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Deep Tensor CCA for Multi-view Learning

Hok Shing Wong, Li Wang, Raymond Chan and Tieyong Zeng

Abstract—We present Deep Tensor Canonical Correlation Analysis (DTCCA), a method to learn complex nonlinear transformations of
multiple views (more than two) of data such that the resulting representations are linearly correlated in high order. The high-order
correlation of given multiple views is modeled by covariance tensor, which is different from most CCA formulations relying solely on the
pairwise correlations. Parameters of transformations of each view are jointly learned by maximizing the high-order canonical
correlation. To solve the resulting problem, we reformulate it as the best sum of rank-1 approximation, which can be efficiently solved
by existing tensor decomposition method. DTCCA is a nonlinear extension of tensor CCA (TCCA) via deep networks. Comparing with
kernel TCCA, DTCCA not only can deal with arbitrary dimensions of the input data, but also does not need to maintain the training data
for computing representations of any given data point. Hence, DTCCA as a unified model can efficiently overcome the scalable issue of
TCCA for either high-dimensional multi-view data or a large amount of views, and it also naturally extends TCCA for learning nonlinear
representation. Extensive experiments on four multi-view data sets demonstrate the effectiveness of the proposed method.

Index Terms—Multi-view learning, canonical correlation analysis, tensor decomposition, deep networks

1 INTRODUCTION

ULTI-VIEW learning [1], [2] has been receiving in-
Mcreased attention in many scientific domains since
data sets are usually sampled from diverse variables of
each object. Due to their heterogeneous properties, these
variables can be naturally partitioned into groups. Each
group of variables is referred to as a view. Such data sets
with multiple views collectively are referred to as multi-
view data sets, such as text content of each web page and
the anchor text of other web pages linking to this page in
web page classification [3] and various descriptors used to
extract features of each image for image classification [4].

Subspace-based multi-view learning as one of the
most representative categories in the multi-view learn-
ing paradigm has been extensively studied for high-
dimensional multi-view data sets [2]. It aims to obtain a
latent subspace shared by multiple views based on the
assumption that each view of the data is generated from the
unknown distribution conditioned on the same latent sub-
space [5]. The “curse of dimensionality” can be effectively
alleviated by learning a latent subspace with the dimension-
ality less than any of the input views. Canonical correlation
analysis (CCA), originally designed for measuring the lin-
ear correlation between two sets of variables [6], was for-
mally introduced as a multi-view dimensionality reduction
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method in [7] for its ability of reducing the labeled instance
complexity under certain weak assumptions. Another ap-
pealing property of CCA is that the learned subspace will
not contain the noise in the uncorrelated dimensions if there
is noise in either view that is uncorrelated to the other view
[8]. A reformulation of CCA [9] was proposed to facilitate
the learning of sparse projection matrices, but the results are
not straightforwardly generalized to more than two views.
In the last decade, CCA has received a renewed interest
in the machine learning community [8], [10], [11], and in
many scientific fields its usefulness and those of its variants
have already been well demonstrated [12]. Moreover, its
capability could also be extended to domain adaption [13]
and heterogeneous cloud computing [14], [15].

We in this paper are particularly interested in the multi-
view data sets with more than two views and the inherent
nonlinear property between the latent subspace and the
input views. Two representative nonlinear representation
techniques have been applied to CCA for two views: kernel
trick [10] and deep learning [8]. Kernel CCA (KCCA) [10]
extends CCA for finding maximally correlated nonlinear
projections in reproducing kernel Hilbert space (RKHS)
[16]. The nonlinearity of KCCA is represented by kernel
function, so this representation is limited by the fixed kernel.
Moreover, the kernel trick increases the time complexity for
learning the projections and computing the representation
of new data points since it scales poorly with the size of the
training data. To overcome the above drawbacks, deep CCA
(DCCA) [8] was proposed by simultaneously learning two
deep nonlinear mappings of two views that are maximally
correlated. Since the deep networks are parametric and not
limited to RKHS, it does not face the above drawbacks of
kernel trick, and they have showed the empirical success
on various tasks [17]. Some variants of DCCA have been
studied including deep canonically correlated autoencoders
[18] by simultaneously maximizing canonical correlation
and minimizing the reconstruction errors of the autoen-
coders, deep variational CCA [19] extended from variational
autoencoders [20] based on the probabilistic CCA model [5],
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and deep discriminative CCA [21] by considering one la-
beled data as one view in the setting of supervised learning.

The aforementioned CCA variants are mainly designed
for data sets of two views. Various learning criteria have
been proposed to extend CCA for more than two views. In
work [11], [22], five multiset correlation formulations and
four sets of constraints are discussed for multiset CCAs.
Among them, CCA with the sum of pairwise correlations
(SUMCOR) criterion enjoys a nice analytic solution by gen-
eralized eigen-decomposition, which was reformulated as
the least square problem in order to develop an adaptive
learning algorithm [23]. Generalized CCA (GCCA) [24]
takes a different perspective by learning a common rep-
resentation and imposing orthogonality on the common
representation. We will build the connection between GCCA
and CCA with SUMCOR and show in Section 2 that GCCA
does not really maximize the canonical correlation so it does
not reduce to CCA for two views. For more than two views,
multiset CCA and GCCA can only capture the pairwise
correlations. To generalize CCA for handling more than two
views, tensor CCA (TCCA) [25] was proposed by maximiz-
ing the high-order correlation represented by the covariance
tensor [26] over the data sets from all views, so it is a natural
way to extend CCA for arbitrary number of views. We also
note that tensor technique has been used for multi-view
representation learning [27], [28], but affinity matrix based
tensor is very different from the one used in TCCA, and
they are often specifically designed for clustering problem.
Nonlinear extensions of these multi-view CCAs have also
been explored. Kernel TCCA [25] extends CCA based on
kernel trick, so it encounters the same drawbacks as KCCA.
Deep multiset CCA [29] extends multiset CCA via deep
networks, but it only can deal with very special case of
multi-view data sets where views have to be sampled from
the same input space. Deep GCCA (DGCCA) [30] extends
GCCA via deep networks, but it does not reduce to DCCA
for two views.

In this paper, we propose deep TCCA (DTCCA) by
extending TCCA for learning nonlinear projections via deep
networks. DTCCA not only inherits the high-order canon-
ical correlation of multiple views but also overcomes the
drawbacks brought by kernel TCCA. The main contribu-
tions of this paper are summarized as follows:

e We build the connections among three representative
categories of existing CCAs for more than two views
and their nonlinear generalizations. Based on the
connections, the pros and cons of these methods are
discussed in detail.

o We further propose DTCCA model which can simul-
taneously learn the nonlinear projections and TCCA
via deep networks. Comparing to kernel TCCA,
DTCCA can effectively overcome the drawbacks
caused by kernel function and make TCCA practical
for large-scale and high-dimensional multi-view data
sets. To the best of our knowledge, there is no prior
work on the nonlinear generalization of TCCA via
deep networks.

o Extensive experiments are performed on four multi-
view data sets by comparing with various represen-
tative baselines in terms of various settings including

2
TABLE 1
Notation and Definitions

Notation Definition
n the number of samples
k the number of views
m the dimension of the common latent space
x% € R the ith data of the rth view in d,.-dimensional space
X, € RérXn  the matrix representation of the rth view

P, € R4 X™  the Projection matrix of view r, and the [ th column
is p} € R,

zl € R" the canonical variable of the rth view projected
onto base pé

Crs the intra-view covariance of view r and view s

fr the transformation function of the rth view

C the k-order tensor of size d1 X ... X dj

varied views, the dimensions of latent subspace, and
the ratios of training data. Moreover, the impact
on the number of layers of networks are also in-
vestigated. Experimental results show that DTCCA
significantly outperform TCCA and other methods
especially on small amount of training data, and it
shows consistent better results over data sets with
more than two views and varied latent dimensions.

In the following of this paper, we first review CCA and
their multi-view extensions including nonlinear generaliza-
tion. In Section 3, the proposed model is presented, and the
optimization problem is reformulated as tensor decompo-
sition. Extensive experiments are conducted in Section 4.
Finally, we draw our conclusions in Section 5.

