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PhaseNet: A Deep Learning Based Phase Reconstruction Method for
Ground-based Astronomy*

Dihan Zheng?!, Shiqi Tang?*, Roland Wagner!, Ronny Ramlau¥, Chenglong Baoll, and
Raymond Chan#

Abstract. Ground-based astronomy utilizes modern telescopes to obtain information on the universe by ana-
lyzing recorded signals. Due to atmospheric turbulence, the reconstruction process requires solving
a deconvolution problem with an unknown point spread function (PSF). The crucial step in PSF
estimation is to obtain a high-resolution phase from low-resolution phase gradients, which is a chal-
lenging problem. In this paper, when multiple frames of low-resolution phase gradients are available,
we introduce PhaseNet, a deep learning approach based on the Taylor frozen flow hypothesis. Our
approach incorporates a data-driven residual regularization term, of which the gradient is parame-
terized by a network, into the Laplacian regularization based model. To solve the model, we unroll
the Nesterov accelerated gradient algorithm so that the network can be efficiently and effectively
trained. Finally, we evaluate the performance of PhaseNet under various atmospheric conditions and
demonstrate its superiority over TV and Laplacian regularization based methods.
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1. Introduction. Observation of the universe is crucial in advancing scientific discoveries,
and modern telescopes play a significant role in this perspective. In ground-based astronomy,
images of objects in outer space are acquired via ground-based telescopes. However, the
imaging system is generally affected by atmospheric turbulence, and the resulting images
are usually blurred. As for any optical system, the observed image g(x) of a ground-based
astronomical telescope can be described as a convolution of the geometrical image f(x) with
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Figure 1: Illustrate the relation between wavefront and phase ¢. a: no atmosphere distortion,
corresponding to plane wavefront and ¢ = 0. b: wavefront is distorted by atmosphere turbu-
lence, ¢ measures the intensity of the distortion.

the so-called Point Spread Function (PSF) k(x,y), i.e.,

(L.1) 9(x,y) = (kx f)(x,y) + n(x,y),

where * denotes the convolution operator, n(x,y) models the noise. Since k is usually unknown
as it is generated by the atmospheric turbulence and changes rapidly, one idea to solve (1.1)
is to use image blind-deconvolution methods [7, 26, 21, 3]. However, the prior knowledge used
in those methods, such as sparsity and smoothness, rarely holds for the blurring caused by
the turbulent atmosphere [5]. In ground-based astronomy, the PSF arises from deviations
in the incoming wavefront incident on the telescope. Ideally, without additional aberrations
from the atmosphere or imperfections in the instrument, the wavefront is planar or has zero
deviation. The resulting observation g(x,y) is called the diffraction-limited image, and the
PSF of the telescope is given by

(1.2) k(x,y) = [FH(P)(xy),

which depends only on the pupil shape of the telescope, where F~! denotes the inverse Fourier
transform and P is the aperture function of the telescope (1 inside the telescope aperture, 0
otherwise), see Figure la. However, in practical imaging, atmospheric turbulence degrades
telescope image quality, leading to non-zero wavefront deviations quantified by the phase
p, see Figure 1b. Specifically, the phase ¢ of a wave measures its position in the cycle,
indicating the oscillation level at a point. However, various optical imperfections can distort
the wavefront from being ideally flat or spherical. These deviations are described by the
phase ¢, representing how far each point is ahead or behind the ideal wavefront. This phase
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PHASENET 3

function describes the actual wavefront shape. The phase measures delay: a positive value
means the wavefront lags the reference, while a negative value means it leads. Thus, the phase
map ¢ describes the wavefront deviation from the ideal shape at each point.

Using the Fourier optics model [2, 16], the PSF k(x,y) for an observation through atmo-
spheric turbulence can be modeled as

(1.3) k(x,y) = |F~H(Pexpleg]) (x,¥) [,

where + = /—1, and ¢ is the phase. The phase ¢ varies over time due to changes in atmo-
spheric turbulence, with the short timescale over which ¢ is constant called the atmospheric
coherence time 7y5. Therefore, the PSF in (1.3) is an instantaneous PSF. Adaptive Optics
(AO) systems are developed to compensate for the effects of atmospheric turbulence, but
residual aberrations remain. AO systems use wavefront sensors (WFS) to measure the incom-
ing phase indirectly and one or more deformable mirrors (DM) to compensate for the observed
distortions. Thus, (1.3) remains valid, but ¢ is the residual phase after AO compensation.

