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Abstract:

In this paper, we first develop some properties to state the relationships among cen-
tral moments, stochastic dominance (SD), risk-seeking stochastic dominance (RSD), and
integrals for the general utility functions and the polynomial utility functions of both risk
averters and risk seekers. We then introduce the moment rule and establish some neces-
sary and /or sufficient conditions between stochastic dominance and the moment rule for the
general utility functions and the polynomial utility functions of both risk averters and risk
seekers without imposing the same-location-scale-family condition. Thereafter, we apply the
moment rules to develop some properties of portfolio diversification for the general utility
functions and the polynomial utility functions for both risk averters and risk seekers. The
findings in our paper enable academics and practitioners to draw preferences of both risk
averters and risk seekers on their choices of portfolios or assets by using different moments.
We illustrate this by using the moment rule tests to compare excess return of 49 industry

portfolios from Kenneth French’s online data library.
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1 Introduction

Lehmann (1951, 1952, 1955) first compare several sets of distributions that lead to the
development of the theory of stochastic dominance (SD). Afterwards, Hadar and Russell
(1969, 1971), Hanoch and Levy (1969), and others establish some basic relationships between
SD and the preference of different assets to the second order. Extensions of the SD theory to
the higher-order include Whitmore (1970), Ekern (1980), Bawa, et al. (1985), Muliere and
Scarsini (1989), Wong and Li (1999), Li and Wong (1999), Denuit, et al. (2013), Post and
Koppa (2013), Fang and Post (2017, 2022), Post and Kopa (2017) and many others. Jean
(1975) is one of the first few papers that express the moments in terms of successive integrals
of a probability density function so that the SD rankings can be compared with moment
rankings. Other studies, for example, Brockett and Garven (1998), establish some properties
for the relationship between risk, return, skewness, and utility preferences. Studying the
high-order moments is important because many studies, for example, Kraus and Litzenberger
(1976), Scott and Horvath (1980), Astebro (2003), Cvitani¢, Polimenis, and Zapatero (2008),
Choi and Nam (2008), Chiu (2010), and Astebro, Mata, and Santos-Pinto (2015) have found
that preference of high-order moments plays an important role in asset pricing and many
other areas in finance and economics. In this paper, we first extend their work by developing
some properties to state the relationships between the n'*-order (central) moments, the n'-
order SD, the n'"-order risk-seeking SD (RSD), and the n'"-order [reversed] integrals for both
nth- and (n + 1)"-order [R]SD for general risk-averse [risk-seeking] utility functions and the
polynomial utility functions of both risk averters and risk seekers for any order n, including
n = 2,3, and 4 as the special cases.

Markowitz (1952a) first introduces the mean-variance (MV) rule for risk averters, and
Wong (2007) and others introduce the MV rule for risk seekers because it is well-known that
the MV rule for risk averters cannot handle some situations, see, for example, Copeland et al.

(2005) and Levy (2015) for more information. Studies like Brockett and Garven (1998), and



Meyer, Li, and Rose (2005) prefer other rules than the MV rule. For example, Brockett and
Garven (1998) suggest that the SD rule is better than the MV rule. One limitation of the
MV rule is that it has not measured any information from high moments, while measuring
information from high moments is very important in many empirical data.! To circumvent
the limitations of the MV rule, in this paper, we extend the MV rule by introducing the
moment rules to acquire information from higher moments in the comparison, including the
mean-variance-skewness and mean-variance-skewness-kurtosis rules for both risk averters and
risk seekers. As far as we know, our paper is the first paper in the literature to introduce the
moment rules for both risk averters and risk seekers by establishing some necessary and/or
sufficient conditions between SD and the moment rule under some conditions, inferring that
the moment rule could be as good as the SD rule under some conditions. In addition, we
extend the theory further by removing the same-location-scale-family condition to establish
some necessary conditions between SD and the moment rule for both risk averters and risk
seekers under some conditions.

Diversification is one of the most important areas in finance. Many studies? have de-
veloped some properties of diversification related to the MV and SD rules. In this paper,
we extend their theories by applying the moment rules to develop some properties of port-
folio diversification to compare the preferences of two sets of assets for the general utility
functions and the polynomial utility functions of both risk averters and risk seekers. In ad-
dition, applying the moment rules to develop some properties of portfolio diversification to
compare the preferences between an individual asset, a completely diversified portfolio, and

a partially diversified portfolio. We also develop some properties of portfolio diversification

1See, for example, Lim (1989), Perez-Quiros and Timmermann (2001), Jondeau and Rockinger (2003,
2006), Cvitanié¢, Polimenis, and Zapatero (2008), Choi and Nam (2008), Harvey, Liechty, Liechty, and Muller
(2010), Grigoletto and Lisi (2011), Buckle, Chen, and Williams (2016), and Do, Brooks, Treepongkaruna,

and Wu (2016) for more information.
2See, for example, Hadar and Russell (1971), Tesfatsion (1976), Li and Wong (1999), Wong (2007),

Egozcue and Wong (2010), Guo and Wong (2016), and Chan, et al. (2020) for more information.



that could allow us to compare preferences of some pairs of partially diversified portfolios
for any set of independent assets or some sets of dependent assets and the general utility
functions of both risk averters and risk seekers. The findings in our paper enable academics
and practitioners to draw preferences of both risk averters and risk seekers on their choices of
portfolios or assets by using different moments. We illustrate the applications of the moment
rules introduced in this paper by using the tests of the moment rules to compare the excess
return of 49 industry portfolios from Kenneth French’s online data library. We find that the
results are reasonably stable from Jan 1992 to Dec 2021. First, around 30% of the portfolios
that are dominated by an industry portfolio under a moment rule are also dominated by an
industry portfolio under a moment rule from Jan 2002 to Dec 2011. Second, around 50% of
the portfolios that are dominated by an industry portfolio under a moment rule from Jan
2002 to Dec 2011 are also dominated by an industry portfolio under a moment rule in the
period from Jan 2012 to Dec 2021. Third, around 50% of the portfolios that are dominated
by an industry portfolio under a moment rule from Jan 1992 to Dec 2001 are also dominated
by an industry portfolio under a moment rule from Jan 2012 to Dec 2021.

The paper is organized as follows. We introduce some definitions and notations in the
next section. Section 3 develops some properties on the relationships among central mo-
ments, stochastic dominance, and expected utility. Section 4 introduces the moment rule
and develops some properties for the moment rule. Section 5 develops some properties of
portfolio diversification for the general utility functions and the polynomial utility functions
of both risk averters and risk seekers. Section 6 develops some properties for the preferences
between some partially-diversified portfolios. Section 7 provides testing procedures for the
moment rule. Section 8 illustrates the applicability of the theory developed in our paper by

using real-life data. Section 9 concludes our findings.



2 Definitions and notations

Let R be the set of extended real numbers and 2 = [a, b] be a subset of R in which a < b.
For random variable Z = X and Y with “cumulative distribution function” (CDF) H = F
and G and probability density function h = f and g, the mean of Z is defined as puy = pupy.
The CDF H,(z) = H(x) = pla, z] of the measure y is defined on the support Q = [a,b] C R

with () = 1. For any integer n > 1, we define the following:

Cg”:/ab(a:—u,{) dH () / Hy (8 dt Hf(x):/:ﬂf_l(t>dt. 2.1)

We note that Ho(x) = Hf(z) = h(x), CH) = 0% is the variance of H, and C is the
n'-order central moment for any integer n > 2. We also note that for any variable Z with
CDF H, we will use both C(Zn) = C}?) to be the n'"-order central moment of Z for any integer
n > 2. We further let 74 as the skewness, and kp as the kurtosis of H respectively. We
call H,, (H) the n'"-order (reversed) integral. We note that H,, is used in the development
of the SD theory for risk averters while H!* is used in the development of the SD theory
for risk seekers, see, for example, Quirk and Saposnik (1962), Hanoch and Levy (1969),
Hammond (1974), Levy (2015), and Guo and Wong (2016) and the references therein for
more information.

In this paper, we first extend the MV rule® for both risk averters and risk seekers in-
troduced by Markowitz (1952a), Wong (2007), and others. It is well-known that the mean-
variance rule for risk averters cannot handle some situations, see, for example, the paradox

used in the example in p66-67 of Copeland, et al. (2005). We modify the example as follows:

Example 2.1  For any pair of two prospects, X and Y, with probability functions, Px
and Py, respectively, such that Px(z) = 0.2 for z = 3,5,7,9, and 11, and Py(z) = 0.2 for

z2=3,4,5,6, and 7.

One could easily find that X and Y as stated in Example 2.1 do not dominate each other

30ne may refer to Definition 8 in Wong (2007) for the rule.
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by using the MV rule for risk averters. However, it is obvious that X is preferred to Y. To
solve the problem, one could apply the MV rule for risk seekers introduced by Wong (2007)
and others. Now, when one applies the mean-variance rule for risk seekers, one will conclude
that X dominates Y, and thus, conclude that risk seekers will prefer X to Y. However,
there are still some limitations of using the mean-variance rules for both risk averters and
risk seekers because by using the rules, one could only conclude that risk seekers will prefer
X to Y but cannot conclude that risk averters will also prefer X to Y in the paradox as
stated in Copeland, et al. (2005) and Example 2.1 but, in fact, it is well-known that both risk
averters and risk seekers will prefer X to Y in this example. To circumvent the limitation,
a well-known solution is to apply the theory of stochastic dominance (SD). To do so, Levy
(2015), Guo and Wong (2016), Bai, et al. (2021), and others define the n'-order SD. We
state the rule briefly here. One may refer to Guo and Wong (2016) for the full definition of

the rules.

