gk. Since gk does not depend on τ , Gθ∗ only needs to be381

evaluated once.382

2. The convolution Aτ−1:383

In general, for each τ = 1, . . . ,M , the convolution Aτ−1 can be parameterized using any384

graph convolution operations, including those used in GCN, GraphSAGE, and GIN dis-385

cussed in Section 4.4.386

3. The activation σ̂1 and σ̂τ
2 :387

For the activation σ̂1 = (I−hS)−1, which is time-independent, we can compute it by exact388

or inexact solvers. The details are discussed in the next subsection. For σ̂τ
2 = (I−2hŜτ )−1,389

instead of solving the inverse problem directly, we parameterize σ̂τ
2 as a learnable MLP390

module at each time step, like the GIN network, and find its optimal parameters when391

solving the control problems (4.13).392

4. The initialization operator U0:393

Given an input graph data f , we use a simple GCN convolution layer with a nonlinear394

activation to parameterize the initialization mapping that lifts the dimension of f to K and395

use the output of this convolution layer as U0.396

5.2. On the solution of σ̂1 = (I − hS)−1. The nonlinear term σ̂1 serves as the activation397

function in our GNN. Here, we discuss how to compute σ̂1 for different choices of S. Since S(U)398

is applied to each U(x) ∈ RK pointwise, it is sufficient to show how to compute σ̂1(y) for a given399

vector y ∈ RK .400

In (2.3), the nonlinear term is defined as S(U) = −β− β log(U)− ∂I∆̃K (U), and σ̂1(y) aims to401

solve for a vector x such that402

(5.1)
x− y

h
∈ S(x) ⇔ x− y

h
+ β + β log(x) + ∂Iδ̃K (x) ∋ 0,403

where Iδ̃K is the indicator function of the set404

δ̃K :=

{
z ∈ [0, 1]K

∣∣∣∣ K∑
k=1

zk = 1

}
.405

To solve (5.1), we consider a similar two-substep splitting technique as [49]:406

(5.2)

{
Substep 1. solve for x′ : x′−y

h + β + β log(x′) = 0,

Substep 2. solve for x : x−x′

h + ∂Iδ̃K (x) ∋ 0.
407
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The first substep can be solved by a fixed-point iteration:408

(x′)γ − y

hβ
+ 1 + log((x′)γ+1) = 0 ⇒ (x′)γ+1 = exp

(
y − (x′)γ

hβ
− 1

)
,409

where γ = 0, 1, . . . denotes the fixed-point iteration step. Since x gets updated from iteration to410

iteration when we solve (2.3), we only need to find an approximate solution for this substep for411

efficiency considerations. We follow [29] to use a few steps of this fixed-point iteration. The (x′)γ412

after the last fixed-point iteration step is used as the final solution x′. The second substep can be413

solved by a simple projection of the vector x′ to the set δ̃K . Since all elements of x′ are positive,414

we can compute this projection by415

x = x′/

K∑
k=1

(x′)k.416

Note that if we only do 1 fixed-point iteration for the first substep and choose (x′)0 = 0, we have417

(5.3) σ̂1(y) = exp(y/(hβ)− 1)/

K∑
k=1

exp(yk/(hβ)− 1) = Softmax(y/(hβ)),418

which exactly recovers the softmax function when hβ = 1.419

In a more general setting, when the problem is not a classification problem, it is not necessary420

to require that U ∈ ∆̃K in (2.3). Instead, we can replace the regularization
∑K

k=1⟨uk, log(uk)⟩W421

by
∑K

k=1(⟨uk, log(uk)⟩W + ⟨1 − uk, log(1 − uk)⟩W) and require U ∈ [0, 1]K only. In this case, the422

resulting nonlinear term S(U) in (2.3) becomes −β log (U/(1− U)), and σ̂1(y) is equivalent to423

solving424
x− y

h
= −β log (x/(1− x)) .425

We can also use a fixed-point iteration like [48] to solve it426

(x)γ − y

h
= −β log

(
(x)γ+1/(1− (x)γ+1)

)
.427

Similarly, if only 1 fixed-point iteration is used and we set (x)0 = 0, we have428

(5.4) σ̂1(y) = Sigmoid(y/(hβ))429

which is exactly a sigmoid function when hβ = 1.430

Besides, instead of directly parameterizing S, we can also parameterize σ̂1 with some common431

activation function, like the Tanh function and ReLU function.432

5.3. GraphPottsNet. After parameterization at each time step, we obtain two novel GNN433

structures based on Algorithms 4.1 and 4.2. Since Algorithms 4.1 and 4.2 solve a control problem434

originally derived from the Potts model, we call our new GNNs GraphPottsNet (GPN). According435

to the treatment when dealing with the operator groups (sequential or parallel), we denote the436

unrolled networks from Algorithms 4.1 and 4.2 as GPN(par) and GPN(seq), respectively. The437

graphical illustrations of the two GPN structures are shown in Figure 1. In both GNN models, the438

first layer is a simple graph convolution layer [25], which aims to change the data dimension, and439

the last layer is a task-dependent transformation layer, which aggregates all information and makes440
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final predictions. The two GPNs are derived from hybrid splitting algorithms with the same order of441

accuracy, as shown in Appendix F, so we would expect them to have similar performance in practice.442

Here, we present both algorithms to show the flexibility and generality of our framework. In the443

later numerical experiments, we will show that the two GPNs indeed have similar performance.444

Compared to existing GNN models discussed in Section 4.4, our proposed models are derived445

from the gradient flow of the graph Potts model, which provides a solid mathematical foundation.446

Although both classical GNN models and our proposed models fall within our framework discussed447

in Section 3, ours are distinguished by an extra explicit region force term and diffusion term. The448

learnable region force term G can incorporate data-dependent information and drive the iterative449

scheme to obtain a desired solution. The diffusion term, which is derived from the boundary450

regularization in the original Potts model, can prevent the GNNs from overfitting the training451

data and provide some regularization effect. Therefore, our proposed model would maintain high452

expressiveness and robustness simultaneously.453

In this work, the continuous graphon viewpoint serves primarily as a theoretical and organi-454

zational framework for deriving the proposed network architectures and interpreting existing GNN455

models. More specifically, the graphon formulation provides a continuous perspective that helps mo-456

tivate the control problem, the operator-splitting scheme design, and the connection with existing457

message-passing GNN layers. The actual GNNs used in the experiments are finite-graph discretiza-458

tions of these constructions, and they are trained and evaluated directly on finite datasets. At the459

same time, we do not mean to suggest that this continuous interpretation is always meaningful in460

practice for finite graph datasets. Even though it is possible to mathematically write a finite graph461

together with its node features as a discretization of a continuous graphon and a graphon signal,462

for many real data like the protein structure graphs, this continuous counterpart does not have a463

direct physical or practical interpretation.464

6. Numerical experiments. In this section, we demonstrate the effectiveness of the proposed465

GPN models via several tasks. For comparison, we choose GCN [25], GraphSAGE (GSG) [24],466

Graph Transformer (GT) [16], and GIN [55] as baseline models. Even though the GT model is not467

directly related to our framework, it is included as a strong baseline for comparison. All baseline468

models are implemented using their standard DGL implementations [53]. Implementation details,469

hyper-parameter choices, and computational costs are reported in Appendix G.470

6.1. Graph regression. We first compare our models with others on the graph regression471

tasks on the QM9Dataset [39]. The QM9Dataset is a widely used benchmark dataset in com-472

putational chemistry and molecular machine learning. It contains 133,885 molecular graphs and473

provides 12 different regression targets. In this work, we choose 4 energy-related regression targets,474

including internal energy at 0K, internal energy at 298.15K, enthalpy at 298.15K, and free energy475

at 298.15K, to test our models. The performances of different models are measured by the relative476

