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NEW WAYS TO CONSTRUCT GRAPH NEURAL NETWORKS FROM
VARIATIONAL MODELS AND CONTROL APPROACHES

LINGFENG LI*, HAO LIU , XUE-CHENG TAI i, AND RAYMOND HON-FU CHAN$

Abstract. Graph neural networks (GNNs) have recently gained significant research attention and found applica-
tions across diverse domains. Unlike traditional convolutional neural networks (CNNs), which operate on structured
grids, GNNs are defined on unstructured graphs. Despite their wide applications, there remains a lack of work
providing mathematical interpretations of GNNs. In this paper, we propose a novel framework for designing and
constructing GNN models from graphon control problems, where graphon is the large graph limit of graph models.
We also demonstrate that many classical message-passing GNN architectures can be interpreted via our framework.
Motivated by this connection, we formulate a novel control problem based on the gradient flow of the multiphase
Potts model. By discretizing this control problem using a specific operator-splitting scheme and employing the un-
rolling technique, we construct novel GNN architectures called GraphPottsNets (GPN). The intrinsic regularization
properties of the Potts model are preserved in the proposed GPNs, providing a regularization effect during forward
propagation of graph signals. Comprehensive experiments demonstrate that our GPNs achieve competitive results
compared to state-of-the-art GNN models across multiple benchmarks. Moreover, our GPNs exhibit significantly
greater robustness against node feature perturbations and maintain high prediction accuracy even under intense
noise on node features.

Key words. graph neural networks; Potts model; operator-splitting

1. Introduction. There has been a recent surge of interest in Graph Neural Networks (GNNs),
driven by their ability to model relational data and capture complex dependencies in unstructured
systems. These models have found wide applications across diverse scientific domains, including
chemistry, physics, and neuroscience [15, 21, 13, 43, 23]. Though GNN models achieved superior
performances in various tasks, they are shown to be vulnerable to adversarial attacks and noises
[59, 20, 47, 60]. In some safety-critical and high-stakes applications, like drug discovery and financial
fraud detection, robustness is a highly valued property. Real-world graph data often contains
inherent noise due to measurement errors, incomplete information, or label inaccuracies. That is
why developing robust GNNs has become an urgent priority across many fields.

One important class of GNN is the message-passing GNN, which operates by passing messages
between the nodes of a graph, allowing information to propagate throughout the network. In a
message-passing GNN, each node is associated with a feature vector representing its characteristics
or attributes. The network iteratively updates these feature vectors based on the information
received from other nodes. This update process typically involves aggregating and transforming the
messages received from neighboring nodes and then combining them with the node’s own features
to produce an updated representation. This mechanism allows the network to capture relational
dependencies and structural information contained in the graph. By iteratively passing messages
and updating node representations, the network can learn to incorporate information from the
entire graph into specific tasks. Popular message-passing GNNs include the Graph Convolutional
Network (GCN) [25], GraphSAGE [24], Graph Attention Network (GAT) [52], Graph Transformer
(GT) [16], and Graph Isomorphism Network (GIN) [55].

Besides the GNNs-based methods, energy-based methods are also commonly used to solve graph
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applications, especially node classification tasks [3, 4, 19, 5, 45]. This type of method operates by
minimizing a problem-dependent energy function. The graph cut algorithm [12], which has been
extensively applied in various fields, solves a node partition problem by finding a cut with minimum
cost. The graph MBO method [35] generalizes the Ginzburg-Landau energy to graphs and applies
the MBO scheme, which consists of a diffusion step and a threshold step, to minimize it. The Potts
model has also been used for graph tasks [57] with different region force terms, in which the nodes
are partitioned by minimizing the Potts energy function.

Recently, there have been many works focusing on connecting Convolutional Neural Networks
(CNNs), which are usually defined on structured data, with continuous control problems and varia-
tional models [46, 26, 48, 29, 54, 50]. The multi-layer structure of neural networks can be explained
as some types of iterative numerical schemes for solving optimization problems or control problems.
By leveraging this continuous point of view, we can modify and design new network structures by
incorporating prior knowledge as regularization terms into the variational models or control prob-
lems, and obtain networks that can preserve some desirable properties. For example, in [48, 29], the
authors proposed novel network structures based on continuous control problems derived from the
Potts model, which contains a boundary regularization term. In particular, the regularization term
explicitly imposes some structural constraints on the feature and therefore improves the robustness.
The model can achieve high accuracy when the network input is disturbed by high level of Gaussian
noise, and outperforms the current state-of-the-art models.

Graph models are typically defined on unstructured data, which lacks an explicit continuous
counterpart. However, we can define a continuous graph via the limit of a sequence of graphs with
increasing size. The continuous graph defined in this way is called a graphon [6, 7]. A graphon is
a measurable function defined on a bounded set, and can be viewed as an undirected graph with
an uncountable number of nodes. The theory of graphons and its connection with graph models
have been extensively studied [6, 7, 32, 58]. Graphons have also been used for the analysis of GNN
in the literature. For example, Ruiz et al. [41, 42] defined the graphon neural network (called
WNN) as the limiting object of a sequence of GNNs, and used the defined WNNs to analyze the
transferability and stability of GNNs. Levie [28] also used the continuous graphon to study the
generalization error and stability of message-passing GNNs.

In this work, we aim to extend the continuous viewpoint of CNNs to GNNs. We will build
connections between the message-passing structures of GNNs and control problems defined for
graphon functions. This graphon viewpoint is primarily used as a theoretical framework for deriving
the proposed network architectures and interpreting existing GNN models. Following the ideas of
a series of previous works [30, 29, 48, 49], we will provide a unified framework that can interpret
classical message-passing structures of GNN models as operator-splitting of certain graphon control
problems. Based on this framework, we will propose robust GNN models by introducing extra
regularization and control variables to the control problems.

We emphasize that our approach is fundamentally different from algorithm “unfolding” (also
called unrolling), where an iterative optimization algorithm is transformed into a trainable neural
network architecture. In such approaches, each iteration of the algorithm becomes one network
layer (or block), and certain algorithmic parameters are learned from data [22, 56]. In contrast,
our framework is based on the design of a continuous-time control problem, in which the control
variables become the training parameters after discretization. For several classes of problems,
approximate controllability and universal approximation properties have been established [11].

This work is organized as follows: Section 2 introduces some basic notations of graph models
and graph neural networks. Section 3 builds the connections between the graphon Potts model and
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control problems, for which the operator-splitting strategies are introduced and their connections
with existing state-of-the-art GNN models are discussed in Section 4. We then propose a new
GNN, called GraphPottsNet, based on the splitting schemes for the graph Potts model in Section
5. We test our GraphPottsNet with systematic experiments in Section 6. This paper is concluded
in Section 7.

2. Preliminaries. In this section, we introduce basic concepts of graph models, and how
operator-splitting methods can be used to solve them.

2.1. Graph models and large-graph limit. Consider an undirected graph with N nodes:
G = (V,€) where V. = {v;} is the set of nodes and & C V? is the set of edges. Each edge
(vi,v5) € € is assigned a positive weight w;; > 0. We extend the definition of weights to non-edge
pairs by w;; = 0 if (v;,v;) ¢ £. Define a weight matrix Wy € RN¥*¥ such that (Wy);; = w;; for
i,j € [N] where [N] = {1,2,...,N}. The structure of G can be precisely characterized by Wiy.
For each i € [N], the degree of the i-th node is defined as d; := 3¢ wij. We make some further
assumptions on the graph model G considered in this paper:

1. G is undirected: w;; = wj; for all (v;,v;) € £, which means Wy is symmetric.
2. G contains no self-loops, i.e., all diagonal elements of Wy are 0.
3. G contains no isolated points, i.e., d; > 0 for all ¢ € [N].

A graphon is a bounded, symmetric, measurable function W : [0,1)? — R that can be viewed
as an undirected graph with an uncountable number of nodes. Every x € [0, 1) represents a node,
W(z,y) represents the weight between two nodes x and y, and d(z) = fol W(z,y)dy represents the
degree of node x. The graph G with weight matrix Wy can be associated with a piecewise constant
graphon Wy (z,y) defined on [0,1)? by

Wi (z,y) = wij, (x,y) € x Ij,i,j € [N]

where I; = [52, &) for i € [N]. For any graphon W : [0,1)> — R, we can define its cut norm as
IW|o:= sup / W(x,y)dxdy
$1,82€[0,1) |/ 51 x5

where the supremum is taken over all measurable subsets S; and Sy of [0,1). When W is always
non-negative or non-positive, the supremum is obtained simply when S; = Sy = [0,1).

For any sequence of graphs {Wx}¥_, and associated piecewise constant graphons {Wn}%_,,
if there exists a graphon W such that the cut norm of Wy — W converges to 0 as N — oo, we
say this sequence of graphs {Wy} converges to W [6]. We notice that Wy — W may contain both
negative and positive parts, so the supremum of the cut norm is achieved by choosing non-trivial
S1 and S5. It has been shown that every graphon function is the limiting object of a convergent
graph sequence, and every convergent graph sequence has a limit graphon [32, 6, 7]. Each graph
weight matrix Wy can be viewed as a discretization of a continuous graphon W on an N by N
uniform grid.

The connections between continuous graphons and finite graphs have been extensively studied
[6, 7]. Tt has been proved that some energy functionals for graphons, such as the cut functional, total
variation, and Ginzburg-Landau functional, are the I'-limit of sequences of finite graph functionals
[8, 58, 51]. We present some details about the definition of operators on graphs and graphons in
Appendix A.
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2.2. The graphon Potts model and gradient flows. The graphon Potts model for binary
classification of nodes x is formulated as

(2.1) min < TVw(u) + (u,9w
u(z)€{0,1} 2 —— ——

Total variation term  Data fidelity term
where u is the partition function, g is the given region force function, and « is the weight of the
total variation term. The definition of the graphon total variation TV, and inner product (-, )y
can be found in Appendix A (see (A.6) and (A.7)). The total variation measures the length of the
partition boundary, and the data fidelity term measures the consistency with known data. Problem
(2.1) is the continuous counterpart of the graph Potts model. More details about the connection
between the variational models on graphs and graphons can be found in Appendix B. By solving
(2.1), each = € [0,1) can be classified into two classes based on the value of u(z). Model (2.1) can
be easily extended to a multi-phase classification problem, where we denote the number of classes
as ¢. Let U(z) € A€ be a partition function, where

A€ = {(Ul(l’), ‘e ,UC(JZ)) € {O, l}c Zuk(x) = va € [07 1)} ’
k=1

and G(z) = (g1(x),...,g.(x)) € R® be a multiphase region force function. The multi-phase Potts
model is given as:

C (&

(2.2) min =37 TV () + Y (ur, gidw-
k=1 k=1

Because of the nonsmoothness of the total variation term and the nonconvexity of the constrained

set A¢, it is difficult to directly solve model (2.2), and some relaxation techniques, such as the soft

threshold dynamics approach [31], can be used. We relax the model (2.2) as (see Appendix C for

detailed derivation):

c

(2.3) min % Z<Uk7 Awug)w + Z<Uk,gk>w +8 Z(Um log(ux))w

Ueas < k=1 k=1

where

A€ = {(ul(x), .o ue(x)) €0,1)°

Z“k(””) =1,Vx € [0,1)} )
k=1

Ayy is the graphon Laplacian as defined in (A.4), and 3 is the weight of the entropy term. The
relaxed model (2.3) can be solved through the gradient flow:

ou
(2.4) —(x,t)=— G(x) —aAwU(z,t)+ SU)(z,t) ,
ot N~~~ —_— —
Region force Diffusion term Nonlinear term
where S(U) = = — Blog(U) — 0Ix.(U), AwU = (Awus,. .., Awue), Ix. is the indicator function
of the set ﬁc, and OIx. denotes its subgradient.
The gradient flow of the Potts model can be further used to construct novel neural network
models. In [48,; 29], the authors discretize a control problem, which is modified from the gradient
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flow of the Potts model for binary image segmentation, using carefully designed operator-splitting
algorithms and construct novel neural networks by the unrolling method. Because of the existence
of regularization terms such as the total variation in the Potts model, the unrolled network is more
robust to noise in the input space than standard neural network models.