Definition 2.1  For any integer n and for any pair of random variables, X and Y, with

CDFs, F and G, respectively,

1. X is said to dominate Y by the n'"-order stochastic dominance for risk averters for
n > 1, denoted by X =, Y, or F =, G if and only if F,(x) < G,(z) for each x and

Fr(b) < Gi(b) fork=1,--- ,n—11in>1, and

2. X is said to dominate Y by the n'"-order risk-seeking stochastic dominance (RSD)*
forn > 1, denoted by X =2Y or by F =2 G, if and only if FI'(z) > GE(z) for each

z in [a,b], and EE(b) > GR(b) fork=1,--- ,n—1ifn>1.

Applying Definition 2.1 to the paradox as stated in Copeland, et al. (2005) and Example

2.1, one will conclude that both risk averters and risk seekers will prefer X to Y and, in

4We note that Levy (2015) and others call it RSSD while we follow Guo and Wong (2016) and others to
call it RSD.



fact, conclude that all investors with increasing utility, including both risk averters and risk
seekers, will prefer X to Y because we have both X =; Y and X =Y.

Stochastic dominance is useful for ranking prospects with uncertainty because ranking
prospects is equivalent to maximizing the expected utility preferences.® To show the advan-
tages of applying SD, we first define utility functions for risk averters and risk seekers (Levy,

2015; Guo and Wong, 2016; Bai, et al., 2020) as the following:

Definition 2.2 Sets of utility functions, U, and U | for risk averters and risk seckers

are:
Uy={u: (-9 <0,i=1,---,n} and Uf={u:u>0,i=1,---,n}, (2.2
respective, where u' is the it derivative of the utility function w.

In addition, in this paper, we will develop a theory related to the n*-order polynomial
utility function. For this purpose, we define the n'-order polynomial utility function as the

following:

Definition 2.3 Ifu € U, or Uf“ and u™ is a nonzero constant, then u € Unp or Uﬁg 18

a n"-order polynomial utility function for risk averters and risk seekers, respectively.

We note that it is easy to extend the theory to include non-differentiable utilities.® For
any investor with u € U,, it is well known that a negative second derivative for the utility
function infers that investors are risk-averse and a positive third derivative for the utility
function is a necessary, but not sufficient condition for decreasing absolute risk aversion
(DARA).

So far, it is well known that the SD rule is more superior to the MV rule. Thus, this

paper aims to improve the MV rule. To do so, we extend the MV rule to be the moment

SWe follow von Neumann-Morgenstern (1944) to compare the preference among prospects. For an em-

pirical test on SD see Post(2003)
6See Wong and Ma (2008).



rule and we will study the relationships between the n'’-order central moments with the
n'h-order (reversed) integrals, the n'-order (risk-seeking) SD, and the moment rule. We

discuss the theory in the next section.

3 Theory

In this section, we develop some properties on the relationships among central moments,
stochastic dominance, and expected utility. These properties have implications for the mo-
ment rule in Section 4 and portfolio diversification in Section 5. We first develop some
properties for general utility functions defined in Definition 2.2 and develop properties for

polynomial utility functions thereafter in this section.

3.1 General utility functions

We first develop some properties on the relationships among central moments, stochastic

dominance, and expected utility for general utility functions defined in Definition 2.2. Since

i /abth(t) /H

= b— Hy(b) —a+HR( (3.1)

where H = I or G, we have
pr—pe = Ga(b) = Fy(b) = Fy'(a) — G(a). (3.2)
Chan, et al. (2020) extend the work by Jean (1975) and others by establishing the following
result:
G (b) — Fy(b) = G(a) — Ffia) = 5 (0% — o) | (33

given up = fig.
In this paper, we first extend their results by establishing the following theorem to ex-
amine the relationship between the n'-order (central) moments and the n*-order integrals

for both n'- and (n + 1)"-order SD:



Theorem 3.1 Let C’gf) be the k'"-order central moment for any integer k > 2. For any
gwen n > 2, if C’l(pk) = C’C(;k) for all 2 < k <n and pp = pg, the following statements are

equivalent:

Ganr(0) = Funt) = (e — ) (3.4

2. Gop1(b) > Foiy (b) if and only if (—1)"C > (=1)nC';
3. If F =, G, then (—1)"C" < (=1)"C: and
4. If F iy G, then (=1)"C' < (=1)nC%.

The proof of Theorem 3.1 is shown in the appendix. Since F' >, G implies F' =,,1 G, one
may believe that it is not necessary to have Part 4 of Theorem 3.1. We note that this is not
true because Part 4 of Theorem 3.1 includes the case in which F >=,, G does not hold but we
still have both F >=,,; G and (—1)"C5%) > (=1)"C'™. Part 3 of Theorem 3.1 does not cover
this situation. Thus, we still require to have Part 4 in Theorem 3.1. We note that Fishburn
(1980) has derived Part 3 of Theorem 3.1. From Theorem 3.1, we can obtain the following

corollary to compare the second-order central moments and SD:
Corollary 3.1 If urp = pg , then

1. G3(b) > F3(b) if and only if 0% < o&;

2. if F =5 G, then 0% < c%; and

3. if F =3 G, then 0% < 02,
where 0% is the variance of H for H=F or G.

We note that Equation (3.3) is a special case of Theorem 3.1. Now, we turn to develop the

following corollary to compare the third-order central moments and SD:
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Corollary 3.2 If up = ug and 0% = o2, then
1. Gy(b) > Fy(b) if and only if v¢ < vr;
2. if ' =3 G, then yp > vg; and
3. if F =4 G, then vr > 7a,

where vy is the skewness of H for H=F or G.

Part 1 of Corollary 3.2 shows the necessary and sufficient conditions for the magnitude of
the skewnesses with that of the fourth-order integrals for any two distributions, while Part 2
of Corollary 3.2 shows the relationship of the skewnesses with the third-order SD of any two
distributions under the conditions of both equal mean and equal variance. From Theorem
3.1, we can also obtain the following corollary to show the relationships between the SD and
the kurtosises for any two distributions under the conditions of equal mean, equal variance,

and equal skewness:

Corollary 3.3 If up = ug , 0% = o, and y¢ = yr, then
1. G5(b) > F5(b) if and only if kg > Kp;
2. if F =4 G, then kg > Kr; and
3. if F =5 G, then kg > kp,

where kg 1s the kurtosis of H for H =F or G.

Part 1 of Corollary 3.3 shows the necessary and sufficient conditions for the magnitude
of the kurtosises with that of the fifth-order integrals for any two distributions, while Part
2 of Corollary 3.2 shows the relationship between the kurtosises and the fourth-order SD
for two different distributions under the conditions of equal mean, equal variance, and equal

skewness.

11



We turn to develop the following theorem as a complement of Theorem 3.1 to show the
relationship among the n'*-order (central) moments, the n'"-order reversed integrals, and

the n'"- and (n + 1)"-order RSD:

Theorem 3.2 Let ng) be the k'-order central moment for any integer k > 2. For any

gwen n > 2, if Cl(yk) = C’ék) for all2 < k <n and pp = pg, the following statements are

equivalent:
1.
FiA@) = GlLa() = —(Cl =) 35)
2. FE (a) > GE \(a) if and only if c > o,

3. If F =R G, then C'" > C%: and
4 IfF =R G, then CI > CY.

The proof of Theorem 3.2 is shown in the appendix. Similar to Theorem 3.1, since F' = G
implies F' = | G, one may believe that it is not necessary to have Part 4 of Theorem 3.2.
We note that this is not true because Part 4 of Theorem 3.2 includes the case in which
F =2 G does not hold but we still have both F =%, & and (=1)"C5” > (=1)"C%". From
Theorem 3.2, we obtain the following corollary to compare the second-order central moments

with RSD:

Corollary 3.4 If up = pg , then
1. Ff(a) > GE(a) if and only if 0% > o;
2. if F =8 G, then 0% > c;
3. if F =% G, then 0% > cZ; and

where 0% is the skewness of H for H=F or G.

12



We note that Equation (3.3) is a special case of both Theorems 3.1 and 3.2.

Now, we turn to develop the following corollary to compare the third-order central mo-

ments with RSDs:

Corollary 3.5 If up = ug and 0% = o2, then we have
1. FE(a) > GE(a) if and only if vp > va;
2. if F =% G, then vp > vq; and
8. if F =i G, then yp > a,

where vy is the skewness of H for H=F or G.

Part 1 of Corollary 3.5 shows the necessary and sufficient conditions on the magnitude of
the skewnesses with the fourth-order reverse integrals for any two distributions while Part 2
of Corollary 3.5 shows the relationship of the skewnesses with the third-order RSD for any

two distributions under the conditions of equal mean and equal variance.