Mean Absolute Error (MAE). For each case, we conduct 5 trials to evaluate each model. In each477

trial, we randomly split the whole dataset into training (60%), validation (20%), and testing (20%).478

The mean and standard deviation of the testing accuracy of all models are presented in Table 1.479

In this set of experiments, our proposed GPNs consistently achieve smaller prediction error than480

other GNN models, while the GIN model also obtains accuracy comparable to ours (the difference481

is within one standard deviation). Our GPNs and the GIN model are significantly better than the482

other models in terms of prediction error and standard deviation.483

6.2. Node classification. The second task we consider is the node classification task. We484

choose several popular citation network datasets [44] listed in Table 2. Each dataset consists of a485
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(a) GPN(par)

(b) GPN(seq)

Fig. 1: GraphPottsNet structures based on Algorithm 4.1 (GPN(par)) and Algorithm 4.2
(GPN(seq)).

single large graph, where each node in the graph represents a paper, and edges represent citation486

relationships between papers. The node features represent the frequency of words from a given487

dictionary appearing in the paper, and the labels represent the research field of each paper. Given488

a portion of nodes with known labels, the task is to predict the research field of other papers489

based on the graph structure and node features. We randomly split all nodes in the graph into490

training (10%), validation (30%), and test (60%) sets, and report the average accuracy and standard491
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internal energy
at 0K

internal energy
at 298.15K

enthalpy
at 298.15K

free energy
at 298.15K

GCN
0.048

(±0.0015)
0.050

(±0.0025)
0.045

(±0.0007)
0.049

(±0.0027)

GraphSAGE
0.046

(±0.0058)
0.041

(±0.0042)
0.040

(±0.0026)
0.044

(±0.0067)

GT
0.037

(±0.0015)
0.036

(±0.0037)
0.036

(±0.0015)
0.037

(±0.0026)

GIN
0.014

(±0.0003)
0.014

(±0.0002)
0.015

(±0.0003)
0.014

(±0.0003)

GPN(par)
0.013∗

(±0.0018)
0.013∗

(±0.0002)
0.014∗

(±0.0001)
0.013∗

(±0.0001)

GPN(seq)
0.013∗

(±0.0013)
0.013∗

(±0.0001)
0.014∗

(±0.0002)
0.013∗

(±0.0005)

Table 1: Relative MAE and standard deviation of different models tested on different regression
targets from the QM9Dataset. In each column, the smallest MAE is marked in bold with an asterisk
(*). Other bold entries indicate mean accuracies whose difference from the smallest MAE is less
than one standard deviation of the best result.

deviation of different models on the test set over 5 trials.492

To evaluate the robustness of different models, we also add Gaussian noise with different levels to493

the node features and test the performance of different models under noisy conditions. Specifically,494

for a given node feature vector, we add random Gaussian noise with standard deviation σ to each495

element independently. Then, we first clip the resulting noisy feature vector to be non-negative and496

further normalize it by dividing the sum of all elements to make its l1 norm equal to 1. We test the497

performance of different models under three different noise levels, including σ = 0.00 (indicating no498

noise), σ = 0.01, and σ = 0.05. All numerical results are presented in Table 3.499

When there is no noise, our proposed GPNs always achieve the highest mean accuracy, while500

the other models may also obtain comparable performance. When noise is added, the performance501

of all models degrades, but our proposed GPNs show high robustness and achieve significantly502

higher classification accuracy than other models in most cases. The performance gap between our503

proposed GPNs and other models becomes larger when the noise level increases, which indicates504

that our proposed GPNs are more robust to noise than other models.505

Dataset
Number of

nodes
Number of

edges
Node feature
dimension

Number of
classes

CORA 2708 10556 1433 7
CITESEER 3327 9228 3703 6
PUBMED 19717 88651 500 3

Table 2: Descriptions of three node classification datasets.
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Dataset σ GCN GraphSAGE GT GIN GPN(par) GPN(seq)

CORA
0.00 81.3%(0.6%) 81.1%(0.9%) 76.0%(1.2%) 77.9%(1.0%) 81.8%(0.7%) 82.3%(1.0%)*
0.01 78.4%(0.9%) 77.7%(0.4%) 65.5%(2.8%) 73.6%(1.6%) 81.0%(0.8%) 81.2%(1.6%)*
0.05 64.1%(1.8%) 60.1%(0.7%) 54.9%(4.3%) 63.7%(2.2%) 73.3%(1.1%)* 72.4%(1.8%)

CITESEER
0.00 68.7%(1.1%) 68.6%(0.9%) 59.5%(2.5%) 64.7%(1.0%) 68.9%(1.3%) 69.3%(0.9%)*
0.01 56.5%(1.8%) 55.9%(0.7%) 46.7%(2.2%) 49.7%(3.6%) 63.6%(1.9%)* 63.5%(0.9%)
0.05 41.3%(1.8%) 39.4%(0.6%) 41.2%(1.8%) 43.4%(1.5%) 50.2%(2.1%)* 49.1%(2.6%)

PUBMED
0.00 82.9%(0.3%) 81.4%(0.4%) 80.6%(0.3%) 82.8%(0.2%) 83.2%(0.4%)* 83.2%(0.4%)*
0.01 82.4%(0.4%) 80.9%(0.4%) 78.0%(1.2%) 81.8%(0.7%) 82.9%(0.4%) 83.0%(0.3%)*
0.05 73.7%(0.4%) 67.6%(0.5%) 43.6%(0.8%) 73.1%(3.0%) 77.6%(0.2%)* 77.3%(0.6%)

Table 3: Classification accuracy of different models on the citation networks under different Gaus-
sian noise levels. In each row, the highest mean accuracy is marked in bold with an asterisk (*).
Other bold entries indicate mean accuracies whose difference from the highest mean accuracy is
less than one standard deviation of the best result.

Dataset σ
GPN(par) GPN(par) GPN(par) GPN(seq) GPN(seq) GPN(seq)

α = 0 α = 1 α = 2 α = 0 α = 1 α = 2

CORA
0.00 81.4%(1.2%) 81.8%(0.7%) 82.9%(0.3%)∗ 81.4%(1.8%) 82.3%(1.0%)∗ 82.1%(0.9%)
0.01 80.8%(1.2%) 81.0%(0.8%)∗ 80.6%(0.8%) 78.9%(1.0%) 81.2%(1.6%) 81.5%(1.4%)∗

0.05 65.9%(3.4%) 73.3%(1.1%) 73.8%(0.7%)∗ 63.3%(0.5%) 72.4%(1.8%) 72.7%(2.0%)∗

CITESEER
0.00 68.8%(1.3%) 68.9%(1.3%) 69.2%(1.5%)∗ 68.1%(0.6%) 69.3%(0.9%)∗ 68.8%(1.1%)
0.01 60.4%(1.7%) 63.6%(1.9%)∗ 63.1%(1.5%) 57.0%(2.1%) 63.5%(0.9%)∗ 62.4%(1.3%)
0.05 39.1%(2.5%) 50.2%(2.1%)∗ 46.2%(4.1%) 41.4%(1.2%) 49.1%(2.6%) 51.4%(2.1%)∗

PUBMED
0.00 83.2%(0.3%)∗ 83.2%(0.4%)∗ 83.0%(0.4%) 83.2%(0.3%)∗ 83.2%(0.4%)∗ 83.2%(0.3%)∗

0.01 82.9%(0.4%) 82.9%(0.4%) 83.1%(0.2%)∗ 82.9%(0.5%) 83.0%(0.3%) 83.1%(0.2%)∗

0.05 75.8%(1.1%) 77.6%(0.2%) 79.2%(0.5%)∗ 73.3%(0.6%) 77.3%(0.6%) 77.7%(0.9%)∗

Table 4: Classification accuracy of GPNs with different α on the citation networks under different
Gaussian noise levels. In each half row (the first three or the last three entries), the highest mean
accuracy is marked in bold with an asterisk (*). Other bold entries indicate mean accuracies whose
difference from the highest mean accuracy is less than one standard deviation of the best result.