3. The proposed graphon control problems. Inspired by [48, 29], we derive a general
framework to design graph neural networks based on the gradient flow (2.4). Suppose we are given
a graphon signal f, which is a function defined on [0,1). We are interested in modeling a solution
operator 7 that maps f to the desired output space, which depends on the nature of the task. We
consider modeling the solution operator 7 through the following model:

W = —G — alwU + AU,t) + SU) + S(U,t) (z,t) €[0,1) x [0,T7,
(3.1) U(x,0) = Up(z; f) z €[0,1),
T(f)=H(Ur),

where U(x) € R is the hidden state variable, K is the hidden dimension, Uy(z; f) is the initial
condition derived from the input signal f, G(x) € R¥ is the region force in the hidden space,
A(U,t)(z,t) € REX is a graphon convolution function, S(U) € RX is a nonlinear function, and
S’(U, t) € R is a time-dependent nonlinear function. The final output 7(f) is computed by a
transformation operator H acting on Up, which is U at the terminal time ¢ = T. The operator
‘H serves as a post-processing operator, and the choice of H is task-dependent. For example, in a

graph classification problem with ¢ classes, H can be defined as H(Ur) := f[o n ZUr(x)dx € RS,

where Z € R°*K is a transform matrix. Similar to [48, 29], in (3.1), we introduce an extra linear
convolution term A to the Potts gradient flow (2.4) to better control the evolutionary behavior of the
state variable U. Besides, we also introduce the time-dependent nonlinear term &, which will allow
a more flexible design of the activation function when constructing neural networks. The diffusion
term AU, which corresponds to the derivative of the total variation term, ensures that U assigns
similar hidden-state values to neighboring nodes x € [0, 1), thus promoting spatial consistency in
U. The weight o modulates the strength of this regularization, with larger « encouraging higher
spatial consistency. We also remark that the nonlinear term S(U) in (3.1) can either coincide with
S(U) in (2.4) or represent a different nonlinear term designed for specific tasks. In the following
section, we propose operator-splitting methods to solve (3.1), and show that the resulting scheme
has a similar architecture to graph neural networks.

The control problem (3.1) is motivated by the graphon Potts gradient flow (2.4). Specifically,
if we choose K to be the number of classes ¢ in the Potts model (2.4), then the evolution of U in
(3.1) is equivalent to the Potts model gradient flow (2.4) with an extra linear convolution term.
However, (3.1) is proposed here as a general hidden-state evolution model and the output dimension
is determined by the task through the post-processing operator H, not by the hidden dimension
K. For example, in graph regression, 7 (f) € R directly predicts the value of the regression target,
and H maps Ur to a real value. Here, the parameter K denotes the hidden dimension of the state
variable U, so it plays the same role as the hidden width in a standard neural network. Increasing
K enlarges the feature space in which the graph dynamics evolve and therefore increases the model
capacity. Though it may cause more computational cost, a larger hidden dimension generally allows
the network to represent more complex mappings and therefore achieve better results on specific
tasks. Theoretical results regarding the hidden width and model capacity can be found, for example,
in [33]. In practice, we can choose a proper K according to the computational budget. In the rest
of this paper, we consider the general form of (3.1), where U(x) € R¥ is a hidden state variable
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and K indicates the dimension of the hidden space. The operator H will then transform Ur into
the desired output space according to different tasks. We give examples of H for different tasks in
Appendix D.

Based on (3.1), we consider using an optimal control approach to obtain the solution operator
T(f). More specifically, we assume there is a set of graphon signals f; and the corresponding target
quantity v; for i=1,... ,N , where N denotes the total number of training samples. We denote the
mapping from f; to T(f;) via (3.1) as N where ( = {Uy, G,A,S,’H} represents the collection of
all undetermined variables in (3.1). The optimal control problem can be formulated as

(3.2) mm Z L(N¢(f;),v;)

i=1

where L is a task-dependent loss function measuring the difference between N¢(f;) and v;. For
example, L can be the cross-entropy function for classification tasks or it can be the squared Lo
error for regression tasks.

4. Proposed operator-splitting scheme for (3.1). In this work, we consider A in (3.1) as

K
Ut): (Zal’s( U5+b1 Zags u5+b2 ZaKS Wus—i—bK(t)) R
s=1

where 4, is the graphon convolution defined as (A.5), aj s(t) € R? is a convolution kernel, and

b(t) = (bi(t),...,bx(t)) € R¥ is the bias term. Here, the function W(z,y) can be chosen as the
graphon function W(z,y) or its normalized version, like W(z,y)/d(z ) and W(z,y)//d(

We first discretize the time domain [0,7] using a mesh {Th}} , where h = T/M Then
we apply a simple sequential splitting Algorithm E.1 discussed in Appendix E (we refer to [48,
Appendix C] for an introduction to general operator-splitting algorithms) directly to (3.1), which
leads to the following time-discretizations:

(A1) U =@=hS) (U (G = adwUTT AT O £ STHUTTY)).

Here, we use the superscript 7 to denote a time-dependent variable discretized at the 7-th time
step. The optimal control problem (3.2) can be approximated by

N

(42) min L(NCM(f) v; )a

Cm £
=1

where N, (f;) denotes H(UM) with UM being computed iteratively using specific numerical
schemes from U° = Uy(x; f;), and Cyr = {MO,G H{all ! fk LbTTM (ST } denotes

the collection of all undetermined variables discretized at each time step.
By the definitions in Appendix A, we write ay +(t) = (aks.0(t), ak,s,1(t)). Then the k-th com-
ponent of A is

AU0E) = 3 (ak00ft)0e(o) + aken®) [ Wi puat) ) + 0000,

6
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If we choose W(z, y) = W(z,y)/d(x), then the k-th component of A(U,t) — aAwU can be written
as

K 1
3 ((«zk,s,o(t) - ad)1s(0) + e (0) + 6e) [ Wi (o) dy> T b(t)

s=1

where 6, s = 1 if k = s and ;5 = 0 otherwise. If we compute UM directly through (4.1), then
the optimal value of the training problem (4.2) is independent of «. To see this, assume first that
(4.2) attains its minimum when a = ag, with coefficients ay s(t) = aj, ((t) = (a}, ; o(t), a; ;1 (1)) for
each k and s. If we then change a to another value a;, we define a new set of coefficients by taking
ay s(t) = aj ((t) for k # s and

ay i (t) = (af .0(t) — a1 + o, af (1) + a1 — ag)

for each k, while keeping all other undetermined variables unchanged. Then the training problem
(4.2) attains the same minimum with this new set of coefficients, and the resulting trajectory U™ for
every training sample is exactly the same as the one obtained from aj, ,(¢) when o = ap. Therefore,
the optimal value of the training problem (4.2) is independent of oz,, and the effect of @ may be
compensated by the learnable parameters ay, s(t).

To make the role of & more explicit, we design two hybrid operator-splitting algorithms to solve
(3.1). We first split operators in (3.1) into two groups: —G(x) — aAwU + A(U, t)(x,t) + S(U,t)
and S(U) sequentially as Algorithm E.1. Then, the first group of operators is further split into
two subgroups: —G(z) — aAwU(x,t) and A(U, t)(z,t) +S(U,t). These two subgroups can be split
by either a sequential scheme or a parallel scheme. Both methods are efficient and have the same
order of accuracy (See Appendix F). Consequently, we will consider both sequential and parallel
splitting schemes for this group of operators, resulting in two different hybrid splitting algorithms as
presented in the following subsections. In the proposed splitting schemes, the two operator-splitting
steps can be different, either sequential or parallel, and the temporal discretization can be different,
either implicit or explicit. This is the reason why we call the splitting scheme “hybrid”. We will
discuss the details of the two splitting schemes in the following subsections.

4.1. The first splitting algorithm for (3.1). We first consider the parallel splitting of
—G(z) — aAwU(x,t) and A(U, t)(z,t) + S(U,t), as shown in Algorithm 4.1.
In Algorithm 4.1, we still need to solve three subproblems. We solve (4.3) as:
U‘r—f ,1 (I 2h8‘r) (UT—I + 2hA‘r—1(U7——1))

+2th pag ey ul Tt 4 2hb
_ - amsy1 | " “l2ny 1a531 *yp ui !+ 2hb;

Loy 1aKS %5 Ul 4 27
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Algorithm 4.1 The first hybrid splitting method

Input: The initial condition Uz, 0).
Output: The computed solution U(x,T).
Set U° = U(x,0).
forr=1,---,M do

Solve for UT~z:1:

T—11  gprr—1 .
(4.3) vty ZUr o v — AN U +8T(UT Y
Solve for U™ 32
T—l,Q _ T—1
(4.4) % =G —aAyU™!