2 CCA AND ITS MULTI-VIEW EXTENSIONS

CCA was originally proposed to find a pair of bases for
two set of variables so that their corresponding projected
variables onto these bases are maximally correlated [6]. Its
generalization to multiple data sets (more than two views)
has been widely studied due to the emerging of multi-
view data sets in various real world applications. In this
section, we will review three representative multi-view CCA
methods and their nonlinear extensions according to their
inherent criteria.

Denote by {(x¢,...,x%)}" ; the data sets of k views
with n data points, where the ith data of the rth view is
x. € RY and d, is the dimension of the rth view. Let
X, = [xL,...,x"] € R%*" be the matrix representation
of the rth view data set and P, = [p},...,p"] € R4 *™ be
the projection matrix for the rth view consisting of m bases
in d,-dimensional space. Denote P = [Py;...; Py] € Raxm
withd = Zle d,. Without loss of the generality, we assume
that data of each view is centered, that is, X, 1,, = 04,,Vr =
1,...,k, where 1,, is an n-dimensional column vector of all
1s and 0g4, is a d,-dimensional column vector of all Os. The
cross-view covariance between view r and view s is defined
as Crs = X, XTI e R *ds and the intra-view covariance
of view r is defined as C,, = X, XI € R¥ >4 ||A|r is
the Frobenius norm of matrix A. For the ease of reference,
we summarize some important notation and definitions in
Table 1, which will be used throughout the whole paper.

2.1 Multiset CCA

Multiset CCA (MCCA) [11], [22] has been studied for ana-
lyzing linear relations between more than two views, and
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various formulations have been explored. The straightfor-
ward extension of CCA to multiset CCA is to maximize the
sum of the pairwise correlations (CCA-SUMCOR):

max

ko k k

SN w(PFCPy) sty PICoPr=1In, (1)
{Pr}ro, r=1s=1 r=1

where the orthogonal constraint over the projected data is
added to prevent trivial solution. For & = 2, problem (1) is
reduced to the conventional CCA problem. The Langrange
multiplier technique can be used to solve the above con-
strained maximization problem. With the multiplier diag-
onal matrix A, we can formulate the Lagrangian function
L({P;},A) as

k kK k
SN w(PICPy) —tr (A(Z PTC, P, — Im)> .

r=1s=1 r=1
The optimality condition is
k
> CrsPi=CrpPANYr=1,... 5, ©)

s=1

which is equivalent to the following matrix representation

0171 0172 Ol,k 0171 0 R 0
0271 0272 CQ,]C O 02,2 PP O
. . = . . . PA.
Cri1 Cio2 Ch.k 0 0 Crk
4)

It is well-known that the optimal projections { P, }¥_; can be
obtained by solving the generalized eigenvalue decomposi-
tion problem (4). Moreover, problem (1) can be equivalently
rewritten as

ko k k

?11311;22\|PTTX,, — PIX |5 st > PIC., P =1y, (5

"r=1s=1 r=1

since Y1y S0, | PT X% = kte(X0_, PTC,.,Py) = km
is a constant. The pairwise least square formulation (5)
(LSCCA) was proposed to develop an adaptive learning
algorithm based on the recursive least squares [23]. Another
reformulation can be achieved by introducing the average
representation of the k views denoted by

k
1
M==-Y PrX,, 6
Pl ©)
and we have the following equalities:
ko k
r=1s=1
ko k
= 2P X = M) = (P X, = M)|%
r=1s=1
k
=2ky_||PF X, — M|[%. )
r=1

Accordingly, the reformulated problem of (1) based on (6)
and (7) is written as

k E
STIPTX, — M3 st PIC, P =1, (8)

r=1 r=1

min
{Pr}s M

3

The equivalence between LSCCA and CCA-MAXVAR [22]
has been proved in [23], so (8) is also equivalent to LSCCA
and CCA-MAXVAR. Problem (1) with alternating con-
straints PTT Cy P, = I,,,Vr was also explored in [11], but
it loses the nice analytic solution (4) that (1) has. Moreover,
the supervised extension of MCCA has also been explored
by incorporating label data via linear discriminant analysis
[31], [32].

Deep CCA (DCCA) [8] is proposed to learn two nonlin-
ear transformations f; and f; by simultaneously maximiz-
ing the correlation between two views:

i tr(PLCy 2 Ps)
fele PP fa(PTCy P (P Co Py

where fi and f> can be multiple stacked layers of nonlin-
ear transformations with output dimension as m, Ch 2 =
fAl(Xl)f2(X2)T/ Cr,r = f7'(XT')f7'(X7')T7vr = 132/ and
fr(X;) = f-(X;)H is a centered transformed matrix with
centering matrix H = I, — %lnlz € R" "™, Let P, =
CA'117/12P1 and P, = 021 ’/22P2. Problem (9) is equivalent to the
following maximization problem

‘L‘I'(PITTPQ)S.t.PlTplZpgpgzlm,,

: )

qu N
f1,f2,P1,P>

where T = Cvi11/261}2@2*’21/2_ For fixed f; and f,, problem
(10) can be solved optimally by singular value decomposi-
tion (SVD). Let U,, and V},, be the matrices of the top m
left- and right-singular vectors of 7'. We have the optimal
solution P, = CA';%/QUm and P, = CA'in/sz. And the
optimal objective becomes tr(77T)!/2, which is a function
of fi and fo. The work [18] further explored the autoencoder
to regulate DCCA. Unfortunately, the special reformulation
(10) for CCA is not applicable for MCCA since n? pairs of
projections are coupled. dMCCA [29] extends MCCA for
nonlinear transformation via deep networks, but it only
can deal with very special case that all view data sets are
sampled from the same input space, thatis d, = d,,Vs # 7,
and P, = P;,Vr # s. These strong assumptions prevent
dMCCA from being used for general multi-view data sets.

(10)

2.2 Generalized CCA

Generalized CCA (GCCA) [24] finds { P, }¥_, by construct-
ing a common representation G € R™*" so that the sum of
the squared losses between each view and G is minimized.
GCCA is formulated as the optimization problem

k
i G- PTX,|%st. GGT =1, 11
o fuin ; G- PIX, | s (1

where the orthogonal constraint over G is added so as to
prevent the trivial solution. It is worth noting that (11)
resembles (8) in terms of the objective function, but the con-
straints are very different. Problem (11) can be transformed
to an eigenvalue decomposition problem. First, given a
matrix G, problem (11) with respect to P, can be solved
independently, and it is a convex quadratic programming
so it can be solved globally by the first order optimality
condition, that is

—2X,(G-PI'X)T=0=P. = (X, XI)"'X,GT. (12)
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By substituting (12) back to (11), we then reformulate (11) as
max tr(GQGT) st. GG = I, (13)

where Q@ = YF_, X7(X,XT)~'X,. Hence, the optimal
solution G consists of the eigenvectors corresponding to
the top m eigenvalues of Q. Once G is obtained, {P,}*_;
can be recovered by (12). Some other extensions of GCCA
have also been explored, such as the ¢ ;-norm regularized
GCCA model is proposed to facilitate the interpretability of
the learning representation [33].

Deep GCCA (DGCCA) [30] extends (11) for nonlinear
multi-view learning, where the input data of each view
is replaced by the transformed data via some nonlinear
function {f,}F_,, e.g., the multi-layer perception network.
This can effectively resolve the drawback of GCCA for
only learning linear projections. The optimization problem
is formulated as

k

min (14)
GAP Y Afr i 1
st. GGT =1,,,.
The same reformulated problem as GCCA is obtained
max  tr(GQ;GT) st. GGT = I, (15)
Ga{fr}ﬁ:l

where Q = 32,y fr(X0)" (fr(X0) fr(X0)") 7 fo(X,). The
gradient with respect to f, can be calculated as 0y, =

2P,G — 2P, PT f.(X,).