Besides, we also test the performance of our proposed GPNs with different α values (α = 0, 1, 2)506

under different noise levels. The results are shown in Table 4. We can see that when there is no507

noise, the mean accuracies are comparable for different α values. When noise is added, α = 1508

and α = 2 always achieve significantly better performance than α = 0, which indicates that the509

diffusion term makes a non-trivial improvement to the robustness of our proposed GPNs. Besides,510

in most cases, the mean accuracy does not further improve when we increase α from 1 to 2. It511

indicates that α = 1 is generally good enough for this kind of task, i.e., the GPNs with α = 1512

can obtain competitive performance as the state-of-the-art GNN models on clean data and also513

maintain significantly higher robustness under noisy conditions.514

6.3. Graph classification. Graph classification is a fundamental task in machine learning515

whose objective is to predict the label or category of an entire graph based on its structure and516

features. The features of graphs are usually represented by a high-dimensional graph signal. We517
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test our proposed methods on four graph classification datasets from the TUDataset [37], including518

binary classification and multiclass classification. They are described in Table 5.

Dataset
Number of
graphs

Average
nodes

Node feature
dimension

Number of
classes

MUTAG 188 17.9 7 2
NCI1 4110 41.8 37 2

IMDBBINARY 1000 13.0 1 2
ENZYMES 600 32.6 18 6

Table 5: Descriptions of four graph classification datasets from the TUDataset [37].

519

For each dataset, we conduct 5 trials to evaluate each model. In each trial, we randomly520

split the whole dataset into training (60%), validation (20%), and testing (20%). The mean and521

standard deviation of the testing accuracy of all models are presented in Table 6. In the numerical522

results, the GPN(par) achieves the highest accuracy in the MUTAG and ENZYMES datasets, while523

the GPN(seq) achieves the highest accuracy in the NCI1 and IMDBBINARY datasets. The GIN524

network also obtains a high accuracy comparable to our proposed GPNs (the difference is within one525

standard deviation). We observe that the accuracy of GPNs and GIN is significantly higher than526

that of the other three methods. Most methods maintain a reasonably small standard deviation.527

Superpixel graph classification with random node perturbations. To evaluate the528

robustness of our proposed GPNs against random noise, we consider classification problems on529

superpixel graphs with random node feature perturbations. We choose the MNIST superpixel530

dataset [17], which is a 10-class classification dataset. The MNIST superpixel dataset is a collection531

of hand-written digit images represented using graph structures. Here, each node corresponds to532

a superpixel, and edges represent relationships, e.g., adjacency or similarity, between superpixels.533

A superpixel is a group of connected pixels in an image that share similar characteristics, such534

as color, texture, or intensity. The feature of the superpixel is the average intensity values of the535

corresponding groups of pixels. Using this graph representation can reduce the complexity of an536

image while preserving the essential structure and boundaries of objects of interest. The superpixel537

graph can be constructed using some common clustering algorithms.538

Images are very likely to be perturbed by noise, so we also add some random Gaussian noise539

to the node features of superpixel graphs. A graphical illustration is shown in Figure 2. We first540

present a sample image (subfigure (a)) from the MNIST dataset, and this image is partitioned into541

16 superpixels (subfigure (b)) based on their intensities. Each superpixel will be regarded as a node542

in the corresponding superpixel graph, and the node feature is the feature vector of each superpixel.543

We remark that we use a high-resolution version of the MNIST image to present in Figure 2 for a544

better visual quality, while the superpixel graph dataset is constructed from the original MNIST545

dataset [14] where each image is of size 28 by 28. In this experiment, we add random noise to546

perturb the node features of each superpixel node (subfigure (c)).547

We first consider the case when the same level of Gaussian noise (noise with the same standard548

deviation σ) is added to the training, validation, and testing sets. The prediction results are shown549

in Table 7. Under the clean setting (σ = 0), the GT model achieves the highest accuracy while550

the GIN and our GPNs also achieve competitive results. Under the noisy setting (σ > 0), our551
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Model MUTAG NCI1 IMDBBINARY ENZYMES

GCN 73.5%(±5.8%) 64.0%(±1.5%) 64.8%(±3.2%) 41.5%(±7.5%)
GraphSAGE 74.6%(±9.3%) 68.9%(±1.6%) 49.6%(±1.3%) 43.2%(±5.5%)

GT 78.2%(±4.2%) 69.5%(±2.3%) 63.1%(±3.5%) 46.3%(±9.4%)
GIN 83.6%(±3.7%) 79.2%(±1.6%) 71.2%(±2.9%) 55.3%(±2.7%)

GPN(par) 86.2%(±4.5%)
∗

79.8%(±1.6%) 71.9%(±3.6%) 57.5%(±5.9%)
∗

GPN(seq) 84.6%(±3.8%) 80.0%(±1.3%)
∗

72.5%(±1.7%)
∗

54.8%(±3.8%)

Table 6: Classification accuracy and standard deviation of different models on graph classification
dataset. In each column, the highest mean accuracy is marked in bold with an asterisk (*). Other
bold entries indicate mean accuracies whose difference from the highest mean accuracy is less than
one standard deviation of the best result.

(a) Original image (b) Superpixel repre-
sentation

(c) Noisy superpixel
representation

Fig. 2: Illustration of superpixel graphs with Gaussian noise. Subfigure (a) is a clean image in
the original MNIST dataset. Subfigure (b) is a superpixel representation of this image and each
patch represents a superpixel. Subfigure (c) is obtained by adding random Gaussian noise to each
superpixel in (b).

proposed GPNs achieve higher classification accuracy than other GNN models and outperform the552

other models by a large margin, indicating the robustness of our GPNs against node perturbations.553

We also test the cases when the training set and the testing set are perturbed by different levels of554

noise. The results are shown in Table 8. Here, σtrain is the standard deviation of the noise added to555

the training set, and σtest is the noise added to the testing set. In most of the testing scenarios, our556

GPNs can achieve significantly higher classification accuracy, demonstrating the superior robustness557

of our GPNs.558

Effects of α and the Gθ network. Here, we study the effects of different choices of α and559

Gθ using the MNIST superpixel dataset.560

In the control problem (3.1), parameter α controls the strength of regularization. Table 9 shows561

that when σ = 0, changing α only causes small differences. In contrast, under heavy noise, the562

effect of regularization is significant: larger α (especially α = 10 or 20) consistently gives much563

higher test accuracy than α = 0. For example, for GPN(par) trained when σtrain = σtest = 1,564

increasing α from 0 to 10 improves accuracy from 30.4% to 38.0%. These results indicate that the565
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models
test accuracy

σ = 0 σ = 0.5 σ = 1

GCN 82.8% 21.8% 13.3%
GraphSAGE 87.8% 22.6% 15.7%

GT 94.0%∗ 22.0% 14.4%
GIN 91.9% 46.9% 27.6%

GPN(par) 91.5% 57.9%∗ 38.0%∗

GPN(seq) 92.0% 57.5% 35.5%

Table 7: Classification accuracy on the MNIST superpixel graph dataset with different levels of
Gaussian noise added to node features (training and testing sets are perturbed by the Gaussian
noise with standard deviation σ). The highest mean accuracy in each column is marked in bold
with an asterisk (*).