From Theorem 3.2, we can also obtain the following corollary to show the relationships
between the kurtosises and RSDs for any two distributions under the conditions of equal

means, equal variances, and equal skewnesses:

Corollary 3.6 If up = g , 0% = o, and y¢ = yr, then we have
1. FR(a) > GE(a) if and only if kp > ka;
2. if F =} G, then kr > kg; and
3. if F i? G, then kg > Kg;

where kg 1s the kurtosis of H for H=F or G.

13



Part 1 of Corollary 3.5 shows the necessary and sufficient conditions on the magnitude
of the kurtosises for any two distributions with the fifth-order reverse integrals while Part 2
of Corollary 3.5 shows the relationship of the kurtosises for two different distributions with

the fourth-order RSD under the conditions of equal mean, variance, and skewness.

Guo et al. (2014) and others comment that there is no equivalence relationship between
moments and SD. In Section 3.1, we find the sufficient condition but not the necessary
condition from SD to moment. Is it possible to get the necessary condition, and thus, obtain
the equivalence relationship between moments and SD? We explore the answer in the next

subsection.

3.2 Polynomial utility functions

We turn to develop some properties on relationships among central moments, stochastic
dominance, and expected utility for the polynomial utility functions defined in Definition
2.3. We first develop the following theorem as a complement of Theorem 3.1 to establish

h

some relationships between the n'-order (central) moments and n'*-order SD under n'"-

order polynomial utility functions.

Theorem 3.3 Let Cl(f) be the k' -order central moment for any integer k > 2. For any
gwenn > 2, if C’}k) = C(Gk) for all2 <k <n, and pup = uq, then for all n'*-order polynomial

utility function uw € Uy, the following statements are equivalent:
1. F»=,G,
2. Eu(F) > Eu(G), and
3. (-1)rc® < (—1)mel.

By applying Theorem 3.1, one could conclude that G,.1(b) > F,.1(b) is equivalent

to (—1)”C(Gn) > (—1)”C’E,n) under the assumption of the theorem. Thus, we just need to

14



prove that G,41(b) > F,.1(b) is equivalent to Fu(F) > Eu(G) under the assumption of
the theorem. The proof of Theorem 3.3 is shown in appendix. Thereafter, by using both

Theorem 3.3 and Equation (3.2), we can obtain the following corollaries:

Corollary 3.7 Suppose pp = pg. For any quadratic utility function u € Us,, the following

statements are equivalent
1. Fry G,
2. Eu(F) > Eu(G), and
3. 0% < ol

We now construct a simple counterexample to show that if the utility function w is cubic,

even pup = pig = pr and 0% < 02, we may still have Eu(F) < Eu(G).

Example 3.1 For a cubic utility function, we have:

u(@) = u(p) +u'(p)(z — p) +

As a result, we have:

Then, we get:

Bu(F) — Bu(@) = "W (o2 — o2) 4+ LW (0 _ oy,

This implies that the sign of Eu(F)—Eu(G) depends on the sign of u”(u), u" (1), o%—c?, and
Cl(f’) - C’g). Although under the assumed condition, the first term #(UfF — 02) is positive,
the second term may be negative and this would finally lead the whole term Eu(F) — Eu(G)

be negative or positive. For example, consider u”(p) = —2,u”" (1) = 6,0% = 1,0% = 2, Cg’) =

1, Cg’) = 2.5, we get Eu(F) — EFu(G) = —0.5 < 0.

From Theorem 3.3, we obtain the following corollary for any cubic utility function:

15



Corollary 3.8 Suppose up = pg and 0% = o2. For any cubic utility function u € Us,, the

following statements are equivalent
1. F»=3@,
2. Eu(F) > Eu(G), and

3. Y Z G-

From Theorem 3.3, we obtain the following corollary for any quartic utility function:

Corollary 3.9 Suppose ur = ug, 0% = o4, and yg = yr. For any quartic utility function

u € Uy, the following statements are equivalent
1. F=,@G,
2. Eu(F) > Eu(G), and

3. REp < R@G-

Corollary 3.7 tells us that if the means are equal, then under the quadratic utility func-
tions, the preference of the second-order SD is equivalent to the preference (smaller) of the
variance (for risk averters); Corollary 3.8 tells us that if the means and variance are equal,
then under the cubic utility functions, the preference of the third-order SD is equivalent to
the preference (bigger) of the skewness (for risk averters); Corollary 3.9 tells us that if the
means, variance, and skewness are equal, then under the quartic utility functions, the prefer-
ence of the fourth-order SD is equivalent to the preference (smaller) of the kurtosis (for risk
averters). In general, Theorem 3.3 tells us that under the conditions that all moments less
than n are equal for two assets and under the n'"-order polynomial utility functions, then
the preference of the n'-order SD is equivalent to the preference of the n'’-order central
moments (for risk averters). We note that this is very strong result. So far, in literature,

for example, Guo et al. (2014) comment that there is no equivalence relationship between
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moments and SD and we believe that our paper is the first paper finds that under some
conditions (that is, all moments less than n are equal for two assets and under polynomial
utility functions), then the preference of the n'-order SD is equivalent to the preference of
the n'"-order central moments (for risk averters). In this paper, we hypothesize that this
result only holds for polynomial utility functions, not any other nontrivial utility functions.
Now, we turn to develop the results for convex utility functions. We first state the following

theorem:

Theorem 3.4 Let Cl(f) be the k' -order central moment for any integer k > 2. For any
giwen n > 2, if C}k) = C'(Gk) for all 2 < k < n, and pup = pg. Then, for all n*-order

polynomial utility function u € UL

aps the following statements are equivalent:

1. F=R@a,

2. Eu(F) > Eu(G), and

The proof of Theorem 3.4 is shown in appendix. Combining Equation (3.2) and Theorem
3.4, we can obtain the following corollaries. We first obtain the following corollary for any

quadratic utility function:

Corollary 3.10 Suppose pup = pg. For any quadratic utility function u € Uﬁ, the following

statements are equivalent
1. F=1a,
2. Eu(F) > Eu(@), and
3. 0% > ok

We then obtain the following corollary for any cubic utility function:

17



Corollary 3.11 Suppose pp = pg and 0 = 0. For any cubic utility function u € Ust,

the following statements are equivalent:
1. F 2@,
2. Eu(F) > Eu(G), and
3. YF 2 G-

And obtain the following corollary for any quartic utility function:

Corollary 3.12 Suppose jip = pig, 0% = 02, and yg = yr. For any quartic utility function

u € Uﬁ, the following statements are equivalent:
1. F =@,
2. Eu(F) > Eu(G), and

3. Krp > Kg.

4 Moment rule

There are many applications of the theory developed in Section 3. In this section, we discuss
the applications on the extension of the mean-variance (MV) rule and we call it the moment
rule. We also develop some properties for the moment rule in this section.

We first modify the MV rule (for risk averters) as follows:

Definition 4.1  For any two prospects X and Y with means px and py and standard
deviations ox and oy, respectively, X is said to dominate Y by the MV rule for risk averters,
denoted by X MVra Y, if ux > py and ox < oy, in which the inequality holds in at least

one of the two.

It is well-known that the mean-variance rule cannot handle some situations. For example,

the paradox as shown in Example in p66-67 of Copeland et al. (2005). There are several
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solutions to the paradox.” Among them, Wong (2007) introduces the MV rule for risk seekers

to solve the paradox. We modify it as follows:

Definition 4.2  For any two prospects X and Y with means px and py and standard
deviations ox and oy, respectively, X is said to dominate Y by the MV rule for risk seekers,
denoted by X MVgs Y, if ux > py and ox > oy, in which the inequality holds in at least

one of the two.

We note that Meyer, Li, and Rose (2005) use stochastic dominance to examine whether
adding internationally based assets to a wholly domestic portfolio generates diversification
benefits for an investor. They conclude that stochastic dominance is superior to MV rule.
To circumvent the limitation of the MV rule, we first extend the MV rule for risk averters
introduced by Markowitz (1952a) and the MV rule for risk seekers introduced by Wong
(2007) and others to obtain the following mean-variance-skewness rule for both risk averters
and risk seekers to check their preferences on assets based on the first three moments of the

distributions:

Definition 4.3  For any two prospects X and Y with means px and py, standard devia-

tions ox and oy, and skewnesses vx and vy, respectively,

1. X is said to dominate Y by the mean-variance-skewness rule for risk averters, denoted

by X MV Sra Y, if ux > py, ox <oy, and vx > vy, and

2. X 1s said to dominate Y by the mean-variance-skewness rule for risk seekers, denoted

by X MV Sps Y, if ux = pry, ox > oy, and yx = "y,
wn which the inequality holds in at least one of the three.

Brockett and Garven (1998) comment that it is possible to have X and Y with positive and

equal means, X having a larger variance and lower positive skewness than Y, and yet X has

"See Levy (2015) for more information.
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a larger expected utility than Y, implying skewness preference for risk averters. Definition
4.3 and the corresponding results in this section could be used to address some concerns
for Brockett and Garven (1998). In this paper, we further extend the rule to the following

mean-variance-skewness-kurtosis rule for both risk averters and risk seekers:

Definition 4.4  For any two prospects X and 'Y with means pux and py, standard devia-

tions ox and oy, skewnesses vx and vy, and kurtosises, kx and Ky, respectively,

1. X is said to dominate Y by the mean-variance-skewness-kurtosis rule for risk averters,

denoted by X MV SKpa Y, tf ux > py, ox <oy, 7x = Yy, and kx < Ky,

2. X 1is said to dominate Y by the mean-variance-skewness-kurtosis rule for risk seekers,

denoted by X MV SKgrs Y, if px > py, ox > oy, 7x = Vv, and kKx 2> Ky,
wn which the inequality holds in at least one of the four.