2.3 Tensor CCA

Tensor CCA (TCCA) [25] is proposed for multi-view learn-
ing by exploiting high-order tensor correlation among mul-
tiple views. Let z,. = [2L(1),...,2.(n)]T = XTpl € R" be
the canonical variable of the rth view projected onto the Ith
base. The high-order canonical correlation over k views is

defined as

p= Z ) (16)
I=1
n k
p=> [[z6).vi=1,..m, (17)
=1 r=1
with the constraints used in [22]
PIC,,.P.=1,,Yr=1,...,m. (18)

In the case of k = 2, the high-order correlation is reduced
to the canonical correlation, which can be verified by the
following derivations:

(z1)"2)

I
NgE

tr(Pf X, X7 Py)

N
Il
_

> #(@)z(i) = p.

i=1

As a result, maximizing (16) is equivalent to CCA-MAXVAR
in the case of k¥ = 2 and constraints (18). For k£ > 2, the
high-order correlation will be captured by (16). For multi-
view learning, this makes TCCA different from others based
on pairwise correlations. As a result, maximizing (16) is

M

N
I
—

4

transformed to the best sum of rank-1 approximation, e.g.,
the best rank-m CANDECOMP/PARAFAC decomposition
[34]. The well-known alternating least squares (ALS) algo-
rithm [35], [36] is used. The nonlinear extension of TCCA
via kernel trick is also explored in [25].

2.4 Discussions and Summary

We are now ready to compare the above three representa-
tive multi-view extensions of CCA from two perspectives:
learning criterion and the nonlinear extension.

As the learning criterion, their correlation definitions
are different. Both MCCA and TCCA generalize CCA since
they reduce to exact CCA for two views. However, GCCA
does not possess this property. By comparing (8) with (11),
it is easy to see that GCCA enforces orthogonality on the
common representations, while MCCA takes the mean of
all view representations (6) as the common representation.
This implies that GCCA is suitable for visualizing multi-
view data in the orthogonal coordinate space, while MCCA
is good to maximize the pairwise correlation of any two
views by assuming the common representation variable as
the mean of projected data of all views. In contrast, TCCA
is very different from MCCA for & > 2 and GCCA since
the high-order correlations among views can be captured by
TCCA, but MCCA can be only able to model the pairwise
correlation and GCCA only captures the linearly trans-
formed intra-view correlation according to (12) and (13).

Two techniques are popularly used for learning nonlin-
ear projections of multi-view data: kernel trick and deep
networks. Kernel CCA (KCCA) [10] models the nonlinear
transformation via kernel functions. Kernel TCCA extends
TCCA via kernel trick. However, kernel trick faces two
crucial issues: restricted representation power of a fixed
kernel function and the high-computational complexity for
large-scale data, even though kernel learning [37] and kernel
approximation [38] techniques have been studied. Fortu-
nately, DCCA [8] effectively alleviates the two issues for
nonlinear CCA by learning deep networks as the nonlinear
transformation functions. For multi-view CCAs, the non-
linear representation learning is still limited. For example,
dMCCA is only applicable for special data sets and DGCCA
does not align well with correlation maximization.

In summary, the extension of TCCA for learning nonlin-
ear projections using deep networks not only inherits the ad-
vantages of TCCA but also makes nonlinear representation
practical by deep networks. To the best of our knowledge,
there is no such a prior work. In this paper, we will propose
a novel deep version of TCCA to fill up this gap.

3 DEepP TENSOR CCA

In this paper, we propose Deep Tensor CCA (DTCCA),
which computes the representations of multiple views by
passing them through multi-layer perception (MLP) net-
works with layers of nonlinear transformations, and the
networks are tuned automatically by maximizing the high-
order canonical correlation (16). Fig. 1 illustrates the work-
flow of DTCCA with a data set consisting of three views.
Without loss of the generality, we assume that the ith
intermediate layer in the network for the rth view has ¢t
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Fig. 1. The workflow of the proposed DTCCA model by maximizing
three-order covariance defined by covariance tensor via independent
deep networks with illustrated example consisting of three views from
descriptors GIST, LBP and HOG.

units, and the output layer has m units. The output of
the first layer for the input data x, from the rth view
is h! = o(Wlx, + b!) € R, where W} € Re*% is
the weight matrix, b}a S RS is the vector of biases, and
o : R = R is a nonlinear activation function. The output
hl can then be used as the input to the next layer for
computing the output h? = o(W2hl + b?) € R¢”, and
this is recursively constructed v times until the final output
fr(xy) = oc(WPhe~! + 1Y) € R™ is reached. The same
construction process can be used for each of the k views. As
a result, we have a set of nonlinear functions {f,}*_; with
the number of intermediate layers v and their associated
parameters {W! bi},Vr=1,...,k,i=1,...,v. Tosimplify
the annotation, we assume f, implicitly associates to its
network parameters.

With the above defined nonlinear transformation
{fr}",, DTCCA aims to maximize the high-order canonical
correlation by solving the following optimization problem

m n k
ly/-
max z,.(4)
e,
st.zl = fT(XT)Tpfn,Vr: 1,...k1l=1,...,m,
ngr(Xr)fr(Xr)TPr =1Ipn,Vr=1,...,k,

(X)) = fr( X)) H,Nr =1,...k,

(19)

where f,(X,) € R™*" is the centered matrix of f,.(X,). In
order to jointly optimize the network and TCCA, we will
first transform (19) to the best rank-m tensor decomposition
problem. Define the covariance tensor of the network output
data {f,(X,)}5_, as a k-order tensor of size dy x ... x dj,

C=>"fi(xi)o fa(xh)o...0 fr(x}) (20)
=1

where o is the outer product of vectors. Let U € RP*%" be a
matrix. The r-mode product of tensor C and U is defined as

5

atensor A =Cx,Uofsized; X...dr_1 XpXdrp1X...Xdj
with element

dp
A(i17 .. 'iT—17jT7iT7 R 77’16) = Z C(ilv ce. 7ik)U(jT‘7iT)'

=1

The high-order canonical correlation (17) can be rewritten as

n k
S IT G =cx ()T %2 (ph)™ . xk (P)T. (21)
1=1r=1

Similar to DCCA, the orthogonal constraints in (19) can be
rewritten as, Vr = 1,...,k

1, 1=V

INT A U _
(pr) CT,Tpr - { O7 otherwise. (22)

where C’T,T = fT(XT)fT(XT)T,Vr =1,...,k Let ul =
CHPpland Uy = [ul,...,u™] € R™*™ We can further
reformulate (19) as

m
 max ZM X1 (ull)T X9 (ué)T o Xk (ufc)T (23)
{fT}rzlv{UT}rzllzl
st M =Cx1 Oy %2 Cpy/?
o [ L L=l
(u;) _{ 0, otherwise.

F(X) = fo(X)H Y =1,... k.

—1/2
Xk Ck,k

Problem (23) consists of the best sum of rank-1 approx-

imation, e.g., the best rank-m CANDECOMP/PARAFAC

decomposition [34]. This is given by
M:Z)qulloué...ouk. (24)

1=1

According to [39], the sum of rank-1 decomposition and

orthogonality constraints of high-order tensor cannot be

satisfied simultaneously. Although U, is not enforced to be

orthogonal, (ul)Tul. = 1 holds. Hence, we resort to solving
an approximation problem given by

M — M]3 (25)

min
Ui AU R,
st M=Cx1 Or1% %2 Cpy? ok O
(ui)Tui = 1,Vr = 1,...,]@7[ = 1,...,m,
fT(XT) = fr(Xr)H,V'f' =1,.. .,k,

where || M|| g is the Frobenius norm of the tensor M. Given
an M, problem (25) with respect to {U,.}*_,can be solved
by the ALS algorithm [35], [36]. The parameters of networks
are then updated by minimizing the square loss. It is worth
noting that for £ = 2, TCCA is equivalent to CCA as shown
in Section 2.3, so DTCCA with k = 2 is reduced to DCCA.
Algorithm 1 for k = 2 provides an alternative approach for
solving DCCA since ALS algorithm obtains an approximate
solution, while DCCA takes singular value decomposition
during the network learning. However, DCCA approach
does not work for £ > 2. We also notice that the recent SVD-
based algorithms [40], [41] on solving (25) by alternating two
factors simultaneously have better convergence than ALS
with one factor a time. ALS is more compatible with deep
neural networks than SVD-based algorithms for computing
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Algorithm 1 Deep tensor CCA (DTCCA)

Input: data sets of k views: {X,. € R}k,

Initialize the networks

for i = 1 to epoch do
compute {f,(X,)}_; and then {C, . }}_,
construct tensor M
solve rank-m tensor decomposition using ALS
form M based on the solutions {\;}”, and {U, }*_,
compute gradients of loss || M — M||2 with respect to
network weights { f,.} by backpropagation

9: update {f,} by the gradient descend method

10: end for

1: Po=Cnt U, vr=1,...,k

12: Output: {f.}*_, and {P,}F_,.

gradients by backpropagation in the (stochastic) gradient
descent method. We empirically observed that ALS can
serve our needs for good performance.