σtrain models
test accuracy

σtest = 0. σtest = 0.5 σtest = 1

0.

GCN 82.8% 10.3% 9.3%
GSG 87.9% 11.6% 10.4%
GT 94.0%∗ 12.2% 9.6%
GIN 92.0% 10.2% 9.2%

GPN(par) 91.5% 12.3%∗ 10.9%∗

GPN(seq) 92.0% 11.2% 10.4%

0.5

GCN 34.8% 21.8% 12.2%
GSG 26.0% 22.7% 12.7%
GT 18.8% 22.1% 11.4%
GIN 58.5% 46.9% 18.2%

GPN(par) 68.1%∗ 57.9%∗ 32.1%∗

GPN(seq) 67.9% 57.5% 27.8%

1

GCN 11.4% 12.3% 13.3%
GSG 13.7% 15.8% 15.6%
GT 12.7% 13.7% 14.3%
GIN 32.9% 29.4% 27.6%

GPN(par) 42.2%∗ 41.0%∗ 38.0%∗

GPN(seq) 38.4% 38.0% 35.5%

Table 8: Classification accuracy on the MNIST superpixel graph dataset with different levels of
Gaussian noise added to node features (training and testing sets are perturbed by different noise
levels). σtrain and σtest represent the standard deviation of noise added to the training and testing
sets respectively. The highest mean accuracy in each column of each block is marked in bold with
an asterisk (*).
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diffusion regularization is crucial for robustness in heavily noisy settings.566

σtrain models α
test accuracy

σtest = 0. σtest = 0.5 σtest = 1

0.

GPN(par) 0. 90.3% 11.4% 10.5%
GPN(par) 10. 91.5% 12.3%∗ 10.9%∗

GPN(par) 20. 92.1% 10.8% 10.5%
GPN(seq) 0. 91.0% 10.7% 9.8%
GPN(seq) 10. 92.0% 11.2% 10.4%
GPN(seq) 20. 93.4%∗ 12.2% 10.1%

0.5

GPN(par) 0. 69.5%* 57.4% 26.2%
GPN(par) 10. 68.1% 57.9%* 32.1%
GPN(par) 20. 66.8% 57.6% 32.2%*
GPN(seq) 0. 64.2% 53.0% 23.7%
GPN(seq) 10. 68.0% 57.5% 27.8%
GPN(seq) 20. 62.6% 56.5% 27.4%

1

GPN(par) 0. 34.1% 33.8% 30.4%
GPN(par) 10. 42.2%* 41.0%* 38.0%*
GPN(par) 20. 40.5% 40.4% 37.3%
GPN(seq) 0. 32.3% 32.0% 30.3%
GPN(seq) 10. 38.4% 38.1% 35.5%
GPN(seq) 20. 37.3% 36.8% 34.7%

Table 9: Classification accuracy of the proposed models when we choose different values for α.
Here, we add Gaussian noise with the same standard deviation σ to both the training set and the
testing set. In each σtrain block and each test-noise column, the highest accuracy is marked in bold
with an asterisk (*).

We then investigate the effects of different parameterizations of the region force term Gθ. In567

previous experiments (Table 7 and Table 8), we parameterize Gθ using the GIN network structure.568

Here, we change the structure of Gθ to GCN, GSG, and GT respectively, and evaluate the proposed569

GPNs on the MNIST superpixel dataset with different levels of noise. The results are shown in570

Table 10, showing that the proposed GPNs significantly improve the robustness regardless of the571

structures of Gθ.572

7. Discussion and conclusion. We proposed a framework to construct GNN models from573

control problems. We showed that many classical GNN models are operator-splitting methods of574

certain graphon control problems. Based on these findings, we proposed GraphPottsNets based on575

the gradient flow of the graphon Potts model. The proposed model can achieve better results than576

existing methods in various tasks. Moreover, our models are more robust to graph node feature577

perturbations than benchmark models and can achieve good prediction accuracy when the input578

graph is disturbed by intensive noise.579

In our numerical experiments, we observe that the two proposed GPN models, i.e., GPN(par)580

and GPN(seq), have similar performance in most cases. The main difference is structural rather581

than in predictive accuracy. In Appendix F, we show that both splitting algorithms have the same582
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models Gθ
test accuracy

σ = 0.25 σ = 0.5 σ = 1.0

GPN(par)

GCN 80.4% 54.8% 34.2%
GSG 78.7% 52.2% 32.1%
GT 80.1% 55.9% 41.7%
GIN 80.1% 57.7% 35.7%

GPN(seq)

GCN 79.4% 55.0% 33.2%
GSG 77.2% 51.3% 31.3%
GT 80.6% 54.9% 39.5%
GIN 80.3% 55.4% 35.1%

Table 10: Classification accuracy of the proposed models when we use different structures to pa-
rameterize Gθ. Here, we add Gaussian noise with the same standard deviation to both the training
set and the testing set.

first-order accuracy. Therefore, it is natural to expect similar performance in practice for these583

two methods. The practical difference is mainly that the parallel splitting allows certain operations584

to be carried out simultaneously, which may bring slightly better efficiency, while the sequential585

splitting applies the same ingredients step by step. Since the two variants are based on the same586

underlying framework and differ mainly in how the updates are organized, we do not expect a587

significant performance gap between them. We present both variants to show the flexibility of588

the framework rather than to claim that one is universally better than the other. In practice,589

the parallel splitting can be a reasonable default because of its slightly better efficiency, while the590

sequential splitting is also a valid choice.591

In this work, our proposed GPN models demonstrate robustness to node feature perturbations.592

However, enhancing robustness against graph structure perturbations remains challenging. In fu-593

ture research, we will explore extending our framework to construct novel GNN models based on594

different control problems with different regularization terms to improve the robustness against595

graph structure perturbations.596

Code Availability. The code for the proposed GPN models can be found in https://github.597

com/LingfengLi-MATH/GraphPottsNet598
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Appendix.736

Appendix A. Graph and graphon operations. Let WN be a finite graph with N nodes.737

We define some operations of graph functions for some q ∈ [1/2, 1]:738

1. Graph gradient ∇WN
: RN → RN×N

(∇WN
(u))ij := ω1−q

ij ((u)j − (u)i), u ∈ RN , i, j = 1, . . . , N.

2. Graph divergence divWN
: RN×N → RN

(divWN
(U))i :=

1

2di

N∑
j=1

ωq
ij(Uji − Uij), U ∈ RN×N , i = 1, . . . , N.