We can also extend the rule further to the following mean-variance-skewness-kurtosis-- - - -
nth-order central moment rule (we call it first n'"-order moments rule or, in short, n-moment
rule, or just moment rule) for both risk averters and risk seekers for their preferences on

assets based on the first nt*-order moments of the distributions:

Definition 4.5  For any two prospects X and Y with means px and py, and the k™ -order
central moments C)(f) and Cﬁ(/k), respectively, for any 2 < k <n,
1. X 1is said to dominate Y by the n-moment rule for risk averters, denoted by X Mp, Y,
if ux > py, and (—1)kC’§f) < (—1)kC§/k) forany 2 <k <mn, and
2. X is sard to dominate Y by the n-moment rule for risk seekers, denoted by X Mpq Y,
if ux > py, and C’%) > 03(,]6) for any 2 < k <n,
in which the inequality holds in at least one of the above.

Consider the following conjecture for the preferences of both risk averters and risk seekers

for the n-moment rule:
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Conjecture 1 For any two prospects X and Y with means px and piy and the k" -order
central moments Cg?) and Cl(,k), respectively, for any 2 < k < n, under some conditions we

have

1. if X Mg, Y, then E [uw(X)] > E [u(Y)] for any risk-averse investor with the utility

function v € U, and

2. 0f X Mps Y, then E [w(X)] > E [u(Y)] for any risk-seeking investor with the utility

' R
function v € U

One could easily set an example that Conjecture 1 does not hold if we do not impose any
condition. Readers may refer to Chapter 3.13 in Levy (2015) for such a counterexample. In
fact, Levy (2015) has shown that X M3, Y is neither sufficient nor necessary for the SSD
relationship. Could Conjecture 1 hold true under some conditions? These rules are useful
because Wong (2006) and Wong (2007) establish the results® to get the necessary conditions
between stochastic dominance and the mean-variance rules for risk averters and risk seekers.

Theorem 5 in Wong (2007) tells us that if both X and Y belong to the same location-scale
family or the same linear combination of location-scale families, then Conjecture 1 holds for
risk averters (n = 2) and for risk seekers (n = 2). However, the condition that both X
and Y belong to the same location-scale family or the same linear combination of location-
scale families is very strong. Not many real-life data follow the same-location-scale-family
condition. Could we relax in this condition?

Readers may believe that one could use the result from Theorems 3.1 and 3.2 to remove
the same-location-scale-family condition. That is true in the sense that they can be used to
obtain the necessary but not sufficient conditions for Conjecture 1 as stated in the following

theorem:

Theorem 4.1 For any two prospects X and Y with means ux and py and the k™ -order

8Readers may refer to Theorem 5 in Wong (2007).
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central moments C’é?) and C’S(,k), respectively, for any2 <k < n, if ux = py and ifC’(k) = C’)(/k)

forany 2 < k <n—1, then we have

1. if E [uw(X)] > E [u(Y)] for any risk-averse investor with the utility function u € U,

then X Mz, Y, and

2. if E [u(X)] > E [u(Y)] for any risk-seeking investor with the utility function u € UL,

then X Mpg Y.

We note that applying the result from Theorems 3.1 and 3.2 could help us to obtain the
necessary but not sufficient conditions for Conjecture 1. On the other hand, employing the
result from Theorems 3.3 and 3.4 could get us both necessary and sufficient conditions for

Conjecture 1 as the following:

Theorem 4.2 For any two prospects X and Y with means px and py and the k' -order
(k) (k) . - _ e (k) ~(k)
central moments C” and CYy”, respectively, for any2 < k <n, if ux = py andif Cy’ = Cy

for any 2 < k <n—1, then we have

1. X Mg, Y if and only if E [w(X)] > E [w(Y)] for any risk-averse investor with the

utility function uw € Uy, and

2. X Mis Y if and only if E [w(X)] > E [u(Y)] for any risk-seeking investor with the

utility function u € Uf;.

Applying the results from Theorems 3.3 and 3.4 does getting us a very nice result that
both necessary and sufficient conditions for Conjecture 1 are satisfied. Nonetheless, we need
to impose another very strong (equal-n — 1-moments) assumption of first » — 1 moments
being equal that most real-life data do not satisfied. In addition, it may be the case that
practitioners are only interested in knowing the sufficient condition of Conjecture 1, but not
the necessary condition of Conjecture 1. In view of this, we develop the following theo-
rem to relax both the same-location-scale-family assumption and the equal-n — 1-moments

assumption:
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Theorem 4.3 For any two prospects X and Y with means px and py, and the k-order

central moments C')(f) and Cﬁ“’, respectively, for any 2 < k <mn, if ux = py, then

1. if X M, Y, then E [uw(X)] > E [u(Y)] for any risk-averse investor with the utility

function u € U,,, and

2. 4f X Mps Y, then E [w(X)] > E [u(Y)] for any risk-seeking investor with the utility

function u € Uﬁ).

Theorem 4.3 does relax both the strong same-location-scale-family assumption and the
equal-n — 1-moments assumption that most real-life data do not satisfied. However, Theorem
4.3 requires another assumption that u € U, or U%. it does not require assumption on the
distribution (except equal mean), but it is restricted to the types of investors that only
belong to polynomial utility functions.

Academics and practitioners may ask: is it possible we do not impose the strong same-
location-scale-family assumption, the equal-n—1-moments assumption, and we do not restrict
to the types of investors that only belong to polynomial utility functions? We get the

following theorem for this purpose:

Theorem 4.4 For any two prospects X and Y with means px and py, and the k" -order
central moments C’gc) and C}(,k), respectively, for any 2 < k < n, if ux = py and if the
summation of all the terms in Taylor expansion of the utility after the n term is ignorable,

then

1 if X MR, Y, then E [uw(X)] > E [u(Y)] for any risk-averse investor with the utility

function v € U, and
2.4f X Mg Y, then E [u(X)] > E [u(Y)] for any risk-seeking investor with the utility
function uw € UE.

We note that Theorem 4.4 does relax both the strong same-location-scale-family assumption

and the equal-n—1-moments assumption that most real-life data do not satisfied. In addition,
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it does not restrict u € Uy, or Ufp. But then, there is no free lunch. The price to pay is that
we need to impose the assumption that the summation of all the terms in Taylor expansion

of the utility after the n term is ignorable that makes Theorem 4.4 “ugly”.

Could we relax the strong “equal-mean” condition? The answer is “YES” as we have got

two as following:

Theorem 4.5 For any two prospects X and Y with means px and py ( pux # py ), and the
k' -order central moments Cg?) and Cl(/k), respectively, for any k = 2,3, for any n = 2,3 we

have

1if X Mg, Y, then E [w(X)] > E [u(Y)] for any risk-averse investor with the utility

function u € Uy, and

2. 4f X Mps Y, then E [w(X)] > E [uw(Y)] for any risk-seeking investor with the utility

function u € Uf;.

Theorem 4.6 For any two prospects X and Y with means pux and py ( px # py ), and the

k" -order central moments C’g?) and C’x(/k), respectively, for any 2 < k < n,

1. 4f X MR, Y, and Cg) < 0 for any odd integer k > 3, then E [u(X)] > E [u(Y)] for

any risk-averse investor with the utility function v € U, and

2. 4f X Mis Y and C;?) > 0 for any odd integer k > 3, then E [u(X)] > E [u(Y)] for

any risk-seeking investor with the utility function u € Ufp.

We note that in Part 1 of Theorem 4.6, we only require C’X(,k) < 0 for any odd integer k > 3,
while the sign of C)(f) is not required. It can be positive as long as C’)(f) > Cx(/k ) holds.
Similarly, in Part 2 of Theorem 4.6, we only require C’gf) > 0 for any odd integer k > 3, the

sign of Cgﬂ ) is not required. It can be negative as long as C’)(?) > Ci(/k ) holds.
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5 Portfolio Diversification

We now extend the theory developed in Section 4 to develop some properties of portfolio
diversification for the general utility functions and the polynomial utility functions of both
risk averters and risk seekers. We will apply some results in Hadar and Russell (1971),
Tesfatsion (1976), Li and Wong (1999), Wong (2007), Guo and Wong (2016), Chan, et al.
(2020), and others. First, we apply Theorem 5 in Wong (2007) and Theorem 4.1 to develop
the following properties of portfolio diversification to compare the preferences of two sets of

assets for the general utility functions of both risk averters and risk seekers:

Theorem 5.1 Foranyi=1,--- ,m, let {X;} and {Y;} be two sets of independent variables
with means px, and py, and the k'™-order central moments Cgé) and C’S?, respectively, for
any 2 < k < n, if both X; and Y; belong to the same location-scale family or the same
linear combination of location-scale families, then, for any 2 < k < n, if ux, = py, and if

C)(é) = Cx(/]:) forany 2 <k <mn—1, then we have

1. if E [w(X;)] > E [u(Y;)] for any risk-averse investor with the utility function u € U,,

then 1" ai Xy My, Y7, oiY;, and

2. if E [u(X;)] > E [u(Y;)] for any risk-seeking investor with the utility function u € U%

n’

then 3 ", ca Xy Mpg 377, aiYy,
forany oa; >0,0=1,--- ,m.