In most astronomical applications, the exposure time of the science camera is much longer
than atmospheric coherence time 7y. Consequently, the observed image is degraded by a
time average over the resulting instantaneous PSFs [8]. Therefore, methods were developed
to reconstruct this time-averaged PSF from saved AO telemetry data (see, e.g., [46] for an
overview). Such a reconstructed PSF can then be used to improve the observed images, e.g.,
using recently developed methods tailored to ground-based astronomy developed in [12, 36].

WFSs split the incoming light into sub-apertures using a lenslet array, as shown in Figure 2.
The intensity of light reaching the aperture is measured in photons. The number of incoming
photons is limited, and each sub-aperture intercepts a small portion. If a WFS is designed
as a fine grid, each sub-aperture may receive too few photons to provide a measurement that
is not dominated by noise. Due to these physical limitations, the incoming phase can only
be measured on a coarse grid, leading to a coarse approximation for the PSF. Therefore,
recovering a high-resolution phase ¢ from the low-resolution WFS data can improve the
reconstructed PSF and image restoration, which is the main goal of the work.

1.1. Problem modelling. In Kolmogorov’s theory [24, 47], the atmospheric turbulence
 is assumed to be a homogeneous and isotropic Gaussian process, which is assumed to be
zero-centered with a covariance operator Cy, of the form:

(1.4) C,=F 'MF,

where M is defined as M(f)(x) = m(x)f(r) and m is known as the power spectrum. Accord-
ing to the Kolmogorov—Obukhov law of turbulence, the power spectrum m follows the power
law:

(1.5) m(k) = Cle|™3,  Lin < |k| < Lou
where [Liy, Lout] is the inertial range, and C' is a constant that measures the intensity of

the turbulence. The singularity at zero in (1.5) makes expanding the power law outside the
inertial range difficult. Therefore, we adopt the commonly used von Karman power spectral
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Figure 2: Principle of the Shack-Hartmann wavefront sensor: (top) undistorted wavefront,
(middle) wavefront distorted by atmospheric turbulence, (bottom) distorted wavefront with
fine-grid lenslet array.

density model [38]:

0.023r5 /3
(3 + [el2) 75"

(1.6) m(k) =

where rq is the Fried parameter, kg = 1/Lout, and Loy is the atmospheric turbulence outer-
scale. The von Karman power law removes the singularity at zero and coincides asymptotically
with (1.5) in the high-frequency region.

In practice, the atmosphere is composed of several layers that are located at different
altitudes [37]. A geometric model describes wavefront propagation through turbulence, where
the incoming wavefront ¢ is the sum of the wavefront passing through all turbulence layers.
Assuming L turbulence layers, the wavefront ¢ decomposes orthogonally to the telescope
direction as:

L
(L.7) P = > @),
=1

where ¢; is the corresponding atmospheric turbulence in the [-th layer, and ¢1,...,pr are
independent Gaussian processes with covariance operator Cy ,...,Cy, .

The aberration ¢ can be measured by a Shack-Hartmann wavefront sensor (SH-WF'S) [34].
Assuming the SH-WF'S is composed of m x m sub-apertures with surfaces €;;, 4,7 =1,...,m,
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PHASENET 5

Q= UZszl €2;;, the WEF'S measurements can be modeled as an operator equation
(1.8) s =Ty,

where I' := [I'x, Fy]T, and

1 Op

sslid] =Tul@)lid] = o | 5o 60) iy,
(1.9) ) &P
Sy[iaj] = Fy(‘ﬂ)[l ]] ( ’y) d(Xay)
€051 Jo

The operator I' is well defined for wavefronts ¢ € H® s > 1/2, as shownin [31]. With
wavefronts following the van Karman power law (1.6), we have:

HQ;UQSOH%? ~ ||l g1/
should be bounded. Therefore, it makes sense to consider I' as

(1.10) L : H/6(Q) — Rmxmx2

)

mapping the phase ¢ onto measurements s [25, 45, 52, 32]. We give the discretized version
of (1.9) in the following context.