3. Graph Laplacian (asymmetric) ∆WN
: RN → RN739

(A.1) (∆WN
(u))i := (divWN

(∇WN
(u)))i =

1

di

N∑
j=1

ωij(ui − uj).740

4. Graph Convolution h∗W : RN → RN741

The graph convolution characterized by a transition matrixW ∈ RN×N can be parametrized742

as a polynomial:743

h ∗W u :=

P∑
p=0

hp(W )pu744

where h = (h0, . . . , hP ) is the convolution kernel, P > 0 is a given integer, and (W )p745

denotes the matrix power. In classical GNN models, P is often chosen as 1, yielding a746

simple form of graph convolution:747

(A.2) h ∗W u := h0u+ h1Wu.748

Here the matrix W can be chosen as the weight matrix WN of a graph or its normalized749

version.750

5. Graph inner product:751

(A.3) ⟨u,v⟩WN
:=

N∑
i=1

diuivi, u,v ∈ RN .752

The norm induced by inner products ⟨·, ·⟩WN
is denoted as ∥ · ∥WN

.753
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6. Graph total variation:754

TVWN
(u) =

1

2

N∑
i,j=1

ωq
ij |ui − uj |.755

The aforementioned graph operations can also be extended to graphon functions u for q ∈756

[1/2, 1].757

1. Graphon gradient ∇W :

(∇Wu)(x, y) := W1−q(x, y)(u(y)− u(x)), x, y ∈ [0, 1), u ∈ L2([0, 1)).

2. Graphon divergence divW :

divW(a)(x) :=
1

2d(x)

∫ 1

0

Wq(x, y)(a(y, x)− a(x, y))dy, a ∈ L2([0, 1)2).

3. Graphon Laplacian (asymmetric) ∆W :758

(A.4) ∆Wu(x) := (divW(∇Wu))(x) =
1

d(x)

∫ 1

0

W(x, y)(u(x)− u(y))dy, u ∈ L2([0, 1)).759

4. Graphon Convolution h∗W :760

The graphon convolution is characterized by an integral operator TW :761

h ∗W u :=

P∑
p=0

hp(TW)p(u)

where h ∈ RP+1 denotes the convolution kernel, TW(u)(x) :=
∫ 1

0
W(x, y)u(y)dy, and (TW)p762

denotes the p-th power of TW . When P = 1, the graphon convolution is simplified as763

(A.5) h ∗W u := h0u+ h1TW(u).764

5. Graphon inner product765

(A.6) ⟨u, v⟩W :=

∫ 1

0

d(x)u(x)v(x)dx, u, v ∈ L2([0, 1)).766

6. Total variation TVW : L2([0, 1)) → R767

(A.7) TVW(u) :=
1

2

∫
[0,1)2

Wq(x, y)|u(y)− u(x)|dxdy.768

In this work, we take q = 1 all the time.769

Appendix B. Variational models on graphs and graphons. Variational models are770

fundamental mathematical tools for studying optimization problems on structured data. They771

have been extensively applied in various applications [9, 40, 2, 1]. Variational models can also be772

extended to unstructured graph data. These models typically involve minimizing energy functionals773

that consist of vertex-based terms and edge-based terms:774

(B.1) ÊWN
(u) =

α

N2

N∑
i,j=1

(WN )ij ϕ(ui,uj) +
1

N

N∑
i=1

F (ui),775
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where u ∈ RN defines a function on a graph with N nodes, ϕ : R × R → R measures pairwise776

interactions, and F : R → R is a data force term.777

Model (B.1) can be extended to graphon W:778

(B.2) EW(u) = α

∫ 1

0

∫ 1

0

W(x, y)ϕ(u(x), u(y)) dxdy +

∫ 1

0

d(x)F (u(x)) dx,779

where u(x) ∈ L2([0, 1)) is a graphon function. The connection between variational models on780

graphs (B.1) and graphons (B.2) arises naturally through the theory of graph limits. As mentioned781

in Section 2, any weight matrix of a finite graph WN is associated with a piecewise constant graphon782

WN . Similarly, any graph function u is also associated with a function uN in L2([0, 1)) by783

uN (x) = ui, x ∈
[
i− 1

N
,
i

N

)
784

for i ∈ [N ]. We can easily verify the equivalence between the graph functional ÊWN
and graphon785

function EWN
when acting on u:786

ÊWN
(u) = EWN

(uN ).787

When a graph sequence {WN}∞N=1 converges to a graphon W, it was proved in [51, 58] that the788

functional ÊWN
Gamma converges to EW under mild assumptions.789

Appendix C. Relaxation of the graphon Potts model and corresponding gradient790

flows.791

We consider the soft threshold dynamics (STD) approach proposed in [31]. The original STD792

approach approximates the total variation in Euclidean space by ⟨1 − w,K ∗ w⟩L2 , where w is a793

binary image, K is a Gaussian smoothing kernel, ∗ denotes the standard convolution, and ⟨·, ·⟩L2 is794

the L2 inner product. The STD method relaxes the binary constraint as w ∈ [0, 1] and introduces an795

extra entropy regularization w log(w) to the Potts model. However, this method cannot be trivially796

extended to graph models since there is no Gaussian kernel defined on graphs and graphons. In797

Euclidean spaces, the solution of the heat equation with a given initial value is exactly a convolution798

between the Gaussian kernel and the initial condition [18]. We can use the same idea on graph799

models and compute the smoothed version of a graphon function u(x) by solving the initial value800

problem801

∂û/∂t = −∆W û, û(x, 0) = u(x), x ∈ [0, 1)802

at û(x,∆t) for some small ∆t > 0. A simple one-step explicit Euler scheme can give an approxima-803

tion to û(x,∆t) by (I −∆t∆W)u. For simplicity, we choose ∆t = 1, and extend the approximation804

⟨1− w,K ∗ w⟩L2 to graphon settings by805

⟨1− u, u−∆Wu⟩W = ⟨1− u, u⟩W + ⟨1,−∆Wu⟩W + ⟨u,∆Wu⟩W .806

Here, the first term in the right-hand side ⟨1− u, u⟩W is 0 when u ∈ {0, 1}. The second term807

⟨1,−∆Wu⟩W equals808 ∫ 1

0

d(x)
−1

d(x)

∫ 1

0

W(x, y)(u(x)− u(y))dydx =

∫
[0,1)2

W(x, y)u(y)dxdy −
∫
[0,1)2

W(x, y)u(x)dxdy809

which is also 0 because of the symmetry of W(x, y).810
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Following the STD approach, we further relax the constraint set ∆K to811

∆̃K :=

{
(u1(x), . . . , uK(x)) ∈ [0, 1]K

∣∣∣∣ K∑
k=1

uk(x) = 1,∀x ∈ [0, 1)

}
,812

and add an entropy term
∑K

k=1⟨uk, log(uk)⟩W . Therefore, the relaxed version of (2.2) by the STD813

approach is814

(C.1) min
U

α

2

K∑
k=1

⟨uk,∆Wuk⟩W + β

K∑
k=1

⟨uk, log(uk)⟩W +

K∑
k=1

⟨gk, uk⟩W + I∆̃K (U),815

where I∆̃K is the indicator function of the set ∆̃K , and β > 0 is the weight of the entropy term.816

Let E(U) be the objective functional in (C.1). For any perturbation V = (v1, . . . , vK), we have817

d

dε
E(U + εV )

∣∣∣
ε=0

=

K∑
k=1

α

2
(⟨vk,∆Wuk⟩W + ⟨uk,∆Wvk⟩W) + β

K∑
k=1

⟨1 + log(uk), vk⟩W818

+

K∑
k=1

⟨gk, vk⟩W +
〈
∂I∆̃K (U), V

〉
W ,819

where ∂I∆̃K denotes the subdifferential of I∆̃K . Using the symmetry of ∆W with respect to ⟨·, ·⟩W ,820

namely821

⟨uk,∆Wvk⟩W = ⟨vk,∆Wuk⟩W ,822

the diffusion contribution becomes823

α

2
(⟨vk,∆Wuk⟩W + ⟨uk,∆Wvk⟩W) = α⟨vk,∆Wuk⟩W .824

Hence825
d

dε
E(U + εV )