Next, we apply Theorem 5 in Wong (2007) and Theorem 4.2 to obtain the following theorem
to compare the preferences two sets of assets for the polynomial utility functions of both risk

averters and risk seekers:

Theorem 5.2 Foranyi=1,--- ,m, let {X;} and {Y;} be two sets of independent variables
with means px, and py, and the k'™-order central moments Cg? and C’l(/’:), respectively, for

any 2 <k <mn, if ux, = py, and z'fC(ki) = Cg) for any 2 < k <n—1, then we have
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1. 27111 @; Xy Mpy 2111 a;Y; if and only if £ [U(ZZL @ X;)| > E [U(Z?; a;Y;)] for any

risk-averse investor with the utility function w € Uy, and

2.3 X, Mg D" oY if and only if E [u(} o, i X;)] > E [u(3ok, auY;)] for any

risk-seeking investor with the utility function u € Uﬁ,,

forany a; >0,i=1,---,m.

We then apply Theorem 5 in Wong (2007) and Theorem 4.3 to obtain the following theorem
to compare the preferences two sets of assets for the polynomial utility functions of both risk

averters and risk seekers:

Theorem 5.3 For anyi=1,--- ,m, let {X;} and {Y;} be two sets of independent variables
with means px, and py, and the k™ -order central moments C’gé) and C’)(,’:), respectively, for

any 2 < k <mn, if ux, = iy, then

Loaf Y0 Xy M, S0 oYy, then E [u(3o, auXy)] > E [u(doir, auYs)] for any risk-

averse investor with the utility function u € Uy, and

2. 0f >0 Xy Mg SO Y, then E (3, aiXi)] > E [u(d2, oYi)] for any risk-

seeking investor with the utility function u € U,ffg,

forany a; >0,i=1,---,m.

In addition, applying Theorem 5 in Wong (2007) and Theorem 4.4, we obtain the following
theorem to compare the preferences two sets of assets for the general utility functions of

both risk averters and risk seekers:

Theorem 5.4 Foranyi=1,--- ,m, let {X;} and {Y;} be two sets of independent variables
with means px, and py, and the k'™-order central moments Cgé) and C'}(,’:), respectively, for
any 2 < k < n, if ux, = py, and if the summation of all the terms in Taylor expansion of

the utility after the n term is ignorable, then
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Loaf o0 o Xy My S0 Yy, then E w7, i Xi)] > E [u(doi", oYi)] for any risk-

averse investor with the utility function u € U,, and

2. 0f Y Xy Mg Y .Y, then E [u(d 0, o Xy)] > E [u(> it auYi)] for any risk-

seeking investor with the utility function u € UL,
forany o; >0,i=1,---,m.

Moreover, applying Theorem 5 in Wong (2007) and Theorem 4.5, we obtain the following
theorem to compare the preferences of two sets of assets for the polynomial utility functions

of both risk averters and risk seekers:

Theorem 5.5 For anyi=1,--- ,m, let {X;} and {Y;} be two sets of independent variables
with means px, and py, and the k™ -order central moments C’gé) and C’)(,’:), respectively, for

any k = 2,3, for any n = 2,3 we have

Loaf Y0 Xy M, S0 oYy, then E [u(3, auXy)] > E [u(doir, auYs)] for any risk-

averse investor with the utility function u € Uy, and

2. 0f Y0 Xy Mg ST Y, then E w3, i Xi)] > E [u(d2, oYi)] for any risk-

seeking investor with the utility function u € U,ffg,

forany a; >0,i=1,---,m.
Last, we apply Theorem 5 in Wong (2007) and Theorem 4.6 to obtain the following theorem

to compare the preferences of two sets of assets for the polynomial utility functions of both

risk averters and risk seeckers:

Theorem 5.6 Foranyi=1,--- ,m, let {X;} and {Y;} be two sets of independent variables
with means px, and py, and the k'™-order central moments Cgé) and C'}(,’:), respectively, for

any 2 < k <n,
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Loaf o Xy Mpy, S, oY, and C}(,]:) < 0 for any odd integer k > 3 for any i,
then E [u(} ", i X;)] > E [u(Xorr, auY;)] for any risk-averse investor with the utility

function v € Uy, and

2.4f Yo o Xy Mpg D" oY and Cg? > 0 for any odd integer k > 3 for any 1,
then E [u(>_", 0, X;)] > E (D ", oY3)] for any risk-seeking investor with the utility

function u € U,f;.

Theorems 5.1 to 5.6 establishe some necessary and sufficient conditions between the prefer-
ences of portfolio diversification by using the moment rules and by using expected utility for
both risk averters and risk seekers. We note that Theorems 5.1 to 5.6 compare two sets of
assets with the same non-negative weight, o, in the corresponding i'* assets. We turn to
establish some necessary and sufficient conditions between the preferences of portfolio diver-
sification by using the moment rules to compare two sets of assets with different weights in

the corresponding assets. To do so, we first define

=1

ASL:{()‘M)‘Z"” An) €ER": 0< \; <1 forany i, Z)\izl} (5.1)

and call X; be an an individual asset, %Z?:l X, be the completely diversified portfolio,
and Y ", N\ X; be a partially diversified portfolio if there exists ¢ such that 0 < A; < 1 and
A € AY. We then extend Theorem 12 in Li and Wong (1999) to obtain the following theorems
to compare preference among an individual asset, a completely diversified portfolio, and a
partially diversified portfolio for the general utility functions of both risk averters and risk

seekers:
Theorem 5.7 For any Xy,--- , X,, withn > 2, if Xq,---, X, are i.i.d., then we have

145 X MR, S NX MEy X and E [u (237, X5)] > B w(X, AX)] >

E [u( X;)] for any risk-averse investor with the utility function u € Uy, and

2. X; MEgS " NXiMEgE S Xy and B [u(X;)] 2 E [u (X, MX)] > E [u (2370, X))

for any risk-seeking investor with the utility function u € UL, and
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for any (A\1,--+ ,\n) € Ay, defined in Equation (5.1).

Theorem 5.7 establishes the preferences among individual asset, partially-diversified portfo-
lio, and completely-diversified portfolio by using both moment rule and expected-utility rule

for both risk averters and risk seekers.

6 Majorization

Using the results in Section 5, one can compare the preferences among individual asset,
partially-diversified portfolio, and completely-diversified portfolio, but cannot compare the
preferences between two partially-diversified portfolios. To circumvent the limitation, we
apply the results in Egozcue and Wong (2010) to compare the preferences between some

partially-diversified portfolios in this section. To do so, we first define
A, = {(Al,AQ,--- D) ERTIZ N 2 N> 20, 20, ) A= } . (6.1)
We then follow Hardy, et al. (1934) and others to make the following definition:

Definition 6.1  Let @,,b, € A, defined in (6.1). by, is defined to majorize d,, represented
. k k
by bn =M C_L'ny Zfzbz > Zab fOT any k= 1727"' , T
i=1 i=1
Applying Theorem 4.2, Theorem 7 in Egozcue and Wong (2010), and Theorem 3.8 in
Guo and Wong (2016), we obtain the following theorem to compare preference of any two

partially diversified portfolios for any set of independent assets and for the general utility

functions of both risk averters and risk seekers:

Theorem 6.1  Forn > 1, let c?n,l;n e A, and X'n = (X1, ,X,) in which Xy, -+, X,
are i.i.d, if l;n = Gn, then

—

1. CY;LXn M}, E;J?n and B [u <§;Xn)] >F [u (b’ X”)] for any risk-averse investor with

n

the utility function u € Us, and
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2. g;)zn Mz C_ifn)zn and E [u (71)2”>} > F [u <c?’ n)] for any risk-seeking investor

with the utility function u € UE.

Can we drop the i.i.d. assumption to compare non-i.i.d. portfolio? Samuelson (1967) ar-
gues that, in general, we can’t, but he does obtain some results to drop the i.i.d. assumption.
To follow Samuelson’s idea to drop the i.i.d. assumption, we apply Theorem 6.1, Corollary
9 in Egozcue and Wong (2010), and Corollary 3.2 in Guo and Wong (2016) to obtain the
following corollary to compare preferences of some pairs of two partially diversified portfolios
for some sets of dependent assets and for the general utility functions of both risk averters

and risk seekers:

Corollary 6.1 Forn > 1, )Z'n = (X1, -+, X,) is a series of dependent or independent
random variables, For any 6n,gn € A, if there exist i.i.d. }7,1 = Y1,---,Y,) and P, in

which X, = P,,Y, such that b, Poy = @ Py with @, Poy, then

1. @ X, M, v X, and E [u (c?%)?n)] > F [u (l?nfn>] for any risk-averse investor with

the utility function u € Uy, and

2. g{n)zn M} (/_ﬁnin and F [u <5;Xn>} > F [u <c?’ n)] for any risk-seeking investor

with the utility function u € UE.