Discretized model. Assume (2 is a square, €);; are sub-sqaures of €} with equal area, and
there are r? discretization points in each direction in €2;;, denoted by fo with 1 < k,s <.
That is, Q;; = Uy lef For any (x,y) € fo, we assume o(X,y) = goff and approximate
Vo(x,y) by

k+1, k+1,5+1 k,s+1
%(x y) = (pi; " — @)+ (i 7 — ™)
(111) Ox k,s+1 ks ’ k+1,5+1 k+1,s |
8(70 (SOU Soz] ) + (SOU Soz] )
7(X) Y)
dy 2

Here, we ignore the length of the edge in fo by assuming it equals 1. Note that as the edge
length goes to 0, the above approximation converges to the true model in (1.9). Using the
periodic boundary condition, the model (1.9) can be calculated by

k+1, k+1,5+1 k,s+1
1 & @) (e T =)
Sx[Za]] =5 Z 9 >
k,s=1
(1.12) .
+1 k1541 ke,
SOZ]S - Sozjs) + (SO@J * 802.7 S)
yliJ] ) Z 2
k,s=1

Defining n = rm and discretizing ¢ as ¢ € R™™, we can rearrange the index in (1.12) and
obtain

(1.13) sx = I'5(¢) = oDx(®), sy =T5(¢p) =] oDy(),
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Figure 3: The incoming wavefront ¢ equals to the sum of multi-layer phases ¢, to ¢, which
can be observed through the wavefront sensor I'¢ and Ff,.

where
(114) L@)ls.t] = iz:z:w 1)+ ir(t=1)+ )
and j
Dy (9)[k.1] = 5 Lkl A,

Figure 3 illustrates this forward process. The goal of this work is to reconstruct the high-
resolution phase ¢ € R"*" through the low-resolution phase gradient s € R™*"*2 However,
when r > 1, the number of unknowns is n? = r?m?, which exceeds the number of observations
2m?2. Thus, it is difficult to recover ¢ from s directly. To address this, we consider the K

multi-frame wavefront gradient observations during a short time interval, i.e.
‘ d( i ; dy i .
(1.16) sy =1%2(8"), sy =Ty(¢"), i=12,--- K.

where ¢' € R"*™ and K is the number of time points. The following context simplifies (1.16)
by relating ¢’ and ¢’ under the Taylor Frozen Flow (TFF) hypothesis.

The TFF hypothesis, introduced in [43], claims that the atmosphere consists of layers of
distinguishable turbulence that move within short intervals parallel to the Earth’s surface at
a certain velocity. In other words, the turbulence pattern does not change within those small
time intervals but only moves in a certain direction with a certain velocity. Furthermore, we
assume each layer’s atmosphere is of linear motion with a constant velocity. Mathematically,
assuming there are L layers and the i-th frame with wind shift between two consecutive frames
in layer [ is v; for 1 <1 < K, we have

L L
p=> ¢ and ¢'=> ¢ —(i—Duw).
=1 =1

Here, ¢;(- — v;) means moving the matrix ¢; linearly along the v; direction, which can be
implemented using bilinear interpolation. In practice, the velocity {vl}lel of the atmosphere
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can be measured experimentally by sending a balloon into the atmosphere. Future telescopes
might even be equipped with instruments that allow us to measure the wind speed in the
atmosphere directly. Define the evolution operator as Alg;(-) = ¢;(- — (i — 1)v;) and under
the TFF hypothesis, the forward model in our phase reconstruction problem with multi-frame
observation is

. L )
i Sx ry i ny :
(117) S = I: Si :| = |: Fd :| (ZAl¢l> + |: ni :l 3 1= 17"'7K7
y y =1 y

where n,ny are noise. Our goal is to reconstruct the high-resolution incoming wavefront

¢ = Zlel ¢, € R™™ from multi-frame low-resolution wavefront gradient {s’ € Rm*m*2}K
Our main contributions in the paper are summarized as follows.

e To solve (1.17), we propose a variational model that contains the traditional Lapla-
cian regularization and a data-driven regularization. Utilizing training samples, the
proposed new regularization term can be deduced by resolving a bilevel optimization
problem that compensates for the approximation error between traditional regulariza-
tion and the underlying true distribution of the signals.

e We represent the gradient of the data-driven regularization by a deep neural network
and unroll the Nesterov accelerated gradient algorithm to minimize the inner problem,
leading to the so-called PhaseNet. Different from other unrolling methods, the network
in each layer shares the same parameters, which significantly reduces the network size
and can obtain an unrolling network with many layers.

e Experimental results on wavefront reconstruction with different atmospheric condi-
tions validate the advantages of the proposed PhaseNet over traditional variational
methods and unrolling approaches.