∣∣∣
ε=0

=
〈
G+ α∆WU + β + β log(U) + ∂I∆̃K (U), V

〉
W ,826

so the variational derivative of E is G+α∆WU + β + β log(U) + ∂I∆̃K (U). We can then derive the827

gradient flow of (C.1) with respect to the graphon inner product as828

(C.2)
∂U

∂t
= − G︸︷︷︸

Region force

− α∆WU︸ ︷︷ ︸
Diffusion term

− (β + β log(U) + ∂I∆̃K (U))︸ ︷︷ ︸
Nonlinear term

.829

Appendix D. Choices of H and H. For different tasks, we need to choose different H(UT )830

for (3.1), leading to different discretizations H(UM ). Recall that UT (x) ∈ RK for any x ∈ [0, 1)831

and UM ∈ RN×K . We use Z to denote the learnable transformation matrix in H and H. We give832

some examples of defining H for different tasks in Table 11. For the graph classification and node833

classification tasks, we use c to denote the total number of classes.834

Appendix E. Sequential splitting for graphon control problems. Operator-splitting835

is a powerful numerical method for solving PDEs involving multiple operators, and has been used836

in various applications [34]. Conventional operator-splitting schemes for control problems defined837
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Tasks H(UT ) H(UM ) Shape of Z

Graph classification Z
(∫

[0,1)
UT (x)dx

)
1
N

∑N
i=1 Z(UM )⊤i Rc×K

Graph regression Z
(∫

[0,1)
UT (x)dx

)
1
N

∑N
i=1 Z(UM )⊤i R1×K

Node classification ZUT (x) UMZ⊤ Rc×K

Node regression ZUT (x) UMZ⊤ R1×K

Table 11: Examples of H and H for different graph problems.

on Euclidean spaces can be directly extended to control problems on graphons. In this section, we838

show how to do a simple sequential splitting for the following graphon control problem:839

(E.1)

{
u(x, 0) = u0(x), x ∈ [0, 1)
∂u
∂t = L(u, x, t) + S(u, x, t), (x, t) ∈ [0, 1)× [0, T ]

840

where L is a linear operator of u and S is a nonlinear operator. To solve this control system841

numerically, we first discretize the time domain [0, T ] using a mesh {0, h, 2h, . . . ,Mh}, where M842

is the total number of time steps and h = T/M is the step size. We denote tτ = τh, and use a843

superscript τ to denote the variable or operator at the τ -th step. We show how to apply a sequential844

splitting algorithm to solve (E.1). For each τ = 1, . . . ,M , we proceed as follows:845

Substep 1: Solve846 {
∂u
∂t = L(u, t) in [0, 1)× (tτ−1, tτ ],

u(tτ−1) = uτ−1,
(E.2)847

and set uτ−1/2 = u(tτ ).848

Substep 2: Solve849 {
∂u
∂t = S(u, t) in [0, 1)× (tτ−1, tτ ],

u(tτ−1) = uτ−1/2,
(E.3)850

and set uτ = u(tτ ).851

In (E.2)-(E.3), we solve the first subproblem using a forward Euler scheme:852

uτ−1/2 = uτ−1 + hLτ−1(uτ−1)853

and the second subproblem by a backward Euler scheme:854

(E.4) uτ = (I − hSτ )−1uτ−1/2 = (I − hSτ )−1(uτ−1 + hLτ−1(uτ−1)),855

where (I −hSτ )−1 denotes the solution operator of the second subproblem. The complete splitting856

algorithm is given in Algorithm E.1. Such a splitting algorithm has been applied to solve graph857

node classification problems [4]. Algorithm E.1 is first-order accurate when L and S satisfy certain858

conditions.859

Theorem E.1. Let (E.1) be a control problem defined on a graphon W ∈ L∞([0, 1)2). Suppose860

L and S are third-order differentiable. Then, Algorithm E.1 is first-order accurate.861
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Proof. We first derive the local truncation error for Algorithm E.1. Denote uτ−1 = u(tτ−1),862

where tτ = τh for τ = 0, . . . ,M , and define P τ
h (v) = (I − hSτ )−1(v + hLτ−1(v)) for any v ∈863

L∞([0, 1)). We get864

P τ
h (u(tτ−1)) = (I + hSτ + (hSτ )2)(u(tτ−1) + hLτ−1(u(tτ−1))) +O(h3).865

Since Sτ (u(tτ−1) + hLτ−1(u(tτ−1))) can be expanded as866 (
I + hLτ−1(u(tτ−1))

∂

∂u
+ h

∂

∂t

)
Sτ−1(u(tτ−1)) +O(h2),867

we see that868

P τ
h (u(tτ−1)) = u(tτ−1) + hLτ−1(u(tτ−1)) + hSτ−1(u(tτ−1))869

+ h2(I + Lτ−1(u(tτ−1))
∂

∂u
+

∂

∂t
)Sτ−1(u(tτ−1)) +O(h3).(E.5)870

We also expand u(tτ ) at t = tτ−1 directly as871

(E.6) u(tτ ) =

(
I + h

∂

∂t
+

h2

2

∂2

∂t2

)
u(tτ−1) +O(h3).872

By subtracting (E.5) from (E.6), we get873

u(tτ )− P τ
h (u(tτ−1)) = O(h2).874

Since W ∈ L∞([0, 1)2), we also get875

∥u(tτ )− P τ
h (u(tτ−1))∥2W = O(h2).876

Suppose {uτ}Mτ=1 is the sequence of numerical solutions generated by Algorithm E.1 such that877

uτ = P τ
h (u

τ−1). Then, we have878

∥u(tτ )− uτ∥2W ≤ ∥P τ
h (u(tτ−1))− P τ

h (u
τ−1)∥2W +O(h2)879

= ∥u(tτ−1) + hLτ−1(u(tτ−1)) + hSτ−1(u(tτ−1))− uτ−1 − hLτ−1(uτ−1)− hSτ−1(uτ−1)∥2W +O(h2).880

Because of the Lipschitz continuity of S and L, there exists a constant cL > 0 such that881

∥Lτ−1(u(tτ−1)) + Sτ−1(u(tτ−1))− Lτ−1(uτ−1)− Sτ−1(uτ−1)∥2W ≤ cL∥u(tτ−1)− uτ−1∥2W .882

Consequently, we derive that883

∥u(tM )− uM∥2W ≤ (1 + cLh)∥u(tM−1)− uM−1∥2W +O(h2)884

≤ (1 + cLh)
M∥u(t0)− u0∥2W +O(Mh2)885

= O(h).886

For control problems involving multiple operators, we may choose a more complicated splitting887

algorithm, such as the hybrid splitting algorithm introduced in [48], to solve them. If we consider888

the nonlinear operator (I −hSτ )−1 as an activation function and Lτ as a learnable linear operator,889

31

This manuscript is for review purposes only.



Algorithm E.1 A sequential splitting method to solve (E.1)

Data: The initial condition u0.
Result: The computed solution u(x, T ).
Set u0 = u0.
for τ = 1, · · · ,M do
Compute

uτ = (I − hSτ )−1(uτ−1 + hLτ−1(uτ−1)).

end for

equation (E.4) is then a continuous counterpart of a plain graph convolutional layer [25]. Such890

connections have been extensively explored for various neural networks defined on structured grids891

[10, 27, 48, 49].892

Appendix F. Two hybrid splitting algorithms. In this section, we consider the following893

control problem defined on a graphon W:894

(F.1)

{
u(x, 0) = u0(x), x ∈ [0, 1)
∂u
∂t = L1(u, x, t) + L2(u, x, t) + Ŝ(u, x, t) + S(u, x, t), (x, t) ∈ [0, 1)× [0, T ]

895

We consider the following two splitting algorithms to solve (F.1).