Once {U,}*_, and {f.}%_, are obtained after training,
we can recover the canonical variables for any given test
data x, from the rth view by

z, = fr(x,) T CoYV2U =1, k. (26)

The learning algorithm for DTCCA is presented in Al-
gorithm 1. During the training process, we take the full-
batch optimization approach, as suggested in [8] for training
DCCA. We implement Algorithm 1 in Pytorch [42] together
with package TensorLy [43] for tensor operation and decom-
position. The Adam optimizer is used with the learning rate
set to be 1073, and others are set to be default values.

Remark: As to sparse CCA in [9], it is not easy to
impose sparsity on P, in DTCCA since the solution of
ALS cannot guarantee the sparsity of ' Pu, according
to (26). Hence, our DTCCA generalizes CCA with nonlinear
projections, but the extension of DTCCA for sparse CCA is
not straightforward.

3.1 Complexity Analysis

The time and space complexities of our proposed DTCCA
model are composed by three important components.

The first component is the complexity of the k& MLP
networks. The forward pass for computing f,(X,) given
X,,Vr = 1,...,k and the backward pass used to update
network weights via the gradient descent method have
complexities depending on the number of network layers,
v, and the number of neurons in each layers. At layer [
of view 7, the network weights is of size cl. x c.~! where
cl is the output dimension and ¢! is the input dimen-
sion. For n samples, the time complexity is O(nclcl1).
The total complexity of performing forward operation on
k MLP networks takes O(n Y F_ SV ¢ ch=1) where @ is
the input dimension d, of view r. The backward pass can
be performed efficiently by backpropagation.

The second component is the complexity of comput-
ing tensor M with size c¢{ x cj...,c] where ¢} is the
output dimension of the last layer of the rth network.
According to (25), its complexity consists of two parts:

r_ﬂ}ﬂ takes O((c?)?), C takes O(n[[l_, c?) time com-

plexity and O(J]"_, ¢¥) for space complexity, so M takes

r=1"%r

OS2y ()2 + n Ty ¢ + X0 (e2)?) in total.

The third component is the complexity of the ALS al-
gorithm for the rank-m decomposition. According to [36],
the time complexity of ALS is O(tm[]/_; ¢?), where ¢ is
the number of iterations in ALS and m is the reduced
dimension.

Without loss of generality, let ¢y = m,Vr = 1,... k.
ALS takes O(km? + (n + tm)mF¥), which is independent of
the input dimensions {d,.}*_;. Due to the dominate term
mF, DTCCA limits m for a large number of views. Fortu-
nately, m < min”_, d, is generally assumed, especially for
high-dimensional data in multi-view subspace learning. In
Section 4, we will show that our DTCCA works well on 6
views with m € [2,10].

3.2 Comparisons to existing works

DTCCA is built on TCCA and deep neural networks, but
it actually shows many good properties comparing with
TCCA and other deep learning based CCAs.

Comparing to TCCA [25], DTCCA possesses the follow-
ing advantages:

1) DTCCA jointly maximizes the high-order correla-
tion and nonlinear transformations, but TCCA only
works on linear transformation.

2) DTCCA can directly take the raw input views as
the input since the internal representation learning
automatically transforms the low-level features to
a small number of high-level abstractions, which
can significantly reduce the computational and stor-
age costs, and also guarantee good performance.
However, TCCA has to rely on other dimension-
ality reduction method as the preprocessing step,
otherwise it is infeasible due to the high computa-
tional and storage costs on high-correlation tensor
constructed from input views, so that suboptimal
solutions can be expected. Hence, DTCCA makes
TCCA practical and better for real world data from
the perspectives of computation, storage and perfor-
mance.

3) DTCCA provides the framework for different input
data (e.g., 3-D image data and graph data), which is
not limited to vectorized inputs, while TCCA cannot
take other forms of data.

Comparing to other deep learning based CCAs [8], [19], [44],
DTCCA possesses the following advantages:

o DTCCA naturally generalized DCCA for more than
two views. DCCA is a special case of DTCCA when
the number of input views is 2. However, most of
deep learning based CCAs cannot be directly applied
for more than two views.

e DTCCA models the high-order correlations among
multiple views, but other CCAs can only capture
pairwise correlation. Hence, DTCCA can leverage
more information/relationships of multiple views.

4 EXPERIMENTS

We conduct experiments on four data sets to demonstrate
that DTCCA learns nonlinear transformations that not only
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TABLE 2
Accuracies of 7 compared methods on Caltech101 with 6 views for all
10 folds.

CENTRIST - GIST - HOG

-©-TCCAp -©- TCCAp

[ GCCA LSCCA TCCA, GCCA, LSCCA, DGCCA DTCC

£ GCCAp

=B+ GCCAp LSCCAD

LSCCAp

GCCA

Accuracy (in %)
o

Fold1| 3331 8586 9308 8010 9233 9316 95263 oo N
Fold2 | 2767 8812 9421 9098 9466 9368  9549% « =0 o Zomec
Fold3 | 3632 8632 9090 9038 9383 9241  94.66 I ! ,
Fold4| 3586 8752 9331 9158 9421 9414 9534 2
Fold5| 3541 8699 9406 9143 9511 9421 9594 2 8 & 0 24880
Fold6| 3887 89.17 8692  89.62 9361 9226  94.36
Fold7| 3008 8338 9323  89.92 9308 9346 9496 1 GST-HoG-SFT 100 LeP- o0 ol ‘
Fold8| 336 8750 9323 9135 9331 9368 9511 4 .
Fold9 | 3195 8692 9278 9143 9338 9414  9496_ ¢ Lo 1
Fold 10 3699 8406 9263 9128 9316 9368  95.19% grom] < oo
= P >
mean | 3399 8659 9244 9071 9367 9348 95133 o iscc 36 Lscoms
std 3.40 1.78 2.14 0.89 0.82 0.69 0.44 3 LSCCA 3 LSCCA
< 40 DTCCA < 20 DTCCA
% DGCCA - DGCCA
YV Y {
20 20
2 4 6 8 10 2 4 6 8 10

outperforms TCCA but also shows competitive or better
results comparing with other representative models. Specif-
ically, we compare the following methods in our experi-
ments:

o TCCA, [25]. The k-order tensor can be high memory
intensive for k > 3 and moderate-dimensional data
sets. To make it applicable for all data sets used in
the experiments, we first apply PCA on the input
data of each view and reduce their dimensions up to
20 to make sure TCCA is feasible (for the view with
features less than 20, the PCA step is not applied).
As noted in [25] that the kernel version of TCCA does
not work for moderate size of data sets with multiple
views due to the high memory requirement and
computational complexity, so we will not include it
in the experiments.

o LSCCA [23] and LSCCA+PCA (LSCCA,). As the
representative MCCA method, LSCCA is evaluated
on the original input data. In addition, we also
preprocess the input data using PCA by preserving
95% energy, which is analogous to the preprocess of
TCCA and representation learning of deep learning
methods. dMCCA [29] is not included due to its
incapability to the data sets used in the experiments.

o« GCCA [24], GCCA+PCA (GCCA,), and DGCCA
[30]. Even though GCCA and its variants specifi-
cally model the common representation, the learning
performance is still evaluated based on the learned
projections. The preprocessing using PCA is also
applied to GCCA similar to LSCCA,. DGCCA is
implemented using the same multi-layer perceptron
networks as the one used in the proposed DTCCA
method for fair comparisons.

e DTCCA. The proposed method is implemented as
the nonlinear extension of TCCA using multi-layer
perceptron networks for each view as shown in Algo-
rithm 1. DTCCA can handle high-dimensional data
and large-scale data, so the preprocessing step using
PCA is not applied. We refer to a DTCCA model with
an output size of m and v layers (including output)
as DTCCA-m-v.