. 1 _1
Combine U™~ 2! and U™ 22

UT*% _ %(UTfé,l 4 UT*%,Q)

Solve for U™:

UT _ UT—%

(4.5) eSUT)

end for

Subproblem (4.4) is solved explicitly:
ul "t 4 2h(—g1 — aApwu] )

1 -1
Uy~ + 2h(—ges — aApuy )
U532 = U™ 4 2h(—G —aAwU™ ) = | ° _ ?

i+ 2h(—gr — aApwuit)
The last substep (4.5) is solved implicitly:
U™ =(Z—-hS)~"'UT12

We formulate the full update from U7~! to U™ as:
1 1
(4.6) U™ =6, <2UT‘1 + h(=G — aAWU™™ ) + 503 U+ 2hAT‘1(UT‘1))> ,

where 61 = (Z — hS)™" and 63 = (Z — 2hS™)~'. Here 61 : RX — RX and 67 : R — RX are
applied pointwise to their input functions.
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Algorithm 4.2 The second hybrid splitting method

Data: The initial condition U(z,0).
Result: The computed solution U(z,T).
Set U° = U(x,0).
forr=1,---,M do

Solve for U™~ 3:

U3 —yt1 ; 2
(4.7) — = ATHUTH +ST(UT3)
Solve for UT~3:
(4.8) T - G annU
Solve for U™:
(4.9) % eS(U)
end for

4.2. The second splitting algorithm for (3.1). We then consider the sequential splitting
of —G(z) — aAwU(z,t) and A(U, t)(z,t) + S(U,t), as shown in Algorithm 4.2.
Substep (4.7) is solved as:

UTﬁ% _ (I— hST)71 (Urfl + hArfl(U‘rfl))
+th 1als *ypul b
. Ve n R an e w4 hby !
:(I—hST)71 192, . *W 2
SRR RV W“g_l‘*‘hb?l
Substep (4.8) is solved explicitly:
'7——.2 T—g
u; 2+ h(—g1 —aDwuy *)

2
uy 3 4 h(—go — aAyul ?
U5 =U""% +h(~G —aApU ™ %)= | * (792 by )

2 2
Up ° +h(—gx — alApwug ®)
The last substep (4.9) is solved implicitly:
U™ =(Z—hS)"tuT—1/3,

The full update from U™~! to U7 is given as:
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(4.10) U™ =61 (=hG + (T — ahAw)é5 (U1 + hATHUTY)).

4.3. Discretization on finite graphs. After temporal discretization, we discuss the spatial
discretization of (3.1) in this subsection. Let Wy € RV*Y be an N by N matrix that discretizes
W as: (Wy)ij = W(5E, &%) for i,5 = 1,..., N. We discretize the model (3.1) on this finite graph
Wn. Foreach7=1,...,M, U™ and G are discretized as matrices U™ = (u],...,u}) € RN*K and
G = (g1,...,8x) € RV*X_ The identity operator Z is approximated by an identity matrix Iy, the
graphon Laplacian A,y is discretized as the graph Laplacian Ay, (defined as (A.1) in Appendix

A), and the graphon convolution term A7 ! is discretized as A™~! by replacing %4 With the graph
convolution *;, ~ (defined as (A.2) in Appendix A), where Wy is the discretization of W(x,y) on
W, and we denote the discretization of Uy as Uj.

Equations (4.6) and (4.10) are discretized as

(4.11) U™ =6y (;UT—1 +h(—G + oAy, U ) + %&g (U + 2hAT—1(UT—1))> ,

and

(4.12) U™ =6, (=hG + (Iy + ahAw, )53 (U™ + RATH(UT)))

for 7 = 1,..., M. Here, the activation functions &1 : RX — R¥ and 43 : RX — RX remain the

same as in (4.6) and (4.10). The transformation operator #H is discretized as H, and we refer to
Appendix D for the definition of H for different tasks.
Finally, the optimal control problem (4.2) becomes

(4.13) meinz L(Ng(£:), v;).

Here, f; is the discretization of f;, Ny (f;) equals H(UM), where UM is computed by (4.11) or (4.12)
iteratively from U°, and 6 denotes the collection of all undetermined variables in G, 63, and A™ 1.

4.4. Connections with message-passing structures of GNNs. The model (3.1) is closely
related to many classical message-passing GNNs. In this subsection, we show that some classical
GNN layers are operator-splittings of a special case of (3.1) without the region force term G and
the diffusion term aAyy.

A large class of modern graph neural networks follow similar message-passing structures. A
complete graph neural network consists of several message-passing layers and an output layer. The
message-passing layers iteratively update nodes’ features by combining features from neighboring
nodes, and the output layer makes the final prediction according to the outputs of previous layers.
The structure of the output layer is identical to H in the previous subsection. We then show that
many message-passing layers can be explained using (4.6) or (4.10).

Suppose the matrix U™ = (u],u3,...,uf) € R¥*EK contains the hidden state vectors at the
7-th layer. We present the update rule of message-passing layers in some classical GNNs and their
connections with (3.1) as follows

e Graph convolutional network (GCN) [25]:

10
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The GCN layer (GCNConv) is defined as
(4.14) U =o ((IN + Dy P Wy DY UTTIX T p 1y @ (bf—l)T)

where ¢ is a nonlinear activation function, X7~! € RE*X¥ is the convolution coefficient
matrix, 1y € RY is a vector with all elements equal to 1, and b"~! € R¥ is the bias
vector. The matrix X7~1 and vector b”~! are learned during training. Expression (4.14) is
exactly a discretization of (4.6) without the region force and the diffusion term on a finite
graph Wy . To see this, we first set G = 0, a = 0, ST = 0, and absorb the time step 2h
into the convolution operations A. Then (4.6) is reduced to

U =6 (U’T*l + A‘rfl(U-rfl)) .
We further define each convolution term a in A7 1
T—1 _ (X;rk_l - 17X;-k;_1)’ k=s
XL XL, k#s

where X, represents the element of X at s-th row and k-th column, and choose W as

W(z,y)/+/d(z)d(y). Then, we have

T—1 W(m’y —
O e XI o R, k=

Xt X5y s u(y)dy, k# s,

where X[~ ! represents the element of X7~ at s-th row and k-th column. Then, the term
U1+ A=Y ({UT1) becomes

K T—1, -1 fo Aey) ul " (y)dy 1

D1 X ug . W(“J)d) . b
K T—1, 7—1 X7 TY) 4T d T—1

U.,-,l + Zs:l XSQ Us _ U7_71 L Zs 1 s2 fO /. I)d( s (y) Y n b2.
K .7'—1 T—1 7—1

Zszl XsK Ug Zs 1 X fO - W(z,y) ut— 1(y)dy bK

d(w)d(y Ye

If we discretize the system on a finite graph Wy, then uk_l becomes a vector u;_l and the

: : L Wy ,r—1 1/2 /27— . :

integration [, ——=—Z— dy becomes Dy ' "WnD,y . Consequently, equation
g Jo Taramus W)dy quently, eq

(4.6) is discretized as
U™ =&, (UT‘1XT‘1 + DYV PWa D PUTIX T 4 1y (bT—l)T)

where b™! = (b7 1,037 ",...,0% )T, The discretization of (4.6) has exactly the same
form as (4.14) with activation o = ;.
GraphSAGE [24]:
Consider the SAGE convolution layer (SAGEConv) in [24] with mean aggregation:
(4.15) U =0 (U X" 4+ Dy'WaUT'Y  +1y@ (™))
11
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where X7~ Y71 € REXK are learnable matrices. We set G(z) = 0, a = 0, ST = 0, and
absorb the time step into the convolution kernel and the bias term. Equation (4.6) reduces
to

UT :&1 (UT—l +AT—1(UT—1)) )

(X' -1LYLh, k=s
(X3 H Y5, k#s
Ys’;c_l represent the elements of X7~! and Y7 ! at the s-th row and k-th column, and
choose W as W(z,y)/d(x). Then, we have

T— T— 1 x,
Tl {(Xsk CDu+ Y fy S tulydy k=,
=

ak T— T— 1 W(a,
X u Y d((a:)y)u(y)dy k# s,

We further define az_sl in A77! as a;_sl = { , where X7~ ! and

»S

and UT~1 + A7"1(U™!) becomes

K T— 1 Wz, r—
S X () e Y 1fo1 ST (y)dy b
T—1, 7— K T— W(z, T— T—
gt | S X @ | [T ey 71 (y)dy e
K yre1, 7 K wore1 (L W(zw) o 1
2o X i (@) D1 YsKlfo V\Zl((x)y)“s Y(y)dy bk

After further discretizing on Wy, we get the following iterative update
U™ = 5’1 (U‘rflefl + D&leUTleTfl +1y® (b‘rfl)T) ,

and (4.6) exactly recovers (4.15) with activation o = 47.
Graph isomorphism network (GIN) [55]:
The update rule of the GIN layer (GINConv) is

(4.16) U™ = MLP"((1 4+ ) U™ 1 + WU

where MLP7(+) is a learnable multilayer perceptron acting on each row of (1 +¢)U™"1 +
WxUT"! and € is a learnable parameter. Unlike the GCN and GraphSAGE layer, the
GIN does not have learnable convolution coefficients and bias. Instead, GIN learns the
activation function at each time step.

By setting G(z) =0, a =0, by = 0, S = 0, and absorbing the time step, (4.10) reduces to

U™ = (5'5 (U‘rfl +AT*1(UT*1)) .
By defining the convolution operators in A7~! as

1 T
eu+ [y 1/‘;((a:’)y)u(y)cly k=s

0 k # s,

(4.17) az’;l *p U = {

and discretizing (4.10) on a finite graph Wy, we get
U =67((1+e) U+ WU,

Unlike the GCN and GraphSAGE layer, we directly parameterize the activation 67 using
an MLP at each time step 7 instead of parameterizing ST. Then, (4.10) is equivalent to
(4.16).

12
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5. The proposed GNN model. Based on the two splitting algorithms discussed in Section
3, we propose two novel GNN models by using the unrolling method [36] for Algorithms 4.1 and
4.2. This procedure involves two steps: discretizing (4.6) and (4.10) on a finite graph Wy, and
parameterizing unknown terms, such as G, A1, and &; and 67, as learnable modules. The
discretization of (4.6) and (4.10) on Wy gives (4.11) and (4.12) respectively. We discuss the
parameterization step in the following.

5.1. Parameterization. We need to parameterize the region force term G, the convolution
A™1 and the activation functions 7 and &5. We present a general way of parameterization for
each term as follows:

1. The region force terms G:
We use a learnable GNN module Gy, such as the GIN network, to parameterize G, where
0* denotes the set of all learnable parameters in Gg~. The input of Gy~ is a graph function
f, and the output of Gy« is a matrix of size N x K, where the k-th column of the output
represents the region force gy. Since g does not depend on 7, Gy« only needs to be
evaluated once.

2. The convolution A7~ !:
In general, for each 7 = 1,..., M, the convolution A”~! can be parameterized using any
graph convolution operations, including those used in GCN, GraphSAGE, and GIN dis-
cussed in Section 4.4.

3. The activation 6; and &3:
For the activation 61 = (Z —hS)~!, which is time-independent, we can compute it by exact
or inexact solvers. The details are discussed in the next subsection. For 67 = (Z— 2h3T)*1,
instead of solving the inverse problem directly, we parameterize 63 as a learnable MLP
module at each time step, like the GIN network, and find its optimal parameters when
solving the control problems (4.13).