Last, we turn to apply Theorem 6.1, Corollary 12 in Egozcue and Wong (2010), and Corollary
3.3 in Guo and Wong (2016) to obtain the following corollary to compare preferences of
some pairs of two partially diversified portfolios for some sets of dependent assets and for

the general utility functions of both risk averters and risk seekers:

Corollary 6.2
Forn > 1, X, = (X1, ,X,) and Y, = (Yy,---,Y,) are two series of dependent
or independent random variables and V, = (Vi,---, V) and W, = (Wh,--- ,W,) are two

series of i.i.d. random variables. For any d,, En € A, if there exist P,, and Q,, such that
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— — —.

C_’:%Pnrw g%@nn € An and E;Zan =M d’InPnn; )?n = Pnnvrw Yn = anWn7 sz D) Wz fOT’ all

1=1,2,...,n; then

1. @ X, M2, UY, and E [u (6;)2'“)] > F [u (ﬂ;}_}nﬂ for any risk-averse investor with

the utility function u € Us, and

2. 0. X, M @y, and E [u (g’n)?n)] > F [u (d’;f'n)} for any risk-seeking investor with

the utility function u € UR.

7 Moment rule tests

In this section, we describe the testing procedure to test the performance of assets by using
the moment rule up to the fourth order. To do so, we let null hypothesis Hj be Hj : ux < puy,
HZ be H? : 0% > o}, Hig be Hig : 0% < 0%, H3 be H3 : vx < vy, Hy be Hy : kx > Ky,
Hjs be His : kx < ky. Further, we let HY be alternative hypothesis of H{ for i = 1,2,3,4
and H'4 be alternative hypothesis of Hig for i = 2,4.

To test whether X MVgz4s V(X MVgs Y), we simply test the joint null hypotheses
HMY : HYUHZ(HYLY « HYUHZ), if we reject the joint null hypotheses, we will conclude that
X MVpga Y (X MVgsY) because the joint alternative hypotheses are HYV : HYNHA(HY -
H} N H3g). On the other hand, to test whether X MV Sga Y(X MV Sgs V), we simply
test the joint null hypotheses HMVS : H} U HZ U H3(HMY « HE U HZ24 U HY), if we reject the
joint null hypotheses, we will conclude that X MV Sgrs Y(X MV Sgs Y) because the joint
alternative hypotheses are HMVS : HY N H3 N H3(HAYS . HY N H%4 N HY). Last, but not
the least, to test whether X MV SKr4 Y (X MVSKgs Y), we simply test the joint null
hypotheses HYMVSE : HIUH2UHZUHS(HMVSE © HYUHZ4UHZU Hg). 1f we reject the joint
null hypotheses, we will conclude that X MV SKga Y(X MVSKgs Y) because the joint
alternative hypotheses are HYVSK : HY N H3 N HS N HA(HAYSK - HYin H3gN HS N HYg).

Because HMV, HMY, HMVS HMVS  HMVSK or HMVSE  can be viewed as a composite

of multiple hypotheses, we can test those individual hypotheses separately and see whether
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all of them are rejected in order to reject HMV, HMV HMVS HMVSH HMVSK or HMVSE,
For convenient, we let the p-values of HMV | HMV HMVS HMVS HMVSK and HMVSK as

MVS
HO

the largest p-values for their corresponding multiple hypotheses. Take as an example,

we can find out the p-values for testing H}, HZ, and Hj, say pi, p» and ps, then we reject
HMVS at « significant level if pMVS = max{p;} < o for i = 1,2,3. In order to test H}, HZ,
and HZg we use the commonly-used T" and F tests. To test HZ b, Hj be and Hjg, we use
the bootstrap method (Efron and LePage, 1992; Shao and Tu, 2012).

Since the existing statistical tests for SD, see, for example, Davidson and Duclos (2000),
Barrett and Donald (2003), Post and Versijp (2007), Bai, et al. (2011, 2015), and Ng, et al.
(2017), are generally computationally intensive due to the need to use resampling methods,
researchers may not want to use the SD tests. In this situation, they could just apply
the moment rule tests. Using the moment tests, readers should be able to draw similar

conclusions in Vinod (2004), Tsang, et al. (2016). Chan, et al. (2020), Lv, et al. (2021), and

many others when one uses their data.

8 Applications

In this section, we illustrate the applicability of the theory developed in our paper by using

real-life data.” We use the excess return of 49 industry average value-weighted portfolios

from Kenneth French’s online data library to illustrate the statistical test on HJ?VS HMVS

9There are various studies that try to apply the SD approach in the real data. For example, Qiao, et
al. (2014) and Clark, et al. (2016) find that risk averters prefer investing spot to futures while risk seekers
prefer investing futures to spot, Wong, et al. (2008) conclude that third-order risk averters prefer investing
in some Asian hedge funds to other Asian hedge funds, Chan, et al. (2020) find that the third-order risk
averters prefer investing in the S&P 500 index to the Nasdaq 100 index and the third-order risk seekers
prefer investing in the Nasdaq 100 index to the S&P 500 index. Vinod (2004) examines mutual funds and
finds fourth-order SD dominance among the funds. Kallio and Hardoroudi (2019) obtain new results for
fourth and fifth-order stochastic dominance. On the other hand, Hoang, et al. (2015) find that risk-averse
investors prefer not to include gold while risk-seeking investors prefer to include it in their portfolios. Chui,

et al. (2020) use SD test to check whether the market is efficient.
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HMV, and H}EV. The portfolios we used in our analysis contain almost all common stocks
listed on NYSE, AMEX, and NASDAQ), which are formed by using the four-digit standard
industrial classification code.'®

We denote the portfolios by their names in Kenneth French’s online data library. In
addition, we use the one-month US Treasury bill as a risk-free rate to help us calculate the
excess returns. In this paper, we mainly focus on the monthly excess return from Jan 1992
to December 2021. All data is pulled directly from Kenneth French’s online data library.

We first divide our data into three sub-periods, including 1) Jan 1992 to Dec 2001, 2) Jan
2002 to Dec 2011, and 3) Jan 2012 to Dec 2021. We then compare the portfolios by using
the relevant test on HMVS HMVS HMV and HLY. For any portfolio that is dominated by
any other portfolio in MVga, MVgzs, MV Sra, or MV Srs sense for at least two periods, we
will show them in Table 1. In Table 1, the second column represents the minimum p-value
among all the 48 p-values for testing hypothesis H}?V in which Y is the excess return of the
industry portfolio denoted in the first column, and X is the excess return of another industry
portfolio. To be more specific, under MV Sg4, we will perform 48 times of the test for each
Y (in order to compare Y with all the other 48 portfolios) and display the smallest p-value
among the tests in the second column when the p-value is smaller than 10%. The same logic
is applied to the third, fourth, and fifth columns, which represent the minimum p-values
among all the 48 p-values for testing hypothesis HJLVS HMV and H{LY, respectively, in
which Y is the excess return of the industry portfolio denoted in the first column and X is
the excess return of another industry portfolio when the minimum p-value is smaller than
10%. We also compares all the relevant moments for M Vg4, MVgs, MV Sga, or MV Sgg
by using the corresponding 90% bootstrap confidence interval (CI). We will denote “All” if
the confidence interval results are consistent with the test results in all of our hypotheses,

“Partial” if the confidence interval results are consistent with one or some but not all the test

10See https://mba.tuck.dartmouth.edu/pages/faculty /ken.french /data_library.html for more details about

the portfolios.
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results in our hypotheses, and “None” if the confidence interval results are not consistent
with any of the test results in all of our hypotheses.

From Table 1, we first discuss the results for the period from Jan 1992 to Dec 2001. The
results show that “Other” is dominated by at least one industry portfolio in the sense of
MYV Sgs; that is, there exists an industry portfolio that has a significantly higher return,
higher variance, and higher skewness compared to “Other”. For the M Vg4 relationship, we
find that “Toys”, “Gold”, “Boxes”, and “Other” are dominated by at least one industry
portfolio; that is, there exists an industry portfolio that has a significantly higher return
and lower variance compared to “Toys”, “Gold”, “Boxes”, or “Other”. For the MVgg
relationship, we find that “Food”, “Toys”, “Util”, “PerSv”, “Boxes”, “Whlsl”, and “Other”
are dominated by at least one industry portfolio; that is, there exists an industry portfolio
has significantly higher return and higher variance compared to “Food”, “Toys”, “Util”,
“PerSv”, “Boxes”, “Whisl”, and “Other”. The results from the confidence intervals are all
consistent with the results from the hypothesis test.