Fig. 2. The accuracy of seven compared methods on Caltech101 over
three views by varying the dimension of the reduced space m €
{2,3,...,10}.

TABLE 3
The accuracy of 7 compared methods over Caltech101 data set by
varying the number of views.

3 views 4 views 5 views 6 views
GCCA 31.02+ 148 30.54 £091 30.81 £0.67 31.09
LSCCA 83.97 +£8.97 87.11 £3.62 86.92 &+ 2.95 86.48
TCCA, 90.69 £1.65 90.99 +£1.12 91.60 £ 0.36 91.56
GCCA, 85.65 +3.55 87.66 +3.23 89.43 + 1.52 90.35
LSCCA, 9076 £225 92.08+1.20 9293 £ 0.57 93.31
DGCCA 91.80 £1.07 9270 £0.64 93.28 +0.27 93.26
DTCCA 93.14 + 1.14 93.62 £ 0.78 94.23 + 0.41 94.83

4.1 Experimental setting

Following the work [25], we first concatenate the projected
points of all views obtained by CCA variants in the common
space as the final representation for supervised classification
problems, and then evaluate the classification performance
in terms of accuracy based on linear support vector classifier
(SVC) [45]. We split the data into training and test sets.
Projections are learned by compared methods using the
training data, and the final accuracy is reported based on the
test data. To avoid the learning bias, we report the average
accuracy and standard deviations over ten randomly drawn
training/test splits and parameter C' in SVC is tuned in the
range {0.1,1,10} by repeating experiments for 10 times.
The hyper-parameters of compared methods are summa-
rized as follows. The reduced dimension m is one common
parameters of all compared methods. We vary m € [2, 10]
and further show the sensitivity analysis in terms of clas-
sification accuracy. Moreover, regularization parameter for
all CCA methods is set to 10~* in order to prevent the
singularity of covariance matrix of each view. For deep
learning methods such as DGCCA and DTCCA, the same
deep architecture is used for fair comparisons: the number
of output neurons is set to m, the default widths of the
hidden layers are set to 500 for varied number of layers,
and the Adam optimizer is used with the learning rate set
tobe 1073, and others are set to be default values in Pytorch.
Both Sigmoid and Tanh activation functions are evaluated.
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TABLE 4
The accuracy of seven compared methods on Caltech101 data by
varying the number of training data with 6 views.

10%  20%  30%  40% 50% 60%  70%
GCCA 31.09 2445 2862 2626 2631 33.18 40.92
LSCCA 8648 7943 7617 7734 79.05 7804 79.93
TCCA, 9156 9371 9578 9641 9751 9758 97.06
GCCA, 9035 9333 9450 9540 9591 9610 96.14
LSCCA, 9331 9559 9626 9674 9721 9735 97.22
DGCCA 9326 9533 9649 96.88 97.09 97.80 97.40
DTCCA 9483 96.06 96.65 97.02 97.36 97.67 97.60

4.2 Image classification

Image data Caltech101 is used for this analysis [46], which
is publicly available'. Caltech101 consists of 8677 images
belonging to 101 categories. We apply 6 different descrip-
tors to extract features for each image, including: 254-d
CENTRIST (CENT) [47], 512-d GIST [48], 1180-d LBP [49],
1008-d histogram of oriented gradient (HOG), 64-d color
histogram (CH), and 1000-d SIFT [50]. For classification
evaluation, we choose 7 categories with 1474 images in total
by following [51]: Faces, Motorbikes, dollar_bill, garfield,
snoopy, stop_sign, windsor_chair.

We first randomly selected 10% images from Caltech101
as the training set and the rest as the testing set by evaluat-
ing 7 compared methods over all 6 views. Regularization
parameter for all CCA methods is set to 10~* in order
to prevent the singularity of covariance matrix of each
view. The selected widths of the hidden layers for the
DTCCA-m-3 and DGCCA-m-3 models are 500 and 500 with
m € [2,10]. The Sigmoid activation function is used, and the
dropout with ratio equal to 0.1 is placed in-between each
linear layer and its corresponding nonlinear layer except
the output layer. The best results of 7 methods for all 10
folders over different m € [2, 10] are reported in Table 2. We
have the following observations: 1) GCCA shows the worst
results compared with others; 2) PCA as the preprocessing
is helpful to improve CCA classification; 3) nonlinear repre-
sentation learning using deep networks including DGCCA
and DTCCA can significantly improve their base methods
GCCA and TCCA, respectively; 4) the proposed DTCCA
demonstrates the best results among all compared methods
in terms of mean accuracy and the smallest standard devia-
tion, and shows significant better results than TCCA,,. These
observations imply that the proposed nonlinear extension of
TCCA works reasonably well.

We further explore the sensitivity of DTCCA in terms
of different dimension of the common space, the number
of views, and various training ratios. Since TCCA can
naturally incorporate the high-order canonical correlation,
we expect that DTCCA or TCCA can perform consistently
well in regardless of the number of views. Following the
above setting, we varied the number of views from 3 to 6
with 10% training data. We first investigate the impact of
dimensions by varying m € [2,10]. The results are shown
in Fig. 2 for some combinations of views. All methods
except GCCA demonstrates better results when m increases,
while DTCCA demonstrates consistently the best over all
these dimensions. We observed the same trends for other

1. http:/ /www.vision.caltech.edu/Image_Datasets/Caltech101/
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combinations. Due to the space limitation, we will not report
the results for every combination. To investigate the impact
of the number of views, for the specific view, we report the
averaged accuracy over all combinations of views, where
the accuracy of each combination is again obtained based on
the 10 folders. Results are shown in Table 3 for the number
of views varying from 3 to 6. As the number of views
increases, all methods demonstrate improved accuracy, so
learning with multiple views becomes important. Also, our
proposed DTCCA not only significantly outperforms TCCA
and other linear models, but also better than DGCCA with
same deep network architecture. Moreover, we evaluate
all methods by varying the number of training data with
ratio from 10% to 70%. Results in Table 4 demonstrates
that DTCCA performs significantly better than others for
small amount of training data, and the accuracies obtained
by DGCCA, DGCCA, GCCA,, and TCCA,, converge to a
similar value when enough training data becomes available.
To show the performance of all combined views, the mean
and standard deviation of accuracies of compared methods
over 10 folders for each combination of views are shown in
Table 5.

To determine the impact of the number of layers in the
deep networks based models such as DGCCA and DTCCA,
we conduct an experiment in which we increase the number
of layers from two to seven. The width of each hidden
layer is set to be 500. 10% training data split is used for
this experiment with m = 10 for one of 10 folds. Table 6
gives the accuracy on the first fold by varying the number
of layers from 2 to 7 with nonlinear activation function
either Sigmoid or Tanh. We have the following observations:
1) Sigmoid function can obtain good results by using the
network of 4 layers, but it becomes worse when the number
of layers increases, which is because of the drawback of
Sigmoid with zero gradient for deep depth of network; 2)
the activation function Tanh does not have this issue so
the accuracy continues increasing until 7 layers and the
performance reaches saturation.

4.3 Handwritten numeral recognition

Multiple features (Mfeat) data set consists of features of
handwritten numerals (‘0'—'9’) extracted from a collection
of Dutch utility maps® [52]. 200 patterns per class (for a
total of 2,000 patterns) have been digitized in binary images.
These digits are represented in terms of the following six
feature sets: 216-d profile correlations (fac), 76-d Fourier
coefficients of the character shapes (fou), 64-d Karhunen-
Love coefficients (kar), 6-d morphological features (mor),
240-d pixel averages in 2 x 3 windows (pix), and 47-d
Zernike moments (zer). As a result, there are 6 views in
total.

The same experimental setting as in Section 4.2 is used
for Mfeat data. Results presented in Table 7 shows the
classification performance of 7 compared methods on all
combinations of views with 10% as training data and the
rest as testing data. The impacts of the compared methods
in terms of varied combinations of views, the reduced di-
mensions and the varied training ratio are shown in Table 8§,

2. https:/ /archive.ics.uci.edu/ml/data sets/Multiple+Features
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TABLE 5
Mean accuracy and standard deviation of 7 compared methods on 42 data sets generated from Caltech101 by choosing all combinations of more
than two views over 10 folders.