4. The initialization operator Upy:
Given an input graph data f, we use a simple GCN convolution layer with a nonlinear
activation to parameterize the initialization mapping that lifts the dimension of f to K and
use the output of this convolution layer as UY.

5.2. On the solution of 61 = (Z — hS)~!. The nonlinear term &, serves as the activation
function in our GNN. Here, we discuss how to compute 1 for different choices of S. Since S(U)
is applied to each U(x) € RE pointwise, it is sufficient to show how to compute &1 (y) for a given
vector y € RE.

In (2.3), the nonlinear term is defined as S(U) = —3 — Blog(U) — 0Ixx(U), and 61(y) aims to
solve for a vector x such that

(5.1) XY e Sx) o % + B+ Blog(x) + 0l (x) 3 0,

where I3, is the indicator function of the set

oK = {z €0, 1)¥

K
sz = 1}.
k=1

To solve (5.1), we consider a similar two-substep splitting technique as [49]:

(5.2)

Substep 1. solve for x’ : X ;/y + B+ Blog(x’) =0,
Substep 2. solve for x : *7% 4 0I5, (x) 3 0.
13

This manuscript is for review purposes only.



410
411
412
413
414
415

416

417

418

419
420
421
422
423
424

425

426

428

429

430
431
432
433
434
135
436
437
438
439
140

The first substep can be solved by a fixed-point iteration:

NY _ — VY
B Y () = 0 () = e (L2 1)
where v = 0,1,... denotes the fixed-point iteration step. Since x gets updated from iteration to

iteration when we solve (2.3), we only need to find an approximate solution for this substep for
efficiency considerations. We follow [29] to use a few steps of this fixed-point iteration. The (x’)”
after the last fixed-point iteration step is used as the final solution x’. The second substep can be
solved by a simple projection of the vector x’ to the set 6%. Since all elements of x’ are positive,
we can compute this projection by

Note that if we only do 1 fixed-point iteration for the first substep and choose (x')° = 0, we have

K

(5.3) 61(y) = exp(y/(hB) = 1)/ D exp(yr/(hB) — 1) = Softmax(y/(hB)),

k=1

which exactly recovers the softmax function when hfg = 1.

In a more general setting, when the problem is not a classification problem, it is not necessary
to require that U € A in (2.3). Instead, we can replace the regularization szﬂ(uk, log(ug))w
by Zle(mk,log(uk»y\; + (1 — ug,log(1 — ug))w) and require U € [0,1]% only. In this case, the
resulting nonlinear term S(U) in (2.3) becomes —fBlog (U/(1 —U)), and &1(y) is equivalent to
solving

= = —Blog (x/(1 - x)).

We can also use a fixed-point iteration like [48] to solve it

BITZY . Blog ()7 /(1 — (7).

Similarly, if only 1 fixed-point iteration is used and we set (x)° = 0, we have

(5.4) 61(y) = Sigmoid(y/(hf3))

which is exactly a sigmoid function when h5 = 1.
Besides, instead of directly parameterizing S, we can also parameterize &1 with some common
activation function, like the Tanh function and ReLU function.

5.3. GraphPottsNet. After parameterization at each time step, we obtain two novel GNN
structures based on Algorithms 4.1 and 4.2. Since Algorithms 4.1 and 4.2 solve a control problem
originally derived from the Potts model, we call our new GNNs GraphPottsNet (GPN). According
to the treatment when dealing with the operator groups (sequential or parallel), we denote the
unrolled networks from Algorithms 4.1 and 4.2 as GPN(par) and GPN(seq), respectively. The
graphical illustrations of the two GPN structures are shown in Figure 1. In both GNN models, the
first layer is a simple graph convolution layer [25], which aims to change the data dimension, and
the last layer is a task-dependent transformation layer, which aggregates all information and makes
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final predictions. The two GPNs are derived from hybrid splitting algorithms with the same order of
accuracy, as shown in Appendix F, so we would expect them to have similar performance in practice.
Here, we present both algorithms to show the flexibility and generality of our framework. In the
later numerical experiments, we will show that the two GPNs indeed have similar performance.

Compared to existing GNN models discussed in Section 4.4, our proposed models are derived
from the gradient flow of the graph Potts model, which provides a solid mathematical foundation.
Although both classical GNN models and our proposed models fall within our framework discussed
in Section 3, ours are distinguished by an extra explicit region force term and diffusion term. The
learnable region force term G can incorporate data-dependent information and drive the iterative
scheme to obtain a desired solution. The diffusion term, which is derived from the boundary
regularization in the original Potts model, can prevent the GNNs from overfitting the training
data and provide some regularization effect. Therefore, our proposed model would maintain high
expressiveness and robustness simultaneously.

In this work, the continuous graphon viewpoint serves primarily as a theoretical and organi-
zational framework for deriving the proposed network architectures and interpreting existing GNN
models. More specifically, the graphon formulation provides a continuous perspective that helps mo-
tivate the control problem, the operator-splitting scheme design, and the connection with existing
message-passing GNN layers. The actual GNNs used in the experiments are finite-graph discretiza-
tions of these constructions, and they are trained and evaluated directly on finite datasets. At the
same time, we do not mean to suggest that this continuous interpretation is always meaningful in
practice for finite graph datasets. Even though it is possible to mathematically write a finite graph
together with its node features as a discretization of a continuous graphon and a graphon signal,
for many real data like the protein structure graphs, this continuous counterpart does not have a
direct physical or practical interpretation.

6. Numerical experiments. In this section, we demonstrate the effectiveness of the proposed
GPN models via several tasks. For comparison, we choose GCN [25], GraphSAGE (GSG) [24],
Graph Transformer (GT) [16], and GIN [55] as baseline models. Even though the GT model is not
directly related to our framework, it is included as a strong baseline for comparison. All baseline
models are implemented using their standard DGL implementations [53]. Implementation details,
hyper-parameter choices, and computational costs are reported in Appendix G.

6.1. Graph regression. We first compare our models with others on the graph regression
tasks on the QM9Dataset [39]. The QM9Dataset is a widely used benchmark dataset in com-
putational chemistry and molecular machine learning. It contains 133,885 molecular graphs and
provides 12 different regression targets. In this work, we choose 4 energy-related regression targets,
including internal energy at OK, internal energy at 298.15K, enthalpy at 298.15K, and free energy
at 298.15K, to test our models. The performances of different models are measured by the relative
Mean Absolute Error (MAE). For each case, we conduct 5 trials to evaluate each model. In each
trial, we randomly split the whole dataset into training (60%), validation (20%), and testing (20%).
The mean and standard deviation of the testing accuracy of all models are presented in Table 1.
In this set of experiments, our proposed GPNs consistently achieve smaller prediction error than
other GNN models, while the GIN model also obtains accuracy comparable to ours (the difference
is within one standard deviation). Our GPNs and the GIN model are significantly better than the
other models in terms of prediction error and standard deviation.

6.2. Node classification. The second task we consider is the node classification task. We
choose several popular citation network datasets [44] listed in Table 2. Each dataset consists of a
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Fig. 1: GraphPottsNet structures based on Algorithm 4.1 (GPN(par)) and Algorithm 4.2
(GPN(seq)).

single large graph, where each node in the graph represents a paper, and edges represent citation
relationships between papers. The node features represent the frequency of words from a given
dictionary appearing in the paper, and the labels represent the research field of each paper. Given
a portion of nodes with known labels, the task is to predict the research field of other papers
based on the graph structure and node features. We randomly split all nodes in the graph into
training (10%), validation (30%), and test (60%) sets, and report the average accuracy and standard
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internal energy internal energy  enthalpy  free energy

at 0K at 208.15K  at 298.15K  at 298.15K

GON 0.048 0.050 0.045 0.049
(£0.0015) (£0.0025) (£0.0007)  (40.0027)

0.046 0.041 0.040 0.044
GraphSAGE 5058 (£0.0042) (£0.0026)  (£0.0067)

ar 0.037 0.036 0.036 0.037
(£0.0015) (£0.0037) (£0.0015)  (£0.0026)

aIN 0.014 0.014 0.015 0.014
(£0.0003) (£0.0002)  (£0.0003) (+0.0003)

GPN(par) 0.013* 0.013* 0.014* 0.013*
(+£0.0018) (£0.0002)  (£0.0001) (+0.0001)

GPN(seq) 0.013* 0.013* 0.014* 0.013*
(+£0.0013) (£0.0001)  (£0.0002) (+0.0005)

Table 1: Relative MAE and standard deviation of different models tested on different regression
targets from the QM9Dataset. In each column, the smallest MAE is marked in bold with an asterisk
(*). Other bold entries indicate mean accuracies whose difference from the smallest MAE is less
than one standard deviation of the best result.

deviation of different models on the test set over 5 trials.

To evaluate the robustness of different models, we also add Gaussian noise with different levels to
the node features and test the performance of different models under noisy conditions. Specifically,
for a given node feature vector, we add random Gaussian noise with standard deviation o to each
element independently. Then, we first clip the resulting noisy feature vector to be non-negative and
further normalize it by dividing the sum of all elements to make its 1 norm equal to 1. We test the
performance of different models under three different noise levels, including o = 0.00 (indicating no
noise), o = 0.01, and o = 0.05. All numerical results are presented in Table 3.

When there is no noise, our proposed GPNs always achieve the highest mean accuracy, while
the other models may also obtain comparable performance. When noise is added, the performance
of all models degrades, but our proposed GPNs show high robustness and achieve significantly
higher classification accuracy than other models in most cases. The performance gap between our
proposed GPNs and other models becomes larger when the noise level increases, which indicates
that our proposed GPNs are more robust to noise than other models.