We then discuss the results for the period from Jan 2002 to Dec 2011. From the table,
“Books” and “Other” are found to be dominated by at least one industry portfolio in the
sense of MVy4. For the MVyg relationship, all portfolios displayed in Table 1 in the period
are dominated by at least one industry portfolio. On the other hand, in the period from
Jan 2012 to Dec 2021, “Gold” is dominated by at least one industry portfolio in the sense of
MYV Sgra; that is, there exists an industry portfolio that has a significantly higher return, lower
variance, and higher skewness compared to “Gold”; for the MV Sgg relationship, “Books”,
“Util”, “Telem”, “PerSv”, and “Paper” are dominated by at least one industry portfolio; for
the M Vg4 relationship, both “Gold” and “PerSv” are dominated by at least one industry
portfolio; and for the MVgg relationship, except “Gold”, all portfolios shown in Table 1 in
the period are dominated by at least one industry portfolio. The results from the confidence

interval are all consistent with those from the hypothesis test.
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Table 1: Moment rule tests

IIldU_Stl"y MVSRA MVSRS MVRA MVRS Cl

Jan 1992 to Dec 2001

Food n.a. n.a. n.a. 0.0778* All
Toys n.a. n.a. 0.0825%  0.0407** All
Gold n.a. n.a. 0.0912%* n.a. All
Util n.a. n.a. n.a. 0.0811* All
PerSv n.a. n.a. n.a. 0.0903* All
Boxes n.a. n.a. 0.0546*  0.0573* All
Whisl n.a. n.a. n.a. 0.0625%* All
Other n.a. 0.0834* 0.0339** 0.0395%* All
Jan 2002 to Dec 2011
Food n.a. n.a. n.a. 0.0907* All
Beer n.a. n.a. n.a. 0.0964* All
Toys n.a. n.a. n.a. 0.0968* All
Books n.a. n.a. 0.0610  0.0394** All
Hshld n.a. n.a. n.a. 0.0908* All
Drugs n.a. n.a. n.a. 0.0395%* All
Telcm n.a. n.a. n.a. 0.0582%* All
PerSv n.a. n.a. n.a. 0.0971* All
Paper n.a. n.a. n.a. 0.0960* All
Other n.a. n.a. 0.0811*  0.0480** All
Jan 2012 to Dec 2021
Food n.a. n.a. n.a. 0.0194** All
Beer n.a. n.a. n.a. 0.0568* All
Books n.a. 0.0898* n.a. 0.0898*  Partial
Hshld n.a. n.a. n.a. 0.03808**  All
Drugs n.a. n.a. n.a. 0.0850%* All
Gold 0.0782%* n.a. 0.0689* n.a. Partial
Util n.a. 0.0793* n.a. 0.0167** All
Telem n.a. 0.0943* n.a. 0.0339** All
PerSv n.a. 0.0567* 0.0650%  0.0567*  Partial
Paper n.a. 0.0833* n.a. 0.0297** All
Boxes n.a. n.a. n.a. 0.0737* All
Whlsl n.a. n.a. n.a. 0.0740%* None
Other n.a. n.a. n.a. 0.0385%* All

The *, and ** denote the significance at 10%, and 5%, respectively.
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In summary from all the results, we notice that around 30% of the portfolios are domi-
nated by at least one industry portfolio in MV Sga, MV Sggs, MVga, or MVgs sense in the
period from Jan 1992 to Dec 2001 and are dominated by at least one industry portfolio in
MV Sgpa, MV Sgrs, MVga, or MVgs sense during the period from Jan 2002 to Dec 2011.
Second, around 50% of the portfolios are dominated by at least one industry portfolio in
MV Sgpa, MV Sgrs, MVgza, or MVzg sense in the period from Jan 2002 to Dec 2011 and are
also dominated by at least one industry portfolio in MV Sgra, MV Srs, MVga, or MVgs
sense in the period from Jan 2012 to Dec 2021. Third, around 50% of the portfolios are
dominated by at least one industry portfolio in MV Sga, MV Sgrs, MVga, or MVys sense in
the period from Jan 1992 to Dec 2001 and are dominated by at least one industry portfolio
in MV Sga, MV Srg, MVga, or MVgs sense in the period from Jan 2012 to Dec 2021. Most
of the results from the confidence interval are consistent with those from the hypothesis test,
except they only partially support the results for “Books”, “Gold”, and “PerSv”. The result
of the confidence interval does not support that of the hypothesis test for “Whlsl”.

Kindly noted that the empirical application is not conclusive. Significant amount of
industries that is classified as significantly dominated seems not hold over time in this study.
One possible interpretation is that the location, dispersion and/or shape of the probability
distributions of the industries could change over time. Future research could focus on the
evaluation of the statistical properties of the proposed tests using Monte Carlo simulations,
and the development of universally valid statistical inference methods based on statistical

subsampling and moment estimation methods.

9 Concluding remarks

In this paper, we first extend the work of Markowitz (1952a), Tobin (1958), Chan, et al.
(2020), and others by developing some theorems to state the relationships among central

moments, stochastic dominance (SD), risk-seeking stochastic dominance (RSD), and inte-

36



grals and establishing the relationship between the n''-order (central) moments and the
n'h-order [reversed] integrals for both n'*- and (n + 1)"-order [R]SD for general risk-averse
[risk-seeking] utility functions and the polynomial utility functions of both risk averters and
risk seekers for any order n, including n = 2,3, and 4 as the special cases. We then apply
the relationships to extend the mean-variance (MV) rule established by Markowitz (1952a),
Wong (2007), and others by introducing the moment rule. As far as we know, our paper
is the first introduces it in the literature, including the mean-variance-skewness rule, the
mean-variance-skewness-kurtosis rule, for both risk averters and risk seekers.

Wong (2006, 2007) establish the necessary conditions between stochastic dominance and
the mean-variance rules for both risk averters and risk seekers when the assets belong to the
same location-scale family or the same linear combination of location-scale families. In this
paper, we extend the theory further by removing the same-location-scale-family condition to
establish some necessary conditions between SD and the moment rule for both risk averters
and risk seekers under some conditions. Thereafter, we apply the moment rules to develop
some properties of portfolio diversification for the general utility functions and the polynomial
utility functions of both risk averters and risk seekers. Last, we incorporate the idea of
majorization with the moment rules to develop some properties of portfolio diversification
for the general utility functions to compare the preferences between two partially diversified
portfolios.

The findings in our paper enable academics and practitioners to draw preferences of
both risk averters and risk seekers on their choices of portfolios or assets by using different
moments. We illustrate this point by using the moment rule tests to compare the excess
return of 49 industry portfolios from Kenneth French’s online data library. We find that the
results are reasonably stable from Jan 1992 to Dec 2021. First, around 30% of the portfolios
that are dominated by an industry portfolio under a moment rule are also dominated by an

industry portfolio under a moment rule from Jan 2002 to Dec 2011. Second, around 50% of

37



the portfolios that are dominated by an industry portfolio under a moment rule from Jan
2002 to Dec 2011 are also dominated by an industry portfolio under a moment rule in the
period from Jan 2012 to Dec 2021. Third, around 50% of the portfolios that are dominated
by an industry portfolio under a moment rule from Jan 1992 to Dec 2001 are also dominated
by an industry portfolio under a moment rule from Jan 2012 to Dec 2021. Significant amount
of industries that are classified as significantly dominated seems not hold over time in this
study. Omne possible interpretation is that the location, dispersion, and/or shape of the
probability distributions of the industries have changed over time. Future research could
focus on the evaluation of the statistical properties of the proposed tests using Monte Carlo
simulations, and the development of universally valid statistical inference methods based on
statistical subsampling and moment estimation methods.

Higher orders stochastic dominance and risk measure are useful in many empirical stud-
ies, see, for example, Tehranian (1980) and Ogryczak and Ruszczyniski (1999). Meyer, Li,
and Rose (2005) use stochastic dominance to examine whether adding internationally-based
assets to a wholly domestic portfolio generates diversification benefits for an investor. They
conclude that stochastic dominance is superior to the mean-variance rule. Further extensions
could examine whether stochastic dominance is superior to the moment rule.

Extensions of our paper could also include developing properties between central moments
with prospect and Markowitz stochastic dominance for investors with S-shaped or reverse
S-shaped utility function, developing the moment rule, establishing the necessary and/or
sufficient conditions between prospect and Markowitz stochastic dominance, and developing
some properties of portfolio diversification for investors with S-shaped or reverse S-shaped
utility function.!! Readers may read Levy and Wiener (1998), Levy and Levy (2002, 2004),
Post and Levy (2005), and Wong and Chan (2008) for more information on prospect and

Markowitz stochastic dominance, read Egozcue, et al. (2011) and Ortobelli Lozza, et al.

1S shaped utility function is proposed by Kahneman and Tversky (1979) and reverse S-shaped utility
function is proposed by Markowitz (1952b)
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(2018) for the diversification properties for other types of investors, including investors with
S-shaped or reverse S-shaped utility function. In addition, our paper develops some proper-
ties by using the information of higher-order moments but has not used any information on
the joint effects from moments. Thus, extensions of our paper could study the joint effects
of moments, see, for example, Martellini and Ziemann (2009), Kostakis, Muhammad, and

Siganos (2012), Lambert and Hubner (2013), Vo and Tran (2020), and many others.
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Appendix

Proof of Theorem 3.1.