View combinations [ GCCA LSCCA TCCA, GCCA, LSCCA, DGCCA DTCCA

CENT - GIST - LBP 3268 £6.16 9191 £1.01 9255+1.04 9125+ 1.20 93.14 £122 92.69 £0.78 93.89 £ 0.72
CENT - GIST - HOG 2922 £6.39 9245+ 084 9201 £1.81 90.89 +£1.72 9321 +£1.04 92.83+0.97 94.15 + 0.76
CENT - GIST - CH 3410+ 434 83.64 +1.86 8853 +254 90.00+1.08 91.53 +£1.00 91.73 +0.76 92.89 + 1.01
CENT - GIST - SIFT 3311 £3.87 9256+ 0.87 89.27 £1.32 88.38 £1.90 93.11 £0.99 92.69 &+ 0.96 94.33 £ 0.89
CENT - LBP - HOG 3326 £585 91.35+1.10 9290 £1.09 89.33 £1.29 9240 +0.86 93.14 +0.62 94.29 + 0.54
CENT - LBP - CH 3180 £2.73 8412+ 147 8875+3.81 89.58 +£1.07 91.26 +£0.83 91.12 4+ 0.65 91.76 + 0.89
CENT - LBP - SIFT 3035+1.95 91.23 +1.44 90.95+3.88 8698+ 1.00 91.62+1.16 92.64 +1.12 94.12 £+ 1.10
CENT - HOG - CH 32.02 £4.66 84.53+1.32 90.12 +1.38 88.06 +1.57 90.94 +£1.11 91.96 + 0.93 92.98 £ 0.77
CENT - HOG - SIFT 2944 £449 92.03+1.19 9122 +261 8544 +1.50 92.04 +1.88 9245+ 1.04 94.38 £ 0.80
CENT - CH - SIFT 30.57 £4.22 84.64+1.07 89.11 £3.31 83.83+£3.10 89.60 £0.95 91.14 + 0.68 92.17 £ 0.94
GIST - LBP - HOG 3153 +7.65 77.87 +348 9411 +£0.65 85.95+3.23 9195+ 145 9290+ 1.35 94.37 + 0.66
GIST - LBP - CH 30.57 £ 626 82.32+2.74 89.03+£272 8593 +259 90.56 +0.72 91.83 + 0.87 92.40 £ 0.71
GIST - LBP - SIFT 30.65 £290 72.08+897 91.92+327 8493 +1.81 92.74+1.19 9258+ 0.76 93.98 + 1.24
GIST - HOG - CH 2924 £5.00 82.61+£270 8879 +2.04 81.77+228 87.60 & 1.07 90.39 +1.27 92.17 £ 0.93
GIST - HOG - SIFT 2938 £5.88 92254092 9220+283 8294+ 1.74 9219 +1.62 90.56 + 1.64 93.85 + 0.45
GIST - CH - SIFT 2942 £3.09 83.41+225 89.19+275 81.73+3.45 8798 £1.53 90.32 +1.07 91.54 + 1.16
LBP - HOG - CH 2947 £293 81.76 £2.04 9029 £1.61 81.73+1.77 8725+226 91.57+092 92.80 + 0.54
LBP - HOG - SIFT 3151 £2.70 5426 +£024 92504297 83.56 +1.79 9239 +£1.14 92.63 +1.25 94.15 + 0.92
LBP - CH - SIFT 3156 £ 3.69 82.19+1.98 89.89 +£3.08 80.53 +2.63 87.52+143 91.74 +1.02 91.75 + 1.75
HOG - CH - SIFT 3049 £521 82294+ 1.98 90.50 +£2.68 80.15+3.24 86.18 £2.14 89.18 + 1.28 90.91 + 0.86
CENT - GIST - LBP - HOG 30.02£539 9249 +099 9272 £091 91.17+£098 9341 £1.11 9342+ 0.60 94.55 £ 0.87
CENT - GIST - LBP - CH 3020 £4.39 85.08 +1.88 90.29 £1.83 91.20 +1.04 92.65+1.02 92.38 +0.89 93.09 £ 0.57
CENT - GIST - LBP - SIFT 3098 £ 621 9255+ 1.41 90.15+ 347 89.08 +£2.37 9345+ 0.86 93.38 +0.77 94.35 + 0.85
CENT - GIST - HOG - CH 30.79 £5.52 8475+ 1.73 90.02+£231 90.71 +£1.07 92.50 +1.04 92.48 +0.80 93.46 + 0.82
CENT - GIST - HOG - SIFT 2926 £ 350 92.89 +1.01 8891 +£4.84 88.84 +£1.95 9333 +£1.32 93.04 +1.23 94.95 + 1.03
CENT - GIST - CH - SIFT 3210 £3.86 85.14 +1.61 89.63 £2.86 89.07 +1.31 92.42 +£0.97 92.48 +0.82 93.70 £ 0.56
CENT - LBP - HOG - CH 30.03 £3.06 85194149 91.74+137 89.69+£1.55 9216 £1.19 92.71 £0.69 93.26 + 0.68
CENT - LBP - HOG - SIFT 30.02 £6.87 92.09+£1.08 91.93+237 88124214 9253 +146 93.37 £0.76 94.56 + 0.36
CENT - LBP - CH - SIFT 32.02+384 8532+ 1.66 90.48 £3.89 88.79+0.89 91.85+0.82 9210+ 0.81 92.95 + 1.12
CENT - HOG - CH - SIFT 29.81 +£2.39 85,51 £1.34 90.75+2.61 8871 £232 9144 +1.13 92.64 +0.87 93.82 &+ 1.17
GIST - LBP - HOG - CH 2984 £2.69 83.74+1.71 91.03+176 85.61+3.75 91.55+0.95 92.65+ 1.18 92.98 £+ 0.95
GIST - LBP - HOG - SIFT 2950 £4.26 89.46 +£1.73 92.81 +£239 86.31 £2.29 93.15+0.82 93.38 £0.77 94.44 + 0.94
GIST - LBP - CH - SIFT 31.14 £ 437 8391 +230 91.32+377 8555+3.09 91.48+129 92.93 + 0.57 92.91 £+ 1.20
GIST - HOG - CH - SIFT 29.62 £2.85 8438 +193 9198+ 204 81.80+ 282 89.95+1.28 90.94 +0.87 92.43 + 1.43
LBP - HOG - CH - SIFT 3193 +£ 346 84.10+2.20 91.09 +£3.07 80.24 +6.90 89.35+225 92.65+0.99 92.84 £ 0.92
CENT - GIST - LBP - HOG - CH 30.19 £3.96 86.00£191 91.35+1.34 9130 £1.27 9322 +1.18 93.32 +1.18 93.95 £ 0.89
CENT - GIST - LBP - HOG - SIFT 3071 £ 644 92.88+1.21 9159 £3.31 89.52+1.74 93.59 £0.99 93.79 + 0.84 95.03 + 0.69
CENT - GIST - LBP - CH - SIFT 31.76 +4.24 86.06 £1.73 91.46 +2.21 90.26 £1.25 93.06 + 1.01 93.01 +0.76 94.05 + 1.11
CENT - GIST - HOG - CH - SIFT 3153 +£395 8578 +1.64 9134 £3.09 89.75+1.21 9317 +1.00 93.21 £0.79 94.32 £ 0.92
CENT - LBP - HOG - CH - SIFT 30.32 +£3.53 85.89 £ 157 91.56 +1.96 89.00 £1.26 9252 +1.20 93.14 +1.00 94.07 £ 0.99
GIST - LBP - HOG - CH - SIFT 30.38 +£3.80 84.90 +2.00 92.30 £2.18 86.77 +£2.81 92.01 +£1.07 93.22 +0.78 94.00 + 0.60

CENT - GIST - LBP - HOG - CH - SIFT] 31.09 £ 5.04 8648 +£1.84 91.56 +£2.53 90.35 £ 0.98 9331 £1.04 93.26 £ 0.66 94.83 £ 0.28