Number of Number of Node feature Number of
Dataset

nodes edges dimension classes
CORA 2708 10556 1433 7
CITESEER 3327 9228 3703 6
PUBMED 19717 88651 500 3

Table 2: Descriptions of three node classification datasets.
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Dataset o GCN GraphSAGE GT GIN GPN(par) GPN(seq)
000 81.3%(0.6%) SL1%(0.9%) 76.0%(1.2%) 77.9%(1.0%)  81.8%(0.7%) 82.3%(1.0%)*
CORA 001  784%(0.9%)  T7.7%(0.4%)  65.5%(2.8%) 73.6%(1.6%)  81.0%(0.8%) 81.2%(1.6%)*
005 64.1%(1.8%)  60.1%(0.7%)  54.9%(4.3%)  63.7%(2.2%)  73.3%(1.1%)*  72.4%(1.8%)
0.00 68.7%(1.1%) 68.6%(0.9%) 59.5%(2.5%)  64.7%(1.0%) 68.9%(1.3%) 69.3%(0.9%)*
CITESEER 0.0l  56.5%(1.8%)  55.9%(0.7%)  46.7%(2.2%)  49.7%(3.6%)  63.6%(1.9%)*  63.5%(0.9%)
0.05  41.3%(1.8%) 39.4%(0.6%)  41.2%(1.8%)  43.4%(1.5%) 50.2%(2.1%)* 49.1%(2.6%)
0.00 82.9%(0.3%) 81.4%(0.4%)  80.6%(0.3%) 82.8%(0.2%) 83.2%(0.4%)* 83.2%(0.4%)*
PUBMED 001  82.4%(0.4%)  80.9%(0.4%)  78.0%(L. 2%) 81.8%(0.7%)  82.9%(0.4%)  83.0%(0.3%)*
005 73.7%(04%)  67.6%(0.5%)  43.6%(0.8%)  73.1%(3.0%)  77.6%(0.2%)*  77.3%(0.6%)

Table 3: Classification accuracy of different models on the citation networks under different Gaus-
sian noise levels. In each row, the highest mean accuracy is marked in bold with an asterisk (*).
Other bold entries indicate mean accuracies whose difference from the highest mean accuracy is
less than one standard deviation of the best result.

Dataset - GPN(par) GPN(par) GPN(par) GPN(seq) GPN(seq) GPN(seq)
a=0 a=1 a=2 a=0 a=1 a=2

0.00 81.4%(1.2%)  81.8%(0.7%) 82.9%(0.3%)° 81.4%(1.8%) 82.3%(1.0%)" 82.1%(0.9%)
CORA 001 80.8%(1.2%) 81.0%(0.8%)" 80.6%(0.8%) 78.9%(1.0%) 81.2%(1.6%) 81.5%(1.4%)"
0.05  65.9%(3.4%)  73.3%(1.1%) 73.8%(0.7%)"  63.3%(0.5%)  72.4%(1.8%) T72.7%(2.0%)"
0.00 68.8%(1.3%) 68.9%(1.3%) 69.2%(1.5%)" 68.1%(0.6%) 69.3%(0.9%)" 68.8%(1.1%)
CITESEER 0.01  60.4%(L.7%) 63.6%(1.9%)" 63.1%(1.5%) 57.0%(2.1%) 63.5%(0.9%)" 62.4%(1.3%)
0.05  39.1%(2.5%)  50.2%(2.1%)*  46.2%(4.1%)  41.4%(1.2%)  49.1%(2.6%)  51.4%(2.1%)"
0.00 83.2%(0.3%)" 83.2%(0.4%)* 83.0%(0.4%) 83.2%(0.3%)* 83.2%(0.4%)" 83.2%(0.3%)"
PUBMED 001 82.9%(0.4%) 82.9%(0.4%) 83.1%(0.2%)" 82.9%(0.5%) 83.0%(0.3%) 83.1%(0.2%)"
0.05  75.8%(1.1%)  77.6%(0.2%)  79.2%(0.5%)°  73.3%(0.6%)  77.3%(0.6%) T7.7%(0.9%)*

Table 4: Classification accuracy of GPNs with different o on the citation networks under different
Gaussian noise levels. In each half row (the first three or the last three entries), the highest mean
accuracy is marked in bold with an asterisk (*). Other bold entries indicate mean accuracies whose
difference from the highest mean accuracy is less than one standard deviation of the best result.

Besides, we also test the performance of our proposed GPNs with different a values (o = 0, 1, 2)
under different noise levels. The results are shown in Table 4. We can see that when there is no
noise, the mean accuracies are comparable for different o values. When noise is added, o = 1
and o = 2 always achieve significantly better performance than o = 0, which indicates that the
diffusion term makes a non-trivial improvement to the robustness of our proposed GPNs. Besides,
in most cases, the mean accuracy does not further improve when we increase o from 1 to 2. It
indicates that a = 1 is generally good enough for this kind of task, i.e., the GPNs with a = 1
can obtain competitive performance as the state-of-the-art GNN models on clean data and also
maintain significantly higher robustness under noisy conditions.

6.3. Graph classification. Graph classification is a fundamental task in machine learning
whose objective is to predict the label or category of an entire graph based on its structure and
features. The features of graphs are usually represented by a high-dimensional graph signal. We
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test our proposed methods on four graph classification datasets from the TUDataset [37], including
binary classification and multiclass classification. They are described in Table 5.

Number of Average Node feature Number of
Dataset

graphs nodes dimension classes
MUTAG 188 17.9 7 2
NCI1 4110 41.8 37 2
IMDBBINARY 1000 13.0 1 2
ENZYMES 600 32.6 18 6

Table 5: Descriptions of four graph classification datasets from the TUDataset [37].

For each dataset, we conduct 5 trials to evaluate each model. In each trial, we randomly
split the whole dataset into training (60%), validation (20%), and testing (20%). The mean and
standard deviation of the testing accuracy of all models are presented in Table 6. In the numerical
results, the GPN(par) achieves the highest accuracy in the MUTAG and ENZYMES datasets, while
the GPN(seq) achieves the highest accuracy in the NCI1 and IMDBBINARY datasets. The GIN
network also obtains a high accuracy comparable to our proposed GPNs (the difference is within one
standard deviation). We observe that the accuracy of GPNs and GIN is significantly higher than
that of the other three methods. Most methods maintain a reasonably small standard deviation.

Superpixel graph classification with random node perturbations. To evaluate the
robustness of our proposed GPNs against random noise, we consider classification problems on
superpixel graphs with random node feature perturbations. We choose the MNIST superpixel
dataset [17], which is a 10-class classification dataset. The MNIST superpixel dataset is a collection
of hand-written digit images represented using graph structures. Here, each node corresponds to
a superpixel, and edges represent relationships, e.g., adjacency or similarity, between superpixels.
A superpixel is a group of connected pixels in an image that share similar characteristics, such
as color, texture, or intensity. The feature of the superpixel is the average intensity values of the
corresponding groups of pixels. Using this graph representation can reduce the complexity of an
image while preserving the essential structure and boundaries of objects of interest. The superpixel
graph can be constructed using some common clustering algorithms.

Images are very likely to be perturbed by noise, so we also add some random Gaussian noise
to the node features of superpixel graphs. A graphical illustration is shown in Figure 2. We first
present a sample image (subfigure (a)) from the MNIST dataset, and this image is partitioned into
16 superpixels (subfigure (b)) based on their intensities. Each superpixel will be regarded as a node
in the corresponding superpixel graph, and the node feature is the feature vector of each superpixel.
We remark that we use a high-resolution version of the MNIST image to present in Figure 2 for a
better visual quality, while the superpixel graph dataset is constructed from the original MNIST
dataset [14] where each image is of size 28 by 28. In this experiment, we add random noise to
perturb the node features of each superpixel node (subfigure (c)).

We first consider the case when the same level of Gaussian noise (noise with the same standard
deviation o) is added to the training, validation, and testing sets. The prediction results are shown
in Table 7. Under the clean setting (o = 0), the GT model achieves the highest accuracy while
the GIN and our GPNs also achieve competitive results. Under the noisy setting (¢ > 0), our
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Model MUTAG NCI1 IMDBBINARY ENZYMES

GCN 73.5%(+5.8% 64.0%(£1.5%)  64.8%(£3.2%)  41.5%(£7.5%)
GraphSAGE  74.6%(49.3% 68.9%(£1.6%)  49.6%(£1.3%)  43.2%(45.5%)
GT 78.2%(£4.2%)  69.5%(£2.3%)  63.1%(£3.5%)  46.3%(£9.4%)
GIN 83.6%(£3.7%)  79.2%(£1.6%)  71.2%(£2.9%)  55.3%(£2.7%)
GPN(par)  86.2%(+4.5%)" 79.8%(+£1.6%) 71.9%(+3.6%) 57.5%(+5.9%)"
GPN(seq)  84.6%(+3.8%) 80.0%(+1.3%)" 72.5%(+1.7%)" 54.8%(+3.8%)

~ —

Table 6: Classification accuracy and standard deviation of different models on graph classification
dataset. In each column, the highest mean accuracy is marked in bold with an asterisk (*). Other
bold entries indicate mean accuracies whose difference from the highest mean accuracy is less than
one standard deviation of the best result.

(a) Original image (b) Superpixel repre- (¢) Noisy superpixel
sentation representation

Fig. 2: Tlustration of superpixel graphs with Gaussian noise. Subfigure (a) is a clean image in
the original MNIST dataset. Subfigure (b) is a superpixel representation of this image and each
patch represents a superpixel. Subfigure (c) is obtained by adding random Gaussian noise to each
superpixel in (b).

proposed GPNs achieve higher classification accuracy than other GNN models and outperform the
other models by a large margin, indicating the robustness of our GPNs against node perturbations.
We also test the cases when the training set and the testing set are perturbed by different levels of
noise. The results are shown in Table 8. Here, 0¢,.4:n is the standard deviation of the noise added to
the training set, and oyt is the noise added to the testing set. In most of the testing scenarios, our
GPNs can achieve significantly higher classification accuracy, demonstrating the superior robustness
of our GPNs.

Effects of a and the Gy network. Here, we study the effects of different choices of a and
Gy using the MNIST superpixel dataset.

In the control problem (3.1), parameter « controls the strength of regularization. Table 9 shows
that when ¢ = 0, changing « only causes small differences. In contrast, under heavy noise, the
effect of regularization is significant: larger a (especially o = 10 or 20) consistently gives much
higher test accuracy than o = 0. For example, for GPN(par) trained when oirqin = Otest = 1,
increasing « from 0 to 10 improves accuracy from 30.4% to 38.0%. These results indicate that the
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test accuracy

models c=0 0=05 o=1
GCN 82.8%  21.8%  13.3%
GraphSAGE ~ 87.8%  22.6%  15.7%
GT 94.0%*  22.0%  14.4%
GIN 91.9%  46.9%  27.6%

GPN(par) 91.5%  57.9%* 38.0%*
GPN(seq) 92.0% 57.5% 35.5%

Table 7: Classification accuracy on the MNIST superpixel graph dataset with different levels of
Gaussian noise added to node features (training and testing sets are perturbed by the Gaussian
noise with standard deviation o). The highest mean accuracy in each column is marked in bold
with an asterisk (*).

test accuracy

Ttrain models Otest = 0. Otest = 0.5 Otest = 1
GCN 82.8% 10.3% 9.3%
GSG 87.9% 11.6% 10.4%
0 GT 94.0%* 12.2% 9.6%

’ GIN 92.0% 10.2% 9.2%
GPN(par)  91.5% 12.3%* 10.9%*
GPN(seq)  92.0% 11.2% 10.4%

GCN 34.8% 21.8% 12.2%
GSG 26.0% 22.7% 12.7%
05 GT 18.8% 22.1% 11.4%

’ GIN 58.5% 46.9% 18.2%
GPN(par) 68.1%* 57.9%* 32.1%*
GPN(seq)  67.9% 57.5% 27.8%

GCN 11.4% 12.3% 13.3%

GSG 13.7% 15.8% 15.6%

1 GT 12.7% 13.7% 14.3%
GIN 32.9% 29.4% 27.6%
GPN(par) 42.2%* 41.0%* 38.0%*
GPN(seq) 38.4% 38.0% 35.5%

Table 8: Classification accuracy on the MNIST superpixel graph dataset with different levels of
Gaussian noise added to node features (training and testing sets are perturbed by different noise
levels). O¢pain and opes: represent the standard deviation of noise added to the training and testing
sets respectively. The highest mean accuracy in each column of each block is marked in bold with
an asterisk (*).