Algorithm F.1 The first hybrid splitting algorithm to solve (F.1)

Input: The initial condition u(x, 0).
Output: The computed solution u(x, T ).
Set u0 = u(x, 0).
for τ = 1, · · · ,M do
Solve uτ− 1

2 ,1 = (I − 2hŜτ )−1(uτ−1 + 2hLτ−1
1 (uτ−1))

Solve uτ− 1
2 ,2 = uτ−1 + 2hLτ−1

2 (uτ−1)

Solve uτ = (I − hSτ )−1( 12 (u
τ− 1

2 ,1 + uτ− 1
2 ,2))

end for

896

Algorithm F.2 The second hybrid splitting algorithm to solve (F.1)

Data: The initial condition u(x, 0).
Result: The computed solution u(x, T ).
Set u0 = u(x, 0).
for τ = 1, · · · ,M do
Solve uτ− 1

2 ,1 = (I − hŜτ )−1(uτ−1 + hLτ−1
1 (uτ−1))

Solve uτ− 1
2 ,2 = uτ− 1

2 ,1 + hLτ−1
2 (uτ− 1

2 ,1)

Solve uτ = (I − hSτ )−1(uτ− 1
2 ,2)

end for

Theorem F.1. Let (F.1) be a control problem defined on a graphon W ∈ L∞([0, 1)2). Suppose897

L1, L2, Ŝ, and S are third-order differentiable. Then, Algorithm F.1 is first-order accurate.898
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Proof. We first derive the local truncation error for Algorithm F.1. Denote uτ−1 = u(tτ−1),899

where tτ = τh for τ = 0, . . . ,M . For Algorithm F.1, the numerical solution operator is900

P τ
h,1(v) = (I − hSτ )−1

(
1

2
(I − 2hŜτ )−1(v + 2hLτ−1

1 (v)) +
1

2
(v + 2hLτ−1

2 (v))

)
.901

Using Taylor expansion as in Theorem E.1, we have902

(I − 2hŜτ )−1(v + 2hLτ−1
1 (v)) = (I + 2hŜτ )(v + 2hLτ−1

1 (v)) +O(h2)903

= v + 2hLτ−1
1 (v) + 2hŜτ (v) +O(h2).904

Therefore, the term inside the outer inverse is905

1

2

(
v + 2hLτ−1

1 (v) + 2hŜτ (v)
)
+

1

2

(
v + 2hLτ−1

2 (v)
)
+O(h2)906

= v + hLτ−1
1 (v) + hŜτ (v) + hLτ−1

2 (v) +O(h2).907

Applying the outer operator (I − hSτ )−1 = I + hSτ +O(h2), we get908

P τ
h,1(u(tτ−1)) = u(tτ−1) + h(Lτ−1

1 + Lτ−1
2 + Ŝτ + Sτ )(u(tτ−1)) +O(h2).909

Expanding u(tτ ) at t = tτ−1 using the exact PDE (F.1) gives910

u(tτ ) = u(tτ−1) + h
∂u

∂t

∣∣∣
t=tτ−1

+O(h2)911

= u(tτ−1) + h(Lτ−1
1 + Lτ−1

2 + Ŝτ−1 + Sτ−1)(u(tτ−1)) +O(h2).912

Subtracting the two and using the smoothness of the operators with respect to t, we obtain913

∥u(tτ )− P τ
h,1(u(tτ−1))∥2W = O(h2).914

By the Lipschitz continuity of the operators, following the same induction steps as in Theorem E.1,915

we conclude that ∥u(tM )− uM∥2W = O(h). Thus Algorithm F.1 is first-order accurate.916

Theorem F.2. Let (F.1) be a control problem defined on a graphon W ∈ L∞([0, 1)2). Suppose917

L1, L2, Ŝ, and S are third-order differentiable. Then, Algorithm F.2 is first-order accurate.918

Proof. We derive the local truncation error for Algorithm F.2. Denote uτ−1 = u(tτ−1), where919

tτ = τh for τ = 0, . . . ,M . For Algorithm F.2, the numerical solution operator is920

P τ
h,2(v) = (I − hSτ )−1

(
ṽ + hLτ−1

2 (ṽ)
)
,921

where ṽ = (I − hŜτ )−1(v + hLτ−1
1 (v)). Standard Taylor expansion gives922

ṽ = v + hLτ−1
1 (v) + hŜτ (v) +O(h2).923

Substituting ṽ back yields924

P τ
h,2(v) = (I + hSτ )

(
v + hLτ−1

1 (v) + hŜτ (v) + hLτ−1
2 (v)

)
+O(h2)925

= v + h(Lτ−1
1 + Ŝτ + Lτ−1

2 + Sτ )(v) +O(h2).926

This matches the expansion for Algorithm F.1 up to O(h2). Thus, the local truncation error is again927

O(h2), and following the exact same steps, the global error is bounded by O(h). Hence, Algorithm928

F.2 is also first-order accurate.929

33

This manuscript is for review purposes only.



Appendix G. Model implementation details and computational cost.930

This section summarizes the implementation details of all models used in numerical experiments931

in Section 6. For all experiments, the compared message-passing models are GCN, GraphSAGE,932

Graph Transformer (GT), and GIN, implemented using their standard DGL implementations [53].933

The hyperparameters for these models and corresponding computational time are summarized in934

Table 12. The total parameter counts listed here do not include the task-dependent head H. The935

structure of the head module is identical for all models when solving the same problem.936

For the two proposed GraphPottsNet models, GPN(par) and GPN(seq), we implement them as937

described in Section 5. We use the finite-graph discretizations of the two hybrid splitting schemes.938

Unless otherwise specified, we set the number of unrolled steps to M = 4, terminal time to T = 1,939

and regularization parameter to α = 1. The first layer is a standard graph convolution layer for940

lifting the input feature dimension to the specified hidden dimension (also called the width), and the941

last layer is the task-dependent readout/transformation layer described in Table 11. For the node942

classification task, the region force network is implemented as a GraphSAGE network, σ̂1 and σ̂2943

are directly implemented as a tanh activation, and the convolution term Aτ−1 is implemented as a944

SAGEConv (4.15). For the other tasks, the region force network is implemented as a GIN network.945

σ̂1 is implemented as a tanh activation, σ̂2 is parameterized by a learnable two-layer MLP, and946

we use the GIN-type graph convolution in (4.17) for Aτ−1. The hyperparameters for the proposed947

GraphPottsNet models and corresponding computational time are summarized in Table 13. Here,948

we also list in Table 14 the number of parameters for each trainable module in our proposed GPN,949

using the MNIST superpixel graph classification as an example. Here, in each layer, we use (4.17)950

to parameterize σ̂τ
2 (U

τ−1 +Aτ−1(Uτ−1)), so all learnable parameters are in σ̂τ
2 , and parameters in951

Aτ−1 are fixed.952

In all cases, we use an Adam optimizer with a learning rate of 0.01 to train all models for 200953

epochs, and use the validation set accuracy to select the model with the best validation performance,954

which is then used for test evaluation. Typically, the training can be stopped when the model955

performance on the validation set stops improving. In practice, we found that 200 epochs is sufficient956

for all models to reach the early stopping point. Even if we continue for more training epochs, the957

models will just overfit the training data. The training and testing time are measured on a single958