TABLE 6
Accuracy of two methods with layers ranging from two to seven on 100 —{2c-fouskar-mor-pix-zer 100, fac - kar - mor - pix - zer |
Caltech101 with 6 views. -’ is for the failure of the training process. T’a——k"’_—‘, ‘ & == b %
80 7 BOT/ﬁ E
Layers 2 3 4 5 6 7 g o] S Tock ; 60ty e
DGCCA (sigmoid) 9346 9263 9331 90.00 56.39 g ool 3 4 LScoAp
DTCCA (sigmoid) ~ 95.64 9504 9541 9211 81.58 - gw oen| 8% CS0h
DGCCA (tanh) 9233 93.01 9263 9211 91.88 9248 * 2 00on “ 2 Do
DTCCA (tanh) 9429 9444 9451 9474 9511 95.11 A \4 v v v \4 T
02 3 4 5 6 02 3 4 5 6
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Fig. 3, Table 9 respectively. These observations are consistent 100 foc - kar - phx - zer fac - kar - pix

‘ 100
with what we have observed for Caltech101. 80! BJ |
: T/‘_M_? S e

4.4 Scene classification P LSCChp

GCCA
-5 GCCAp LSCCA
LSCCAp

Accuracy (in %)
Accuracy (in %)

DTCCA

The 15 class scene data set was gradually built. The initial

8 classes were collected by Oliva and Torralba [48], and \ v v DTcA v v v 4
then 5 categories were added by Fei-Fei and Perona [53]; h p ” ?DGCCA 5 0, s , s p

finally, 2 additional categories were introduced by Lazebnik
et al. [50]. The 15 scene categories are office, kitchen, living Fig. 3. The accuracy of seven compared methods on Mfeat data by
room, bedroom, store, industrial, tall building, inside cite, varying the dimension of the reduced space m € {2,3,...,10}.
street, highway, coast, open country, mountain, forest, and
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TABLE 7

10

Mean accuracy and standard deviation of 7 compared methods on 42 data sets generated from Mfeat data by choosing all combinations of more
than two views over 10 folders.

The accuracy of 7 compared methods over Mfeat data set by varying
the number of views.

3 views 4 views 5 views 6 views
GCCA 30.81 £22.04 2395+ 17.20 18.52 +10.53 14.94
LSCCA 67.01 + 6.49 70.37 & 5.10 75.14 4+ 3.23 79.12
TCCA, 82.62 + 3.80 83.25 + 3.70 85.28 + 2.80 87.56
GCCA, 78.26 + 4.60 79.81 + 3.28 80.70 + 1.37 80.73
LSCCA, 82.01 + 4.03 85.35 + 2.78 87.40 + 1.10 89.03
DGCCA 86.83 + 3.73 88.74 + 3.16 90.45 +2.13 91.86
DTCCA 88.50 + 4.18 91.46 + 2.68 93.00 + 1.68 94.21
TABLE 9

The accuracy of seven compared methods on Mfeat data by varying
the number of training data with 6 views.

10% 20% 30% 40% 50% 60% 70%
GCCA 1494 7568 8496 87.69 8874 89.25 89.31
LSCCA 79.12  86.88 8859 89.69 90.12 89.92 90.21
TCCA, 8756 91.13 9297 9457 9456 9515 9521
GCCA, 80.73 86.74 89.97 9058 91.61 9253 92.39
LSCCA, 89.03 90.00 9146 91.70 92.01 9258 92.79
DGCCA 9186 94.09 9569 9647 96.89 9723 97.72
DTCCA 9421 95.69 96.54 96.78 97.14 97.56 97.59

View combinations [ GCCA LSCCA TCCA, GCCA, LSCCA, DGCCA DTCCA

fac - fou - kar 26.18 +4.01 62.80 £3.02 83.34+283 79.60+233 8473 +214 85.82+1.83 8561 +1.10
fac - fou - mor 39.72 +£3.63 62.05+4.01 86964281 8323+168 8539+143 9251+ 1.17 92.62 + 0.99
fac - fou - pix 1358 £1.63 69.15+344 8345+158 81.84+2.01 8573+198 86.75+1.47 88.91 + 1.08
fac - fou - zer 30.82 £ 515 64.69 +£258 79.61 £321 7892+217 8289 +1.66 8659+ 1.70 87.67 + 0.94
fac - kar - mor 3752+ 646 69.84 £568 87.05+1.48 84904262 8830+£262 91.39+0.67 92.69 + 1.02
fac - kar - pix 1426 £1.09 80.84+234 7773 +£1.86 7918 +235 8543+134 82084170 87.82+ 1.70
fac - kar - zer 3172 £274 65.68 £248 79.03 4257 73704277 7735+£3.03 83.12+156 86.96 + 0.79
fac - mor - pix 1252 £2.05 55.00+694 88.89 £2.11 8378 +2.68 86.84 +264 92.08+ 0.61 94.14 + 0.53
fac - mor - zer 39.04 £2.79 6752 +259 84.07+225 80614190 8259193 91.32+0.67 93.21 4 0.89
fac - pix - zer 1348 £1.82 61.83+226 80.76 £3.92 71.18+268 7517 +237 85.64+142 89.47 £+ 1.05
fou - kar - mor 69.55 +225 7395+222 85774+134 80.02+162 83.03+£170 87.61+1.62 87514124
fou - kar - pix 13.61 £1.77 60.19 385 8246 +285 7381 +339 80.16 +3.11 83524123 84.18 &+ 1.63
fou - kar - zer 63.83 +1.70 7433 +1.70 77964350 7572+337 80.24+290 81.23 +1.15 80.28 +1.83
fou - mor - pix 11.89 £1.52 62204+ 3.71 8696 +236 80.19+216 8281 +156 9098 +2.05 9243 + 0.72
fou - mor - zer 7116 £3.02 7458 233 79.64+£125 78034174 8029+ 133 8118+ 0.77 79.75+0.70
fou - pix - zer 1230 £1.53 61.30+234 7888+256 7677 +1.68 8059+ 1.60 8526+ 1.59 85.58 + 0.98
kar - mor - pix 1337 £1.43 69.11 =524 85.67 £2.16 79.41 +£2.89 8288 +2.79 89.68+1.34 92.80 £ 0.72
kar - mor - zer 7271 £277 76.68 267 8395+212 79944201 8287 +1.83 8691+185 89.21 +1.10
kar - pix - zer 1510 £2.29 65.11 £2.81 7529 £2.12 6522 4+1.88 7121 +£2.60 83.15+1.58 86.30 + 1.76
mor - pix - zer 13.87 £251 6339 4+206 8501 +147 79.08+155 81.79+1.75 89.734+1.00 92.81 & 0.65
fac - fou - kar - mor 41.02 £5.67 73.00£1.91 86.87 +225 83.64+244 8829 +1.78 91.88+0.64 92.53 + 0.59
fac - fou - kar - pix 13.06 £1.69 64.89 £295 79.75+239 77.734+£290 86.21 +2.07 8459+179 88.62 £+ 0.77
fac - fou - kar - zer 3244 +398 7489 +1.14 77944+3.10 7957 +188 8560190 8585+ 1.13 87.11 4+ 1.20
fac - fou - mor - pix 11.77 £2.02 6092 +333 8784 +£287 8377 +240 8858 +1.64 9241 +133 93.87 4+ 0.44
fac - fou - mor - zer 3943 +£512 7276 £091 83.62+4.00 8129+ 146 85.07+£143 91.60+ 099 93.28 4 0.80
fac - fou - pix - zer 12.11 £1.53 64.724+235 79.04 £3.27 79404186 8556 +1.66 86.59+1.03 90.60 £ 1.00
fac - kar - mor - pix 14.02 £0.75 69.27 543 8646 +£150 84.684+295 90.72+1.69 91.08+1.15 94.50 £ 0.66
fac - kar - mor - zer 3937 2392 7468 +£272 86.16 2233 81.16 =158 8582 +191 90.22+1.24 93.62 + 0.86
fac - kar - pix - zer 1545 +249 6648 236 7828 £246 7148 +£287 7847 +291 83.07+1.80 89.75 £ 0.53
fac - mor - pix - zer 1287 £2.73 6454 +220 8523 +272 8033+184 8461 +1.81 91.82+120 94.59 £+ 0.59
fou - kar - mor - pix 1431 £0.73 7192+184 8573 +£1.84 7948 +217 8525+164 90.31+1.05 92.19 + 1.05
fou - kar - mor - zer 71.01 £2.79 79.724+1.60 8427 +£280 80.73+243 85.03+216 87.11+154 88.62 + 1.60
fou - kar - pix - zer 1540 £2.21 7401 4+172 7718 +£340 76.07+1.89 8277 +191 8428 +1.59 86.73 £ 1.72
fou - mor - pix - zer 1312 £1.75 7047 £237 8517 +£245 7986+ 181 8496+ 158 90.36 +1.68 92.48 £ 0.56
kar - mor - pix - zer 13.86 £2.49 7328 £226 8522 +240 77944227 8324+158 89.97+1.69 93.39 £ 0.86
fac - fou - kar - mor - pix 1438 £1.34 72724+190 88.02+276 81934316 89.27+1.99 91.76+0.62 93.87 4+ 0.63
fac - fou - kar - mor - zer 3992 +£513 7948 +£1.11 85.76+1.85 8193 +217 88.03+£1.87 91.724+090 93.23 4 0.68
fac - fou - kar - pix - zer 1530 £236 7542+ 118 7994 +241 7884+130 86.75+1.82 86.34+175 89.72 4+ 1.19
fac - fou - mor - pix - zer 13.14 £235 7119 4+1.01 86.69 £3.08 81.734+270 8739+1.81 91.99+1.00 94.09 + 0.98
fac - kar - mor - pix - zer 13.02 £198 7373 +2.06 86.17 +£1.89 79344+203 86.46+1.60 90.73+0.60 94.18 £ 0.76
fou - kar - mor - pix - zer 15.36 £2.22 7829 +145 85.11 £2.67 80424215 8649 +2.07 90.14 +1.24 92.92 + 0.88
fac - fou - kar - mor - pix - zer [ 1494 £233 79124+ 139 8756 +256 80.73+259 89.03+1.79 91.86+1.03 94.21 £ 0.61