The rest of the paper is organized as follows. In Section 2, we discuss related works of phase
reconstruction in ground-based astronomy, including the phase gradient model, phase model,
and deep learning based model. In Section 3, we propose our energy function with a data-
driven residual regularization term and introduce the phase reconstruction network PhaseNet.
In Section 4, we compare our PhaseNet with TV and Laplacian models on various atmospheric
conditions and analyze the performance of the proposed method from six perceptions. The
conclusion is given in Section 5.

2. Related work. This section briefly reviews the work closely related to phase recon-
struction in ground-based astronomy, including the phase gradient, phase, and deep learning
models.

Phase gradient model. To estimate the incoming wavefront phase ¢, one idea is to decom-
pose the WFS operator into the derivative operator D = [Dx, Dy]T and the downsampling
operator |, i.e.

(2.1) 't =] oD,

and reconstruct ¢ through a two-stage process. The first stage is to reconstruct the high-
resolution wavefront gradient ¢4 by solving an ill-posed inverse problem:

(22) s =] d)s +n,
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8 D. ZHENG, S. TANG, C. BAO, AND R. CHAN

which is an image super-resolution problem in low-level vision. Then the phase ¢ can be
recovered by integrating from ¢, i.e.

(2.3) ¢ = Do,

which is an over-determined linear system [13, 15, 35, 42]. However, since (2.2) is an under-
determined problem, it is difficult to obtain a high-quality wavefront gradient ¢¢. To address
this dilemma, Jefferies and Hart [20] proposed to use the multi-frame observation to recover
¢ under the TFF hypothesis [29]. Moreover, this multi-frame method is improved in [10, 5]
with Tikhonov and I* — [P regularizations.

Phase model. Unlike the two-stage phase gradient model, the phase model chooses to
solve (1.17) directly with different regularization terms [9, 6, 50, 22, 2] on the phase ¢ such
as total variation, Laplacian, and Huber norm. It is shown in [6] that the reconstruction
performance of the phase model is better than the phase gradient model. One possible reason
is that the phase gradient model needs to solve two sub-problems, and the error of the first
sub-problem will be amplified when solving the second one. Moreover, it is easier to design
a regularization for phase ¢ rather than its gradient ¢, since the phase behaves more like
natural images while the phase gradient is more ambiguous.

Deep learning model. Deep learning methods have shown great potential in solving math-
ematical inverse problems in recent years. In ground-based astronomy, most of the existing
works use Multilayer Perceptrons (MLPs) or Convolutional Neural Networks (CNN) to esti-
mate the Zernike coefficients, that is, the coefficients of the representation

(24) @(X7Y) = Zaan;n(x,y)

n,m

of the high-resolution incoming wavefront from the noisy wavefront gradient data or the whole
off-axis SH-WF'S images [17, 27, 11, 18, 19]. Here, Z* are the Zernike polynomials, and @,
are the Zernike coefficients [33], (m,n) is an indexing scheme with n being the radial order
and m the angular order. In addition, Swanson et al. [41] proposed a U-Net [39] based neural
network to predict the wavefront image from low-resolution wavefront gradient observations.
However, these methods use the neural network as a black box solver without considering
the underlying mathematical model. Despite the satisfactory numerical performance achieved
by deep learning based methods, the lack of interpretability remains a significant concern
when comparing them with model-based approaches. The unrolling method is an emerging
technique that alleviates the interpretability issues in signal and image processing [40, 28] and
is becoming increasingly popular. This technique forms a deep neural network by unrolling a
traditional iterative numerical algorithm and replacing the map in each iteration with a single
network. Compared to traditional deep learning methods, the unrolling approach is motivated
by solving a variational model and provides more insights into network design. In this work,
we apply the unrolling idea to solve the phase reconstruction task in ground-based astronomy.
We directly model the gradient of the data-driven regularization term using a single network,
enhancing our method’s explainability. Moreover, we utilize multi-frame observations as the
input, further improving the reconstruction accuracy.