NVIDIA V100-32GB GPU, and the memory used is the maximum GPU memory used during959

training.960

In our proposed GPN models, we have several hyperparameters to choose, including the depth961

M , the terminal time T , hidden dimension ch, and the regularization parameter α. In all our962

experiments, we fixed M = 2 and T = 1 on the citation network dataset and M = 4 and T = 1 for963

all other datasets. Typically, increasingM would lead to a deeper GNN. However, deep GNNmodels964

may suffer from over-smoothing issues [38]. Therefore, we suggest M = 2 for node classification965

tasks and M = 4 for other tasks as the default choice. For the hidden dimension ch, a larger ch can966

potentially improve the model’s capacity, but it also increases the computational cost, so it can be967

chosen depending on the computational budget. For the regularization parameter α, it depends on968

the noise level of the data. A larger α can lead to a stronger regularization effect, which can be969

beneficial when the noise level is high. Therefore, we suggest using α = 1 as a default choice for970

α, and adaptively increasing α when the noise level of the data is high. One can also choose the971

suitable α by cross-validation.972
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Task Dataset Model Depth Width Total parameters
Training time (per epoch)/

testing time
GPU memory

usage

Graph
regression

QM9

GCN 4 120 44880 177.8s/45.3s 38.1Mb
GraphSAGE 4 90 50220 180.1s/45.8s 35.6Mb
GT 4 48 51600 178.3s/44.7s 44.9Mb
GIN 4 100 53520 269.4s/66.9s 79.4Mb

Node
classification

CORA

GCN 1 32 45888 8.1× 10−3s/3.4× 10−3s 93.9Mb
GraphSAGE 1 16 45872 6.6× 10−3s/2.6× 10−3s 76.0Mb
GT 1 32 54720 2.8× 10−1s/6.5× 10−2s 101.5Mb
GIN 1 32 47008 7.5× 10−3s/3.0× 10−3s 122.6Mb

Node
classification

CITESEER

GCN 1 32 118528 7.7× 10−3s/3.3× 10−3s 255.4Mb
GraphSAGE 1 16 118512 8.4× 10−3s/3.5× 10−3s 244.7Mb
GT 1 32 12736 4.2× 10−1s/1.3× 10−1s 264.5Mb
GIN 1 32 119648 7.5× 10−3s/3.1× 10−3s 348.1Mb

Node
classification

PUBMED

GCN 1 32 16032 8.0× 10−3s/3.4× 10−3s 228.8Mb
GraphSAGE 1 16 16016 6.7× 10−3s/2.6× 10−3s 172.8Mb
GT 1 32 24864 5.6s/2.5s 291.0Mb
GIN 1 32 17152 7.8× 10−3s/3.1× 10−3s 302.1Mb

Graph
classification

MUTAG

GCN 4 120 45240 2.1× 10−1s/5.2× 10−2s 25.3Mb
GraphSAGE 4 90 50760 2.1× 10−1s/5.1× 10−2s 24.1Mb
GT 4 48 53640 5.4× 10−1s/2.0× 10−2s 30.3Mb
GIN 4 100 51900 2.0× 10−1s/5.0× 10−2s 27.93Mb

Graph
classification

NCI1

GCN 4 120 48840 4.5s/1.1s 34.1Mb
GraphSAGE 4 90 56160 4.4s/1.1s 31.0Mb
GT 4 48 54840 12.2s/2.9s 43.0Mb
GIN 4 100 54900 4.5s/1.1s 41.0Mb

Graph
classification

IMDBBINARY

GCN 4 120 44520 1.2s/2.7× 10−1s 29.3Mb
GraphSAGE 4 90 49680 1.0s/2.5× 10−1s 28.2Mb
GT 4 48 53400 2.3s/5.8× 10−1s 45.8Mb
GIN 4 100 51300 1.1s/2.6× 10−1s 31.6Mb

Graph
classification

ENZYMES

GCN 4 120 46560 7.0× 10−1s/2.0× 10−1s 35.2Mb
GraphSAGE 4 90 52740 6.8× 10−1s/1.7× 10−1s 32.9Mb
GT 4 48 54080 2.0s/5.9× 10−1s 49.4Mb
GIN 4 100 53000 6.7× 10−1s/1.7× 10−1s 39.8Mb

Graph
classification

MNIST

GCN 4 120 44760 96.2s/15.3s 101.1Mb
GraphSAGE 4 90 50040 93.2s/16.1s 91.6Mb
GT 4 40 53480 700.4s/116.0s 209.2Mb
GIN 4 100 51500 95.0s/16.5s 118.6Mb

Table 12: Implementation details and hyperparameters for baseline message-passing models used
in the numerical experiments.
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Task Dataset Model M/ch
RF

(depth/Width)
Total

parameters
Training time (per epoch)/

testing time
GPU memory

usage

Graph
regression

QM9
GPN(par) 4/60 GIN(4/60) 49020 183s/45.4s 53Mb
GPN(seq) 4/60 GIN(4/60) 49020 186s/46.3s 55Mb

Node
classification

CORA
GPN(par) 2/16 GCN(1/16) 46944 1.7× 10−2s/6.3× 10−3s 125.5Mb
GPN(seq) 2/16 GCN(1/16) 46944 1.8× 10−2s/6.5× 10−3s 126.1Mb

Node
classification

CITESEER
GPN(par) 2/16 GCN(1/16) 119584 1.8× 10−2s/6.8× 10−3s 351.9Mb
GPN(seq) 2/16 GCN(1/16) 119584 1.9× 10−2s/6.7× 10−3s 352.7Mb

Node
classification

PUBMED
GPN(par) 2/16 GCN(1/16) 17088 1.6× 10−2s/6.1× 10−3s 324.4Mb
GPN(seq) 2/16 GCN(1/16) 17088 1.7× 10−2s/6.4× 10−3s 328.7Mb

Graph
classification

MUTAG
GPN(par) 4/60 GIN(4/60) 49380 2.3× 10−1s/5.4× 10−2s 32.5Mb
GPN(seq) 4/60 GIN(4/60) 49380 2.2× 10−1s/5.5× 10−2s 34.2Mb

Graph
classification

NCI1
GPN(par) 4/60 GIN(4/60) 52980 4.7s/1.1s 47.7Mb
GPN(seq) 4/60 GIN(4/60) 52980 4.8s/1.1s 50.8Mb

Graph
classification

IMDBBINARY
GPN(par) 4/60 GIN(4/60) 48660 1.1s/2.7× 10−1s 37.4Mb
GPN(seq) 4/60 GIN(4/60) 48660 1.1s/2.7× 10−1s 38.9Mb

Graph
classification

ENZYMES
GPN(par) 4/60 GIN(4/60) 50700 7.2× 10−1s/1.7× 10−1s 48.4Mb
GPN(seq) 4/60 GIN(4/60) 50700 7.3× 10−1s/1.7× 10−1s 51.8Mb

Graph
classification

MNIST
GPN(par) 4/60 GIN(4/60) 48420 96.7s/16.4s 157.5Mb
GPN(seq) 4/60 GIN(4/60) 48420 98.3s/17.0s 170.9Mb

Table 13: Implementation details and hyperparameters for the proposed GraphPottsNet variants.
“RF” denotes the parameterization of Gθ used in each setting.

Trainable module Description Number of parameters

U0 Initialization operator 240
Gθ The region force network 18900
σ̂τ
2 The MLP at each layer, τ = 1, 2, 3, 4 7320

Total All trainable modules listed above 48420

Table 14: Parameter decomposition of the proposed GPN used for the MNIST superpixel graph
classification experiment.
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