We prove Part 1 of the theorem by induction. Under the assumption that ur = ug,
Chan, et al. (2020) have already proved formula (3.4) for n = 2 (see (3.3)). Now we prove
that if the theorem holds for all 2 < £ < n — 1, then it also holds for n. By the induction

hypothesis, we have

—1)*
Grp1(b) — Frya (b) = %((Jgf) — Oy, Y2<k<n-1

The assumption of the theorem for n implies that Cék) = C}k) for all 2 < k < n. Hence we
have G (b) = Fy(b) for all 2 < k < n. We also have G1(b) = 1 = Fy(b).
To get (3.4) for n, we note that for H where H can be F or G:
b
CJ(L?) = / (z — py)"dH (x)
a , b
n n—1
= (z—pn) H(x)‘ —n/ (z—pu)" H(z)dx
n n—1 b
= (b—pu)" —n(z—py)"  Hs(z)

a

= Z ((_Lﬂn"(b — /LH)n+1_ka(b) + n—'an_H(b)

— n+1—k) (—1)
Hence
oo — o
= Y I 0 G0 ~ A+ G (8) — P (0]

—2
n!

= (_1)71 [Gn+1(b) - Fn—l—l(b)]

which is precisely (3.4) for n. Thus, the assertion of Part 1 of Theorem 3.1 holds. Part 2

and part 4 of Theorem 3.1 can be obtained from using the result from Part 1 of Theorem
3.1 holds. We turn to prove Part 3 of Theorem 3.1.
To prove Part 3, we will try to prove F' =, G implies G,1(b) > F,.1(b) under the

assumption of Theorem 3.1. Since G,,(z) > F,(x) for each  and G,,(x) > F,(x) for at least
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one zy in [a, b] implies ff Gp(z)dz > ff F.(x)dz, that is G,41(b) > F,11(b). Thus, the Part

3 of Theorem 3.1 holds.

Proof of Theorem 3.2. We prove Part 1 of the theorem by induction. Under the
assumption that up = ug, Chan, et al. (2020) have already proved formula (3.5) for n = 2
(see (3.3)). Now we prove that if the theorem holds for all 2 < k < n — 1, then it also holds

for n. By the induction hypothesis, we have

1
FE (a) = GE (a) = H(C’ff) —C%), v2<k<n-L

To get (3.5) for n, we note that

= e — ) (GE) — Ff@)]| + o TQ)! / (x — )" [Ff(x) - GR(x)]dz
- <n+7f!_ il =m)"" R @ - Gl + nllFL (o) - Gla(a)]

Hence

Cp) — Cf) = n[FE, (a) — GE (a)]

1 n n
Fri1(a) = Gria(o) = (G} = CF)

which is precisely (3.5) for n. Thus, the assertion of Part 1 of Theorem 3.2 holds. Part 2
and part 3 of Theorem 3.2 can be obtained from using the result from Part 1 of Theorem
3.2 holds. We turn to prove Part 4 of Theorem 3.2.

To prove Part 3, we will try to prove F = G implies Ff(a) > G%, (a) under the

assumption of Theorem 3.2. Since FX(x) > G (z) for each z and FE(z) > GE(x) for at
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least one g in [a, b] implies fab FE(z)dz > fab GH(z)dx, that is FE (a) > GE  (a). Thus,

the Part 3 of Theorem 3.2 holds.

Proof of Theorem 3.3.
By theorem 3.1, G,11(b) > F,41(b) is equivalent to (—1)"C(G") > (—1)"0}") under the
assumption of this theorem. Thus, we just need to prove that Gy, 4+1(b) > F,,11(b) is equivalent

to Eu(F) > Fu(G) under the assumption of this theorem.

AFEuy

b b
Bu(F) — Bu(G) = / w(w)dF(z) / w(@)dG (x)

= [Ga(b) = Fo(0)]u (b) / (Ga(x) = Fa(w)]u® (x)de

a

— [Gab) — B(0)]ulV (b) — [Ga(b) — Fy(0)u® () + / (Gale) — Fy(2)|u® (z)dz
= 3 (G — E®Ib) + (—1) / (Ca(z) — Fo(a)ul™ (z)dz.
k=2 a

By our assumptions , Theorem 3.1 and Equation 3.2, we get G (b) = Fi(b) for all 2 < k < n.

We have
b
AFEu = (—1)"“/ [G(z) — Fy(2)]u™ (z)dz.
By the assumption, we have nonzero constant u™(z) = u™, thus
ABu = (=1)""ul”[Gryar(b) = Fura (b)),

Since (—1)"*1u(™ is always positive, [Gy,11(b) — Fp1(b)] > 0 implies AEu > 0 and AEu > 0

implies [Gy41(b) — Fy,11(b)] > 0. Thus, the Theorem 3.3 holds. 5

Proof of Theorem 3.4.

(a) > GE (a) is equivalent to C'" > € under the assumption

By theorem 3.3, F& R

n+1

of this theorem. Thus, we just need to prove that Ff,(a) > GE  (a) is equivalent to
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Eu(F) > Eu(G) under the assumption of this theorem.

AFEu

Fu(F) — Bu(G) = / " () dF () — / " u(2)dG ()

= [ - GO

= [BYa) - GF(a)JuV(a) + /ab[FzR(l") — G5 (2)Ju? (z)dw

= [FBYa) - GF(a)Ju(a) + [F(a) — GF(a))u® (a) + /:[Ff(x) — G (@)|u® (x)dx

n

= S [FRa) - GR(a)ut(a) + / F() — GR(2)|u™ (2)da.

k=2

By our assumptions, Theorem 3.3 and Equation 3.2, we get F¥(a) = GE(a) for all 2 < k < n.

We have

n

b
AEu = / [FE(x) — GB(2)]u™ (z)dx.
By the assumption, we have nonzero constant u™ (x) = u™, thus
AEu = u™ [Ff—l-l(a) - Gfﬂ(a)]-

Since u(™ is always positive, [FX () — GE,,(a)] > 0 implies ABu > 0 and AEu > 0 implies

[EE . (a) — GE, (a)] > 0. Thus, the Theorem 3.4 holds.

Proof of Theorems 4.3 and 4.4:

Using the Taylor formula, we can express the u(F') as:
1 1 n. (n
u(F) = () + (2 — p)ut () + 5 (@ = p)"u® (o) + .+ — (2 = p)"u () + R

Assuming that the remainder Ry is negligible (or u("*") = 0 ), then the expected utility

could be expressed as:

1 1
Bu(F) = u(p) + §c§?>u<2> (u) + ... + HO} u™ (1) + RE.

Similarly, for u(G) we have:

1 1
Bu(@) = ulp) + 50" (1) + ..+ —CG ™ () + R
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Under Theorem 4.3, u() = 0 for any i > n and thus the difference of expected utility between

F and G could be expressed as:
1 1 n n
Eu(F) — Bu(G) = u® (0)(CF) = C&) + -+ —u™()(C} — C).

Thus, X M}, Y or X Mz Y implies Eu(F) — Eu(G) > 0 under its corresponding utility
assumption.

Under Theorem 4.4, both R and RS are ignorable. Hence,

1 1 n n
Eu(F) = Bu(G) = u® (0)(C = C&) + -+ ()} — C§),

n!
and thus, X Mz, Y or X Mz Y implies Fu(F) — Eu(G) > 0 under its corresponding

utility assumption.

Proof of Theorem 4.5:
Consider first the M2, rule. Assume that u®® = 0. Then we have u® (ux) = u® (uy) =

¢ < 0 and further:

Eu(F) = u(px)+ 5 C @ (px);
Eu(G) = u(py)+ 5(7(@ u® (py ).
Thus the difference of expected utility between F' and GG could be expressed as:
Bu(F) ~ Bu(G) = u(px) — u(py) + 508 — O

Since X M2,Y, we have iy > py and C\2 < C thus we have BEu(F) > Eu(G).
Now we turn to consider M} , rule. Assume now that u®) = 0. Then we have u® (ux) =

u® (uy) = ¢ > 0 and further:

Eu(F) = (MX)+ C (MX)+ C @ (x);

Eu(G) = (#Y)+ C (MY)+ O B ().

Thus the difference of expected utility between F' and GG could be expressed as:

Bu(F) ~ Bu(G) = u(px) — u(iy) + 5O (ux) = CEuP (uy)] + 5e(CF) — ),

3! 8
44



Since u® > 0 and pux > py, we have u® (ux) > u®(uy). It follows that

Cu® (ux) = €& (uy)

CP (1 (ux) — u® (uy)) + u® (uy)(CF — €5y > 0.

Since XM} ,Y, we have ux > uy, 0 < Cl(f) < C(GQ) and C}?’) > Cg’), thus we have Fu(F) >

FEu(G). The proofs for Part 2 in Theorem 4.5 are similar and thus omitted here. o

Proof of Theorem 4.6:

Similar to the derivations in the proof for Theorem 4.5, we can have:

Bu(F) = Bu(G) = u(px) = ulpr) + 5[C2u(ux) — Cul ()] + -+

1

+ 1 CF " (ux) = O iy ).

We need to consider the sign of the terms A; = C’](,i)u(i) (ux) — C’g)u(i)(ﬂy),i =2,---,m.

First consider the even numbers 7. In this situation, we have
u® <0, > 0,0 < % and ¢ > 0.
Then we get:
A = PO (x) = u(py) + u (uy) (CP = CF) > 0.
Now assume that i is odd number. We have:
u® > 0, D < 0, C’I(f) > C'g).
Then we get:

A = uO(ux)(CF = CF) + CF (W (ux) — u (py)).

A sufficient condition for A; being positive is that Cg) < 0. As a result, Part 1 of Theorem

4.6 holds. The proofs for Part 2 in Theorem 4.6 are similar and thus omitted here.
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