This manuscript is for review purposes only.
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3. Our methodology. Our goal is to recover the incoming phase ¢ from the multi-frame
low-resolution wavefront gradient {s'}X, with a neural network Fy, where 6 denotes the
network parameter. The neural network Fy can be trained by minimizing a designed loss
given a set of training samples. Recall that the forward model (1.17) can be written as

AR R DA

S I'“Ay T%A; ... T“A 10} n
(3.1) = S+

K DAAK TOAK .. Tk | | gl nk

where T'¢ = [T'%, FZ]T. For simplicity, we rewrite (3.1) as

(3.2) Ss=H®+n

where H is the linear operator in (3.1), 8 = [s',...,s%]7 denotes all the wavefront gradient
frames, ® = [¢,,..., @]’ indicates the atmospheric turbulence presence in each layer.
The classical method to recover the phase ® is solving the following optimization problem:

1
(3.3) m(gn §||§ —~H®|Z + gR(@),

where R denotes a regularization for ®. The final incoming wavefront ¢ can be obtained as the
summation of ¢p;, I = 1,..., L. To identify an appropriate regularization term, it is necessary
to reference turbulence statistics. According to Kolmogorov’s theory [24, 47], atmospheric
turbulence within each layer is assumed as a homogeneous and isotropic Gaussian process
with a covariance operator C, as outlined in (1.4). Concurrently, our application of the von
Karman power spectral density model in (1.6) indicates that the regularization for each layer
phase ¢ might be chosen:

_ 11 i1 11
(3.4) R(p) = IC, ' 20ll32 = Coll(s§ + k1)) 2 Fell72 ~ k¢ loll72 + I(—A) 2|7,

where Cj is a constant. Note that ||C;1/2<p|]%2 is bounded as we assume ¢ € H'/6, In the
discretized model, the covariance operator for the phase ¢; in [-th layer becomes a covariance
matrix denoted by Cg,. Standard reconstruction algorithms use HC;;/ ¢l as the regular-
ization function [22, 14]. However, in practice, the covariance matrix Cg, is a dense matrix,
making its application computationally inefficient for large-scale problems. Many approxima-
tion methods have been developed in recent decades to simplify the covariance matrix [44, 49].
From the equivalence in (3.4), Ellerbroek [13] proposed to use the biharmonic operator A? to
approximate the inverse covariance operator C’; 1 [13]. Furthermore, we assume atmospheric
turbulence layers are mutually independent, rendering the regularization function as

L
(3.5) R(®)=> R(¢) =Y |Ley3,
=1

=1

where L represents the discrete Laplacian operator.
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Figure 4: Data flow and network architecture in PhaseNet.

Algorithm 3.1 Forward propagation of PhaseNet

N

—1, number of iterations N.

Input: Multi-frame wavefront gradient s, ®°, step sizes {a,}
Output: Reconstructed incoming wavefront ¢ = Zle P;.

1. Tnitialize g = 1, ®° = ®°;

2: forn=20,1,2,...,N do

3. A _ 144/14402 I

: n+1 — P} vl = X0
1 " =" —q, (HT(HS" —5) + B [nLTLeY, ...,y L Let] " + Ro(®")):
5: Pl — (1 — T]n)‘il’nJrl + ﬂn‘j:)n;

2

end for
. _ <L _N+41
7: return Incoming wavefront ¢ ="~ ¢; .

In this case, the optimization problem in (3.3) becomes the Laplacian regularized model:

N

L
1
(36) min 2[5 — H2 |3 + = 3Ly,
=1

where ~; denotes the layer weight. However, the Laplacian regularization is imperfect and dif-
ferent from the actual regularization function due to the accumulation of several approxima-
tion errors, such as the difference between the biharmonic operator A? and inverse covariance
operator C;l and the error in Kolmogorov’s turbulence statistics. To alleviate the problem,
we propose to add a residual term RJ*(-) to represent the difference between Laplacian reg-

ularization and the underlying real regularization, where 1 denotes the learnable parameters.
In summary, our model is given as

L
1 B
(3.7) H}I}n§||S*H‘I’||§+§ZVI||L¢1||%+R§ES('1’)7
=1

where S > 0 is the penalty parameter.