21

This manuscript is for review purposes only.



566  diffusion regularization is crucial for robustness in heavily noisy settings.

test accuracy

Otrain models “ Otest = 0. Otest = 0.5 Opest = 1
GPN(par) 0. 90.3% 11.4% 10.5%
GPN(par) 10. 91.5% 12.3%* 10.9%*

0 GPN(par) 20. 92.1% 10.8% 10.5%

' GPN(seq) 0. 91.0% 10.7% 9.8%
GPN(seq) 10.  92.0% 11.2% 10.4%
GPN(seq) 20. 93.4%* 12.2% 10.1%
GPN(par) 0. 69.5%* 57.4% 26.2%
GPN(par) 10. 68.1% 57.9%* 32.1%

05 GPN(par) 20. 66.8% 57.6% 32.2%*

' GPN(seq) 0. 64.2% 53.0% 23.7%
GPN(seq) 10. 68.0% 57.5% 27.8%
GPN(seq) 20. 62.6% 56.5% 27.4%
GPN(par) 0. 34.1% 33.8% 30.4%
GPN(par) 10. 42.2%%* 41.0%* 38.0%*

1 GPN(par) 20. 40.5% 40.4% 37.3%
GPN(seq) 0. 32.3% 32.0% 30.3%
GPN(seq) 10. 38.4% 38.1% 35.5%
GPN(seq) 20. 37.3% 36.8% 34.7%

Table 9: Classification accuracy of the proposed models when we choose different values for a.
Here, we add Gaussian noise with the same standard deviation o to both the training set and the
testing set. In each o4 block and each test-noise column, the highest accuracy is marked in bold
with an asterisk (*).

567 We then investigate the effects of different parameterizations of the region force term Gy. In
568 previous experiments (Table 7 and Table 8), we parameterize Gy using the GIN network structure.
569 Here, we change the structure of Gy to GCN, GSG, and GT respectively, and evaluate the proposed
0  GPNs on the MNIST superpixel dataset with different levels of noise. The results are shown in
1 Table 10, showing that the proposed GPNs significantly improve the robustness regardless of the
2 structures of Gy.

73 7. Discussion and conclusion. We proposed a framework to construct GNN models from
74 control problems. We showed that many classical GNN models are operator-splitting methods of
75 certain graphon control problems. Based on these findings, we proposed GraphPottsNets based on
the gradient flow of the graphon Potts model. The proposed model can achieve better results than
existing methods in various tasks. Moreover, our models are more robust to graph node feature
perturbations than benchmark models and can achieve good prediction accuracy when the input
graph is disturbed by intensive noise.

In our numerical experiments, we observe that the two proposed GPN models, i.e., GPN(par)
and GPN(seq), have similar performance in most cases. The main difference is structural rather
than in predictive accuracy. In Appendix F, we show that both splitting algorithms have the same

22

co 0 I N 3 I
= O © 0w I

v Ot Ot Ot Ot Ot Ot Ot Ot Ot

oo
N

This manuscript is for review purposes only.



test accuracy
0=025 0=05 o0=1.0

GCN  80.4% 54.8% 34.2%
GSG 78.7% 52.2% 32.1%

models Gy

GPN(par) 1 901%  55.0%  41.7%
GIN  80.1%  57.7%  35.7%
GCN  794%  55.0%  33.2%
GPN(seq) GSG 77.2% 51.3% 31.3%

GT 80.6% 54.9% 39.5%
GIN 80.3% 55.4% 35.1%

Table 10: Classification accuracy of the proposed models when we use different structures to pa-
rameterize Gg. Here, we add Gaussian noise with the same standard deviation to both the training
set and the testing set.

first-order accuracy. Therefore, it is natural to expect similar performance in practice for these
two methods. The practical difference is mainly that the parallel splitting allows certain operations
to be carried out simultaneously, which may bring slightly better efficiency, while the sequential
splitting applies the same ingredients step by step. Since the two variants are based on the same
underlying framework and differ mainly in how the updates are organized, we do not expect a
significant performance gap between them. We present both variants to show the flexibility of
the framework rather than to claim that one is universally better than the other. In practice,
the parallel splitting can be a reasonable default because of its slightly better efficiency, while the
sequential splitting is also a valid choice.

In this work, our proposed GPN models demonstrate robustness to node feature perturbations.
However, enhancing robustness against graph structure perturbations remains challenging. In fu-
ture research, we will explore extending our framework to construct novel GNN models based on
different control problems with different regularization terms to improve the robustness against
graph structure perturbations.

Code Availability. The code for the proposed GPN models can be found in https://github.
com/LingfengLi-MATH/GraphPottsNet
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736 Appendix.

37 Appendix A. Graph and graphon operations. Let Wy be a finite graph with N nodes.
38 We define some operations of graph functions for some ¢ € [1/2,1]:
1. Graph gradient Vyy, : RV — RVXN

(Vg (W)ij == w;; “((u); — (0);), uweRY, ij=1,... N

2. Graph divergence divyy, : RV*N — RV

(divwy (U)); == dZw —Uy), UeRMN j=1... N.
739 3. Graph Laplacian (asymmetric) Ay, : RY — RN
| N
740 (A1) (Apwy (1)) == (diviyy (Vivy (u)); = @ Z_: ;).
741 4. Graph Convolution hxy : RV — RV
742 The graph convolution characterized by a transition matrix W € RY*N can be parametrized|j
743 as a polynomial:
P
744 hosy wi= > hy(W)P
p=0

745 where h = (hg,...,hp) is the convolution kernel, P > 0 is a given integer, and (W)P
746 denotes the matrix power. In classical GNN models, P is often chosen as 1, yielding a
TAT simple form of graph convolution:
748 (A.2) h xy u:=hou+ hiWu.
749 Here the matrix W can be chosen as the weight matrix Wy of a graph or its normalized
750 version.
751 5. Graph inner product:

N
752 (A.3) (u,v) Zd wv;, u,veRY

=1
753 The norm induced by inner products (-, -)yw, is denoted as || - |lwy -
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754 6. Graph total variation:

N
1
755 TV (u) = 5 Z W?ﬂui —uyl.
i,j=1
756 The aforementioned graph operations can also be extended to graphon functions u for ¢ €
75

57 [1/2,1].
1. Graphon gradient Vyy :

(Vwu)(z,y) = W' (x,y)(uly) — u(@)), =,y €[0,1), ue L*([0,1)).

2. Graphon divergence divyy :

: e
divw(a)(@) == 5=~ [ Wiz, y)(aly,z) — a(z,y))dy, a€ L*([0,1)*).
2d(z) Jo
758 3. Graphon Laplacian (asymmetric) Ay :
759 (A4) Awu(x) == (divip(Vyu))( / W(z,y)(u(z) — u(y))dy, u e L*([0,1)).
760 4. Graphon Convolution hxyy, :

761 The graphon convolution is characterized by an integral operator Tyy:

.
B = > hy(Tow)(u)

p=0
762 where h € RP*+1 denotes the convolution kernel, Ty (u fo u(y)dy, and (Ty)P
763 denotes the p-th power of Tyy. When P =1, the graphon convolutlon is snnphﬁed as
764 (A.5) h #yy u = hou + h1 T (u).
765 5. Graphon inner product
766 (A.6) (u, V) : —/ d(x (z)dx, wu,v € L*([0,1)).
767 6. Total variation TVyy : L?([0,1)) = R
1
768 (A7) TVw(u) = 3 Wz, y)|u(y) — u(z)|dzedy.
[0,1)2

769 In this work, we take ¢ = 1 all the time.

0 Appendix B. Variational models on graphs and graphons. Variational models are
1 fundamental mathematical tools for studying optimization problems on structured data. They
2 have been extensively applied in various applications [9, 40, 2, 1]. Variational models can also be
3 extended to unstructured graph data. These models typically involve minimizing energy functionals
i that consist of vertex-based terms and edge-based terms:

_ N 1 &
775 (B.1) Ewy (u) = % > (Wa)ij d(ui,uy) + N > F(w),
ig—1 i=1
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781
782

783

784

810

where u € RY defines a function on a graph with N nodes, ¢ : R x R — R measures pairwise
interactions, and F': R — R is a data force term.
Model (B.1) can be extended to graphon W:

(B.2) Ew(u) = a / / Wiz, y) 6(u(z), u(y)) dedy + / d(z) F(u(z)) d,

where u(z) € L%([0,1)) is a graphon function. The connection between variational models on
graphs (B.1) and graphons (B.2) arises naturally through the theory of graph limits. As mentioned
in Section 2, any weight matrix of a finite graph W is associated with a piecewise constant graphon
Wy . Similarly, any graph function u is also associated with a function uy in L2([0,1)) by

(z) = u eﬁi
un(r) =w;, =« NN

for i € [N]. We can easily verify the equivalence between the graph functional (E,’\WN and graphon
function &y, when acting on u:

Ewy (u) = Ewy (un).
When a graph sequence {Wy}3_; converges to a graphon W, it was proved in [51, 58] that the
functional &y, Gamma converges to &y under mild assumptions.

Appendix C. Relaxation of the graphon Potts model and corresponding gradient
flows.