TABLE 8 suburb. Images in the data set are about 250 x 300 resolution,

with 210 to 410 images per class. This data set contains
a wide range of outdoor and indoor scene environments.
4310 images are used in this experiment. Five descriptors
are used to generate the features of views including 254-
d CENTRIST [47], 512-d GIST [48], 531-d LBP [49], 360-d
histogram of oriented gradient (HOG), and 1000-d SIFT [50].
The same experiments are also conducted for Scenel5 data.
The classification accuracy in terms of the varied views, the
dimension of common space, and view combinations are
shown in Table 11, Fig. 4 and Table 10, respectively. The
similar observations as above two data sets can also be
obtained on this data.

4.5 Wikipedia classification

To further validate the effectiveness of the proposed meth-
ods on multi-modal data, we conduct the experiments on
data Wikipedia [54], which consists of 2866 image and text
pairs. Each featured article is categorized by Wikipedia into
one of 10 categories. The representation of text is derived
from a latent Dirichlet allocation (LDA) model, where each
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TABLE 10
Mean accuracy and standard deviation of 7 compared methods on 16 data sets generated from Scene15 data by choosing all combinations of
more than two views over 10 folders.

View combinations [ GCCA LSCCA TCCA, GCCA, LSCCA, DGCCA DTCCA

CENTRIST - GIST - LBP 803+073 50.83+1.8 60.13E£190 5839+18 6234+145 6479095 6449 +£1.08
CENTRIST - GIST - HOG 881 +0.69 3526+192 56.76+275 56.05+ 143 59.18+1.28 64.57+1.94 64.11+042
CENTRIST - GIST - SIFT 9.64 £058 5048 +£219 6870+1.87 56.34+234 6123+£196 69.64+1.35 7097+ 1.46
CENTRIST - LBP - HOG 815+ 0.64 4262+178 56.82+142 54.06+149 5720+143 61.35+1.14 6255+ 1.37
CENTRIST - LBP - SIFT 846 £1.09 58724208 64.87+296 50.35+193 5650+1.78 6522+1.46 69.87 +1.32
CENTRIST - HOG - SIFT 870+ 0.87 4350+2.03 6521+279 51.32+228 55.64+158 66.66+2.09 69.64 + 1.56
GIST - LBP - HOG 831+065 4323+122 5460+178 46.08+154 4876+1.66 59.92+0.74 59.58 £ 0.99
GIST - LBP - SIFT 872+£057 5543 +164 67371324 5037+183 5556+£191 6359+214 66.45+ 1.51
GIST - HOG - SIFT 9.79 £0.62 45.03 +£1.07 64.87 £3.67 4497 +219 4921+201 6234+1.10 6519 + 1.08
LBP - HOG - SIFT 828 £098 5091 +083 6425+231 4476+121 4958 +1.73 61.50+156 65.18 & 1.62
CENTRIST - GIST - LBP - HOG 856 £096 3790+1.71 5545+133 5528+£190 6137+£1.09 63.60+153 6292+0.79
CENTRIST - GIST - LBP - SIFT 9204+ 070 53.61+£200 66244232 54254285 63144201 6576+167 68.01+ 1.98
CENTRIST - GIST - HOG - SIFT 9.30 £0.81 3893 +275 64.08+238 53.60+213 6038+171 6673 +1.45 66.96 + 1.18
CENTRIST - LBP - HOG - SIFT 8794099 4626+ 161 64944192 50334185 59.04+157 6346+179 66.24 + 1.85
GIST - LBP - HOG - SIFT 924+076 4691+1.07 62.65+257 4524+144 5147+123 62.88+1.82 64.73 +1.49
CENTRIST - GIST - LBP - HOG - SIFT]| 9.44 £ 1.00 41.07 £2.08 6445+175 5127 £172 6272 +141 6471 +£1.08 67.33 £1.43

70 CENTRIST - GIST - LBP - HOG - SIFT : 70
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Fig. 4. The accuracy of seven compared methods on Scene15 data by
varying the dimension of the reduced space m € {2,3,...,10}.

TABLE 11
The accuracy of 7 compared methods over Scene15 data set by
varying the number of views.

3 views 4 views 5 views
GCCA 8.69 £ 0.60 9.02 £+ 0.32 9.44
LSCCA 47.60 +£ 6.95 44.72 + 6.44 41.07
TCCA, 62.36 =491 62.67 +4.24 64.45
GCCA, 51.27 492 51.74 4+ 4.08 51.27
LSCCA, 5552 +491 59.08 & 4.51 62.72
DGCCA 6396 +2.87 64.48 + 1.66 64.71
DTCCA 65.80 + 3.54  65.77 + 1.99 67.33

document is represented by their topic assignment proba-
bilistic distribution with top 10 topics selected. The repre-
sentation of each image is constructed by four descriptors:
254-d CENTRIST, 512-d GIST, 1180-d LBP and 1000-d SIFT
as used for Caltech101 in Section 4.2.

By taking the similar experimental setting in 4.2, we
randomly selected 10% pairs of image and text as the
training set and the rest as the testing set. Two hidden layers
with 500 latent neurons are employed for both DGCCA and

DTCCA with dropout ratio 0.1. The reduced dimension m
is tuned in the range of [2,10] as the maximum dimension
of text features is 10. Table 12 shows the best results of 7
methods for all 10 folders over different m € [2,10]. And
the sensitivity of DTCCA in terms of classification accuracy
by varying the number of views from 3 to 5 is shown in
Table 13. The similar observations as shown above can also
be obtained on multi-modal Wikipedia data.

5 CONCLUSION

We propose DTCCA for dealing with multi-view extensions
of TCCA by capturing the high-order statistics among all
feature views and simultaneously learning the nonlinear
transformations of each view in a unified model. Based on
the experiments on various multi-view data sets, we have
shown that DTCCA can obtain significant improvement
comparing with TCCA and better or competitive results
comparing with others with respect to the classification per-
formance on test data. In addition, DTCCA does not need to
apply preprocessing step to avoid the high computational
complexity of TCCA on the high-dimensional input data
in the case that the dimensionality of the latent subspace
is relatively small. We observed that DTCCA can achieve
consistently better results especially when the amount of
training data is small. As a result, the combination of non-
linear transformation and maximizing high-order canonical
correlations are important to improve the learning perfor-
mance of multi-view data sets.
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