Obtaining the precise formulation of the residual regularization R}*(®) is challenging.
Consequently, we employ a data-driven approach that implicitly learns the residual regular-
ization. Specifically, we consider training samples represented by {s”, ¢§‘rue}§:1, where 8"
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signifies the multi-frame wavefront gradient, ¢ embodies the high-resolution incident wave-
front, and N indicates the quantity of training instances. Our objective is to ascertain the
residual regularization function R} (®) by solving the following bilevel optimization problem:

N L
mlgn Z E(Z ¢Zm ¢;Lrue)7 where (I)Z = [¢?*7 R d)TLL*]T
=1

n=1

(3.8) 1 g
st B = argmin g[8~ HE[3 + 5 3l Loyll3 + Ry (@),
=1

where £(-,-) denotes the loss function. Since solving the above bilevel optimization is difficult,
we mimic the minimization of the inner problem by an unrolled deep neural network and
reduce (3.8) to a single-level minimization problem.

The basic idea comes from the gradient descent algorithm that solves the inner optimiza-
tion problem in (3.8). Each update has the form:

(39) @ =®" —a, (H'(HS" - 5)+ 8 [n L Lel,..., L Lt + VR (@),

where «a,, denotes the step size in the n-th iteration. From the gradient descent iteration, we
find that we only need R} to solve the lower-level optimization problem; therefore, instead
of learning the residual regularization R}**(®), we learn its gradient. In particular, we use a

neural network to parameterize the gradient of R}*, i.e.

(3.10) Ry(") = VR™(-),

where Ry(+) is a neural network with parameter 6. Specifically, Ry is a Convolutional Neural
Network (CNN) consisting of six 3 x 3 convolution layers with 64 channels and Rectified Linear
Unit (ReLU) activation functions. Combining (3.10) with (3.9), the gradient descent iteration
becomes:

(3.11) @ =" —a, (HT(H@” —8)+ B [mLTL}, ..., LTLey] + Rg(q)n)) ,

and the entire iterative process can be unrolled as a trainable neural network. Due to the
slow convergence of gradient descent, we adopt an extrapolation method to accelerate the
optimization process. The modified iteration is then given by:

=N

""" = " — o, (HT(HO" —5) + B [LTLeT,..., ;L Let] " +R(@")),

(3.12) -

=N

et = (1— nn)<i> ! + 1,9,

where 7,, denotes the extrapolation factor. In practice, the Nesterov Accelerated Gradient
(NAG) method [30] is employed to determine 7,,. The detailed forward process of the NAG
method is outlined in Algorithm 3.1, while the final unrolled network, referred to as the
PhaseNet, comprises a series of NAG iteration blocks, as illustrated in Figure 4. A comparison
of different optimization algorithms is provided in Table 6. It is worth mentioning that the
NAG iteration blocks share the same parameters, resulting in a smaller network size and
better consistency with respect to minimizing the inner problem (3.8).
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Table 1: Simulation parameters.

Telescope diameter d 8m
WES wavelength A 744 nm
Resolution incoming wavefront 200 x 200
Resolution wavefront gradient 50 x 50

Remark 3.1. The convergence of the iteration given in (3.12) can be obtained under certain
assumptions and restrictions on Ry and 7,, as shown in [48, 1, 4].

Given that PhaseNet can effectively address the lower-level optimization task, the bilevel
optimization problem in (3.8) can be simplified to

N
(313) rnein Zl K(PhaseNetg(én), d)gﬂue)a
n

which is optimized with deep learning training strategies. After the training phase, for an
emergent wavefront gradient s, the high-resolution incident wavefront phase ¢ can be recon-
structed through PhaseNet’s evaluation, mimicking to minimize (3.7).