We consider the soft threshold dynamics (STD) approach proposed in [31]. The original STD
approach approximates the total variation in Euclidean space by (1 — w, K * w)2, where w is a
binary image, K is a Gaussian smoothing kernel, * denotes the standard convolution, and (-, )2 is
the L? inner product. The STD method relaxes the binary constraint as w € [0, 1] and introduces an
extra entropy regularization w log(w) to the Potts model. However, this method cannot be trivially
extended to graph models since there is no Gaussian kernel defined on graphs and graphons. In
Euclidean spaces, the solution of the heat equation with a given initial value is exactly a convolution
between the Gaussian kernel and the initial condition [18]. We can use the same idea on graph
models and compute the smoothed version of a graphon function u(x) by solving the initial value

problem
0u/0t = —Awa, u(x,0) =u(x), z€][0,1)

at @(x, At) for some small At > 0. A simple one-step explicit Euler scheme can give an approxima-
tion to @(x, At) by (Z — AtAyy)u. For simplicity, we choose At = 1, and extend the approximation
(1 —w, K+ w)p2 to graphon settings by

(1 —u,u— Awu)yy, = (I —u,u)y,, + (1, =Awu)y,, + (u, Ayu),, .
Here, the first term in the right-hand side (1 —wu,u),,, is 0 when v € {0,1}. The second term
(1, =Awu),,, equals
1 1 !
| d@ g [ W) —uwdds = [ W guwdsdy - [ Wi puadedy
0 d(z) Jo [0,1)2 [0,1)?

which is also 0 because of the symmetry of W(z,y).
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Following the STD approach, we further relax the constraint set A¥ to

K
AKX = {(ul(z),,uK(z)) clo,1)* Zuk(x) =1,Vzr e [0,1)},
k=1

and add an entropy term Ele(uk, log(ug))w. Therefore, the relaxed version of (2.2) by the STD
approach is

K

K
(Cl) mUin%Z@k,AWuk)W+ﬁz<uk710g Uk Z 9k, Uk W+ (U),

k=1 k=1

=

where I is the indicator function of the set £K7 and 8 > 0 is the weight of the entropy term.
Let £(U) be the objective functional in (C.1). For any perturbation V = (vy,...,vk), we have

K

= 5 (e, Awur)w + (ur, Awvr)w) + B8 Y (1 +log(ux), vk)w
k=1 k=1

=

d
el

w\@

+

M=

(9> ve)w + (AIxx (U), V),

x>
Il

1

where 013 denotes the subdifferential of /5. Using the symmetry of Ayy with respect to (-, )y,
namely

(ur, Aywvr)w = (Ui, Awug)w,

the diffusion contribution becomes
«
3 ((vr, Awug)w + (ur, Awvr)w) = a(vr, Aywug)w.

Hence p
digg(U + EV) 6_

= (G +aAwU + B+ Blog(U) + 0Izx (U), V), ,

so the variational derivative of £ is G + aAwU + B+ Blog(U) + Iz« (U). We can then derive the
gradient flow of (C.1) with respect to the graphon inner product as

(C.2) %—[Z =— G - oAU —(B+Blog(U) + 0I5 (U)).

Region force  Diffusion term

Nonlinear term

Appendix D. Choices of H and H. For different tasks, we need to choose different H(Ur)
for (3.1), leading to different discretizations H(UM). Recall that Ur(z) € R for any = € [0,1)
and UM ¢ RV*K We use Z to denote the learnable transformation matrix in # and H. We give
some examples of defining H for different tasks in Table 11. For the graph classification and node
classification tasks, we use ¢ to denote the total number of classes.

Appendix E. Sequential splitting for graphon control problems. Operator-splitting
is a powerful numerical method for solving PDEs involving multiple operators, and has been used
in various applications [34]. Conventional operator-splitting schemes for control problems defined
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Tasks H(Ur) H(UM) Shape of Z
Graph classification f[o 1y Ur(z)dx LN zuMy] Rex K
Graph regression f[o 1 Ur(z)dz) + vazl zuMT RIXK
Node classification ZUrp(x) uMzT Rex K
Node regression ZUr(x) uMzT RIXK

Table 11: Examples of H and H for different graph problems.

on Fuclidean spaces can be directly extended to control problems on graphons. In this section, we
show how to do a simple sequential splitting for the following graphon control problem:

u(,0) = uo(w), ze 1)
(E.1) {%7; = L(u,z,t) + S(u,z,t), (x,t)€[0,1) x [0,T]

where £ is a linear operator of u and S is a nonlinear operator. To solve this control system
numerically, we first discretize the time domain [0,T] using a mesh {0, h,2h, ..., Mh}, where M
is the total number of time steps and h = T/M is the step size. We denote t” = 7h, and use a
superscript 7 to denote the variable or operator at the 7-th step. We show how to apply a sequential
splitting algorithm to solve (E.1). For each 7 =1,..., M, we proceed as follows:

Substep 1: Solve

du — f(u,t)in [0,1 T,
(E.2) {5&7_1)(2 u)T_l,[ ) % ( ]

and set u” /2 = u(t7).
Substep 2: Solve

ou __ : T—1 47
(E3) ot S(Uﬂf) m [Ov 1) X (t at ]a
u(t‘rfl) _ uT*l/Q’

and set u” = u(t").
In (E.2)-(E.3), we solve the first subproblem using a forward Euler scheme:

u‘r—l/2 — uT—l + h,CT_l(’u,T_l)
and the second subproblem by a backward Euler scheme:
(E.4) u = (T —hST) Y2 = (T — ST T + AL (W),

where (Z —hS™)~! denotes the solution operator of the second subproblem. The complete splitting
algorithm is given in Algorithm E.1. Such a splitting algorithm has been applied to solve graph
node classification problems [4]. Algorithm E.1 is first-order accurate when £ and S satisfy certain
conditions.

THEOREM E.1. Let (E.1) be a control problem defined on a graphon W € L*([0,1)?). Suppose
L and S are third-order differentiable. Then, Algorithm E.1 is first-order accurate.
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Proof. We first derive the local truncation error for Algorithm E.1. Denote u™ ! = u(t,_1),
where t, = 7h for 7 = 0,..., M, and define P](v) = (Z — hS™) ' (v + hL7"1(v)) for any v €
L*>([0,1)). We get

Py (utr—1)) = (Z+hS™ + (hST)*) (ultr—1) + hLT ™ (u(t;-1))) + O(R?).
Since 8™ (u(t,;_1) +hLT 1 (u(t,_1))) can be expanded as

<z + h,cffl(u(u_l))a% + haat) ST (ultr_1)) + O(h?),

we see that

Py (u(tr—1)) = ultr—1) + W™ (u(t,—1)) + hS™ (u(tr_1))

o 0
(E.5) + AT+ L7 u(tro1)) o + =S Hu(t—1)) + O(R?).
ou Ot
We also expand u(t;) at ¢ = t,_; directly as
o  h?09? 3

By subtracting (E.5) from (E.6), we get
ulty) = P (ults—1)) = O(h).
Since W € L*°([0,1)?), we also get

[u(ts) = Pf (u(t;—1)) [}y = O(h?).

Suppose {u"}M | is the sequence of numerical solutions generated by Algorithm E.1 such that

u” = P7(u™"!). Then, we have
lu(ts) = u" |5y < 127 (u(t-—1)) = P ("~ + O(h?)
= |lu(tr—1) + hL™ H(u(t,—1)) + hST H(u(t,—1)) —u™ "t = hLT W) = AST T (WY |3) + O(hz).l
Because of the Lipschitz continuity of S and L, there exists a constant ¢y, > 0 such that

L7 (u(tr—1)) + ST Hultr—1)) = £77Hu™™h) = STy < erllult—1) — w7
Consequently, we derive that

lu(tar) — ™|y < 1+ cph)lultar—1) — u™ 75y + O(h?)
< (L+eph)™[lu(to) — u®(F5y + O(MR?)
= O(h). a0
For control problems involving multiple operators, we may choose a more complicated splitting

algorithm, such as the hybrid splitting algorithm introduced in [48], to solve them. If we consider
the nonlinear operator (Z —hS™)~! as an activation function and £ as a learnable linear operator,
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Algorithm E.1 A sequential splitting method to solve (E.1)

Data: The initial condition ug.
Result: The computed solution u(z, T).
Set UO = UugQ.
forr=1,---,M do
Compute
ul = (I— hST)—l(uT—l 4 hﬁT—l(uT—l)).

end for

890 equation (E.4) is then a continuous counterpart of a plain graph convolutional layer [25]. Such
891 connections have been extensively explored for various neural networks defined on structured grids

802 [10, 27, 48, 49).

893 Appendix F. Two hybrid splitting algorithms. In this section, we consider the following
894 control problem defined on a graphon W:

805 (F.1) u(z,0) = uo(z), x €[0,1)
| ' 9 = Li(u,,t) + Lo(u,z,t) + S(u, 2,t) + S(u,2,t), (2,t) € [0,1) x [0, 7]

We consider the following two splitting algorithms to solve (F.1).

Algorithm F.1 The first hybrid splitting algorithm to solve (F.1)

Input: The initial condition u(z, 0).

Output: The computed solution u(z,T).

Set u® = u(x,0).

forr=1,---, M do
Solve w21 = (Z — 2hS™) " (u™ ! 4+ 2hLT " H(uT L))
Solve w22 = y™ 1 + 2hLT M um )
Solve u” = (7 — hST)_l(%(uT_%’1 + uT"2:2))

end for

896

Algorithm F.2 The second hybrid splitting algorithm to solve (F.1)

Data: The initial condition u(z,0).
Result: The computed solution u(z,T).
Set u’ = u(x,0).

forr=1,--- , M do

Solve w41 = (2~ h§) 7w 4 hLT ! (ur )
Solve w42 =y 4 hgg-L(urb)
Solve u™ = (Z — hST) "} (uT~22)
end for
897 THEOREM F.1. Let (F.1) be a control problem defined on a graphon W € L*([0,1)?). Suppose

898 L1, Lo, 3, and S are third-order differentiable. Then, Algorithm F.1 is first-order accurate.
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Proof. We first derive the local truncation error for Algorithm F.1. Denote u™ ! = u(t,_1),
where t, = 7h for 7 =0,..., M. For Algorithm F.1, the numerical solution operator is

Pi(v)=(Z—-hS")"! (;(z —2hS7) (v 4+ 2hLT (V) + %(v + 2h£§1(v))> .

Using Taylor expansion as in Theorem E.1, we have
(T —2h87) (v + 2hLT 1 (v)) = (T + 2hS7) (v + 2hLT L (v)) + O(h?)
= v 4 2hLT 7 (v) 4+ 2087 (v) + O(h?).
Therefore, the term inside the outer inverse is

%(v 2RLT 7 (w) + ZhS‘T(v)) + %(v + 2h£;—1(u)) +O(h?)

= v+ hL] 7 (v) + hS™(v) + L]~ (v) + O(h?).
Applying the outer operator (Z — hS™)~! =T + hS™ + O(h?), we get
Py(u(tr—1)) = ultr—1) + (LT + L571 + 8 + 87)(u(tr—1)) + O(h?).

Expanding u(t;) at ¢ = t;_1 using the exact PDE (F.1) gives

u(ty) = u(ty_1) +h% + O(h?)
Ot lt=t,_,

=u(tr1) + AT 4+ L3+ ST+ ST (ult, 1)) + O(R?).
Subtracting the two and using the smoothness of the operators with respect to ¢, we obtain
[u(t-) = Py (u(t-—1)) [}y = O(h?).