Since our goal is to reconstruct the PSF in (1.1), we choose the relative error between the
reconstructed PSF with ground truth PSF as the loss function of our PhaseNet. Assume ¢ is
the estimated incoming wavefront by our PhaseNet, ¢;,,. is the ground truth wavefront, the
loss function is

|k - ktrue||2

(3.14) (. Byue) = Relative Brror(ie ) 1= el
true||2

where k = |F~H{Pexp[to]}|?, and kyrye = | FH{P exptdype]

Remark 3.2. In PhaseNet, the hyper-parameters, including the step sizes {a,}_, and
{nn}ﬁle used in Algorithm 3.1, have been configured as learnable parameters, leading to an
improvement in performance.

4. Experiments and results. In this section, we evaluate the performance of PhaseNet
with different turbulence atmosphere conditions and compare our network with traditional
variational based methods. To accomplish this, we obtained the training and testing data
using a simulation tool based on MATLAB [2]. The telescope parameters utilized in the
simulation are outlined in Table 1, wherein an 8m telescope is employed, equipped with a
single 50 x 50 SH-WEF'S.

4.1. Implementation details. In the forward model of our PhaseNet, we employ 1,000
NAG steps. The training process of all PhaseNet models consists of 30,000 iterations with
Adam optimiser [23]. The initial learning rate is initialized to 1 x 10~% and is subsequently
reduced by half every 10,000 iterations. The batch size is set to 1. The initial step size
{an}N_ | is set to 0.5, while 3 is fixed at 1 x 1074, and ~; is set to 1 for each layer. The
network architecture is illustrated in Figure 4. In contrast to conventional deep unrolling
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Table 2: Comparison of averaged relative errors of phase with seeing condition d/ry = 10.

Dataset TV model Laplacian model PhaseNet (ours)
Two-frames-one-layer 0.0331 0.0303 0.0302
Four-frames-one-layer 0.0220 0.0212 0.0203
Eight-frames-one-layer 0.0153 0.0156 0.0142

Two-frames-three-layers 0.0483 0.0454 0.0439
Four-frames-three-layers 0.0410 0.0383 0.0381

techniques, we employ numerous iterations to ensure the precise reconstruction of PSF in our
PhaseNet. However, this requirement entails a considerable demand for GPU memory. To
address this problem, we only employ the network to correct the Laplacian gradient every 20
steps.

4.2. Datasets and evaluation metric. To evaluate the effectiveness of our PhaseNet
model in reconstructing incoming wavefronts in ground-based astronomy, we simulated five
datasets under varying atmospheric conditions. Each dataset is named based on the number of
subsequent observation frames and atmosphere layers used in the simulation. The observation
frames in one data sample are coming from a single WFS.

e Two frames one layer. We use the method in [2] to obtain 1,000 paired ® and s
as the training dataset. We assume the wind’s direction in each turbulence layer is
uniformly generated on a unit circle S!, and the wind speed is bounded by 10 pixels
per frame. The number of turbulence layers is 1, and there are 2 frames for the
wavefront gradient s with 1% Gaussian noise. In the training stage, we assume the
seeing condition d/rg changes from 5 to 45, where a smaller seeing condition means a
better observation environment in ground-based astronomy. So, our network can be
applied to different atmospheric conditions. In the testing stage, we first generate 20
samples with the seeing condition being 10 and then generate another 20 test samples
with the seeing condition being 40 to evaluate our model. We refer to this dataset as
the Two-frames-one-layer dataset.

e Four frames one layer. The setting is the same as the T'wo-frames-one-layer dataset,
except there are 4 frames in one data sample. This dataset is referred as the Four-
frames-one-layer dataset.

e Eight frames one layer. The setting is the same as the Two-frames-one-layer
dataset, except there are 8 frames in one data sample, and the wind speed is bounded
by 5 pixel-per-frame. This dataset is referred as the Eight-frames-one-layer dataset.

e Two frames three layers. The setting is the same as the Two-frames-one-layer
dataset, except there are 3 turbulence layers. The heights of each layer are Om,
11,000m, and 15,000m. This dataset is referred to as the Two-frames-three-layers
dataset.

e Four frames three layers. The setting is the same as the Two-frames-three-layer
dataset, except there are 4 frames in one data sample. This dataset is referred to as
the Four-frames-three-layers dataset.
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Table 3: Comparison of averaged relative errors of phase with seeing condition d/ry = 40.