By the Lipschitz continuity of the operators, following the same induction steps as in Theorem E.1,
we conclude that [lu(tar) — u™ |3, = O(h). Thus Algorithm F.1 is first-order accurate. ad

THEOREM F.2. Let (F.1) be a control problem defined on a graphon W € L>°([0,1)?). Suppose
L1, L2, S, and S are third-order differentiable. Then, Algorithm F.2 is first-order accurate.

T—1

Proof. We derive the local truncation error for Algorithm F.2. Denote u™ ! = u(t,_1), where

t, =7h for 7 =0,..., M. For Algorithm F.2, the numerical solution operator is
Pio(v) = (T = hsT)™ (54 nL37' (@),
where o = (Z — hST) (v + hL]*(v)). Standard Taylor expansion gives
o= v+ hL] () + hS (v) + O(h?).
Substituting v back yields
Py a(v) = (T+hST) (v +RE] ™ (v) + hS7(v) + hLF™ (v)) + O(h?)
=v+h(L]T+ ST+ LT+ 8T)(v) + O(R?).

This matches the expansion for Algorithm F.1 up to O(h?). Thus, the local truncation error is again
O(h?), and following the exact same steps, the global error is bounded by O(h). Hence, Algorithm
F.2 is also first-order accurate. ]
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Appendix G. Model implementation details and computational cost.

This section summarizes the implementation details of all models used in numerical experiments
in Section 6. For all experiments, the compared message-passing models are GCN, GraphSAGE,
Graph Transformer (GT), and GIN, implemented using their standard DGL implementations [53].
The hyperparameters for these models and corresponding computational time are summarized in
Table 12. The total parameter counts listed here do not include the task-dependent head H. The
structure of the head module is identical for all models when solving the same problem.

For the two proposed GraphPottsNet models, GPN(par) and GPN(seq), we implement them as
described in Section 5. We use the finite-graph discretizations of the two hybrid splitting schemes.
Unless otherwise specified, we set the number of unrolled steps to M = 4, terminal time to T = 1,
and regularization parameter to = 1. The first layer is a standard graph convolution layer for
lifting the input feature dimension to the specified hidden dimension (also called the width), and the
last layer is the task-dependent readout/transformation layer described in Table 11. For the node
classification task, the region force network is implemented as a GraphSAGE network, 61 and 65
are directly implemented as a tanh activation, and the convolution term A7 ! is implemented as a
SAGEConv (4.15). For the other tasks, the region force network is implemented as a GIN network.
61 is implemented as a tanh activation, &- is parameterized by a learnable two-layer MLP, and
we use the GIN-type graph convolution in (4.17) for A7~!. The hyperparameters for the proposed
GraphPottsNet models and corresponding computational time are summarized in Table 13. Here,
we also list in Table 14 the number of parameters for each trainable module in our proposed GPN,
using the MNIST superpixel graph classification as an example. Here, in each layer, we use (4.17)
to parameterize 65 (U7~! + A7~1(U7~1)), so all learnable parameters are in 43, and parameters in
A7 1 are fixed.

In all cases, we use an Adam optimizer with a learning rate of 0.01 to train all models for 200
epochs, and use the validation set accuracy to select the model with the best validation performance,
which is then used for test evaluation. Typically, the training can be stopped when the model
performance on the validation set stops improving. In practice, we found that 200 epochs is sufficient
for all models to reach the early stopping point. Even if we continue for more training epochs, the
models will just overfit the training data. The training and testing time are measured on a single
NVIDIA V100-32GB GPU, and the memory used is the maximum GPU memory used during
training.

In our proposed GPN models, we have several hyperparameters to choose, including the depth
M, the terminal time T, hidden dimension cp, and the regularization parameter «. In all our
experiments, we fixed M = 2 and T' = 1 on the citation network dataset and M =4 and T' =1 for
all other datasets. Typically, increasing M would lead to a deeper GNN. However, deep GNN models
may suffer from over-smoothing issues [38]. Therefore, we suggest M = 2 for node classification
tasks and M = 4 for other tasks as the default choice. For the hidden dimension ¢, a larger ¢, can
potentially improve the model’s capacity, but it also increases the computational cost, so it can be
chosen depending on the computational budget. For the regularization parameter «, it depends on
the noise level of the data. A larger « can lead to a stronger regularization effect, which can be
beneficial when the noise level is high. Therefore, we suggest using « = 1 as a default choice for
«, and adaptively increasing o when the noise level of the data is high. One can also choose the
suitable a by cross-validation.
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Training time (per epoch)/ GPU memory

Task Dataset Model Depth  Width Total parameters . .
testing time usage

GCN 4 120 44880 177.8s/45.3s 38.1Mb
Graph QM9 GraphSAGE 4 90 50220 180.1s/45.8s 35.6Mb
regression GT 4 48 51600 178.3s/44.7s 44.9Mb
GIN 4 100 53520 269.4s/66.9s 79.4Mb
GCN 1 32 45888 8.1 x 1073s/3.4 x 10735 93.9Mb
Node CORA GraphSAGE 1 16 45872 6.6 x 10735/2.6 x 10735 76.0Mb
classification GT 1 32 54720 2.8 x 1071s/6.5 x 10725 101.5Mb
GIN 1 32 47008 7.5 x 10735/3.0 x 10735 122.6Mb
GCN 1 32 118528 7.7 % 10735/3.3 x 10735 255.4Mb
Node CITESEER GraphSAGE 1 16 118512 8.4 x 1073s/3.5 x 10735 244.7Mb
classification ' GT 1 32 12736 4.2 x1071s/1.3 x 10715 264.5Mb
GIN 1 32 119648 7.5 x 1073s/3.1 x 10735 348.1Mb
GCN 1 32 16032 8.0 x 1073s/3.4 x 10735 228.8Mb
Node PUBMED GraphSAGE 1 16 16016 6.7 x 10735/2.6 x 10735 172.8Mb
classification GT 1 32 24864 5.65/2.5s 291.0Mb
GIN 1 32 17152 7.8 x 1073s/3.1 x 10735 302.1Mb
GCN 4 120 45240 2.1 x 1071s/5.2 x 10725 25.3Mb
Graph MUTAG GraphSAGE 4 90 50760 2.1 x1071s/5.1 x 10725 24.1Mb
classification GT 4 48 53640 5.4 x 1071s/2.0 x 10725 30.3Mb
GIN 4 100 51900 2.0 x 1071s/5.0 x 10725 27.93Mb
GCN 4 120 48840 4.5s/1.1s 34.1Mb
Graph NCI GraphSAGE 4 90 56160 4.4s/1.1s 31.0Mb
classification GT 4 48 54840 12.2s/2.9s 43.0Mb
GIN 4 100 54900 4.5s/1.1s 41.0Mb
GCN 4 120 44520 1.28/2.7 x 10~ 1ts 29.3Mb
Graph , GraphSAGE 4 90 49680 1.0s/2.5 x 107 1s 28.2Mb
classification IMDBBINARY GT 4 48 53400 2.35/5.8 x 1071s 45.8Mb
GIN 4 100 51300 1.1s/2.6 x 107 's 31.6Mb
GCN 4 120 46560 7.0 x 1071s/2.0 x 10~ s 35.2Mb
Graph ENZYMES GraphSAGE 4 90 52740 6.8 x 1071s/1.7 x 10715 32.9Mb
classification GT 4 48 54080 2.0s/5.9 x 1071 49.4Mb
GIN 4 100 53000 6.7 x 1071s/1.7 x 10715 39.8Mb
GCN 4 120 44760 96.2s/15.3s 101.1Mb
Graph MNIST GraphSAGE 4 90 50040 93.25/16.1s 91.6Mb
classification GT 4 40 53480 700.4s/116.0s 209.2Mb
GIN 4 100 51500 95.0s/16.5s 118.6Mb

Table 12: Implementation details and hyperparameters for baseline message-passing models used
in the numerical experiments.
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RF Total Training time (per epoch)/ GPU memory

Task Dataset Model Men (depth/Width) parameters testing time usage

Graph QM9 GPN(par) 4/60 GIN(4/60) 49020 183s/45.4s 53Mb

regression GPN(seq) 4/60 GIN(4/60) 49020 186s/46.3s 55Mb
Node CORA GPN(par) 2/16  GCN(1/16) 46944 1.7 x 10~25/6.3 x 10735 125.5Mb
classification GPN(seq) 2/16 GCN(1/16) 46944 1.8 x 10728/6.5 x 1073s 126.1Mb
Node CITESEER GPN(par) 2/16 GCN(1/16) 119584 1.8 x 10725/6.8 x 10~3s 351.9Mb
classification GPN(seq) 2/16 GCN(1/16) 119584 1.9 x 10728/6.7 x 1073s 352.7Mb
Node PUBMED GPN(par) 2/16  GCN(1/16) 17088 1.6 x 10~25/6.1 x 10735 324.4Mb
classification GPN(seq) 2/16 GCN(1/16) 17088 1.7 x 10728/6.4 x 1073s 328.7Mb
Graph MUTAG GPN(par) 4/60 GIN(4/60) 49380 2.3 x 1071s/5.4 x 10725 32.5Mb
classification GPN(seq) 4/60 GIN(4/60) 49380 2.2 x 1071s/5.5 x 10725 34.2Mb
Graph NCIL GPN(par) 4/60 GIN(4/60) 52980 4.7s/1.1s 47.7Mb
classification GPN(seq) 4/60 GIN(4/60) 52980 4.8s/1.1s 50.8Mb
Graph , GPN(par) 4/60  GIN(4/60) 48660 1.18/2.7 x 10~ s 37.4Mb
classification IMDBBINARY GPN(seq) 4/60 GIN(4/60) 48660 1.1s/2.7 x 10~ s 38.9Mb
Graph ENZYMES GPN(par) 4/60 GIN(4/60) 50700 7.2 x 1071s/1.7 x 1071 48.4Mb
classification GPN(seq) 4/60 GIN(4/60) 50700 7.3 x 1071s/1.7 x 107 !s 51.8Mb
Graph MNIST GPN(par) 4/60 GIN(4/60) 48420 96.7s/16.4s 157.5Mb
classification GPN(seq) 4/60 GIN(4/60) 48420 98.3s/17.0s 170.9Mb

Table 13: Implementation details and hyperparameters for the proposed GraphPottsNet variants.
“RF” denotes the parameterization of Gy used in each setting.

Trainable module Description Number of parameters
uUo Initialization operator 240

Gy The region force network 18900

03 The MLP at each layer, 7 =1,2,3,4 7320

Total All trainable modules listed above 48420

Table 14: Parameter decomposition of the proposed GPN used for the MNIST superpixel graph
classification experiment.
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