Dataset TV model Laplacian model PhaseNet (ours)
Two-frames-one-layer 0.0318 0.0291 0.0288
Four-frames-one-layer 0.0212 0.0204 0.0193
Eight-frames-one-layer 0.0147 0.0150 0.0133

Two-frames-three-layers 0.0470 0.0444 0.0429
Four-frames-three-layers 0.0398 0.0375 0.0339

Table 4: Comparison of averaged relative errors of PSF with seeing condition d/rg = 10.

Dataset TV model Laplacian model PhaseNet (ours)
Two-frames-one-layer 0.0489 0.0293 0.0250
Four-frames-one-layer 0.0203 0.0158 0.0116
Eight-frames-one-layer 0.0113 0.0098 0.0068

Two-frames-three-layers 0.0863 0.0702 0.0498
Four-frames-three-layers 0.0672 0.0568 0.0384

Evaluation metric. We present the averaged relative error of the estimated phase as the
) quantitative results of our method, which is defined as

||¢ - qbtrueHZ
||¢trueH2 ’

361 where @y, represents the ground truth phase, while ¢ denotes the estimated phase.

w
ot Ot
oo

w

360 (4.1) Phase Relative Error =

362 Remark 4.1. As the WFS employed in our model cannot distinguish between two phases
363 up to a constant shift, the restored phase inevitably possesses an unknown constant shift
364 compared to the ground truth phase. To rectify this bias, we normalize the estimated phase ¢
365 and the ground truth phase ¢,,.,. by setting their means to zero before computing the phase
366  relative error. Specifically, we use the following normalization procedure:

Zd)[’b,]] Z"¢t7‘ue[i7j]
367 (4.2) P d— =L Dpue — Py — — 25—
n n
368 where n represents the spatial size of the phase.
369 Moreover, since our goal is to recover the PSF and thereby restore the blurred observation,

370 we compute the relative error of the estimated PSF as an evaluation metric, which is defined
371 as

k—-k
372 (4.3) PSF Relative Error = Il = Kiruel2
HktrueHQ

373 where k = |F~HPexp[to]}|?, and kyrye = |F~HP exp[tdy 0] }H?-
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Table 5: Comparison of averaged relative errors of PSF with seeing condition d/ry = 40.

Dataset TV model Laplacian model PhaseNet (ours)
Two-frames-one-layer 0.3007 0.2638 0.2459
Four-frames-one-layer 0.1810 0.1733 0.1542
Eight-frames-one-layer 0.1187 0.1216 0.1023

Two-frames-three-layers 0.4778 0.4455 0.4036
Four-frames-three-layers 0.3962 0.3699 0.3203

4.3. Results. We compare our PhaseNet with two traditional variational methods, namely
the TV model [6], and the Laplacian model [22]. The objective function of the TV model is

L
1
(14) g 318~ H2I3 + 93Vl
which is solved through the Alternating Direction Method of Multipliers (ADMM) algorithm.
The objective function for the Laplacian model is:

L
1 B
(4.5) mqgng\ls—H<I>||§+§ZWHA¢AI§,
=1

which can be solved through the Conjugate Gradient (CG) method.

Comparison of Phase. We present the averaged relative errors of the reconstructed phase
for all five datasets, with seeing conditions of 10 and 40, in Tables 2 and 3, respectively. The
results demonstrate that the proposed PhaseNet outperforms traditional variational methods,
achieving the lowest phase relative error. Additionally, in Figure 5, we provide visual repre-
sentations of the error image for the reconstructed phase. These images demonstrate that our
method recovers more high-frequency information than TV and Laplacian methods.
Comparison of PSF. As our goal is to recover the PSF, we present the PSF relative errors
on five testing datasets in Figure 6. The figure shows that PhaseNet achieves the lowest rela-
tive error in PSF reconstruction on almost all testing samples compared to TV and Laplacian
models. The average relative errors for seeing conditions of 10 and 40 are presented in Ta-
ble 4 and Table 5, respectively, with our PhaseNet outperforming traditional methods on all
datasets and atmospheric conditions. The PSF relative error of PhaseNet is improved by 0.02
and 0.01 on average compared with TV and Laplacian models on five datasets with seeing
condition 10 and 0.05 and 0.03 with seeing condition 40. Additionally, Figure 10-Figure 13
(first row) shows the visualizations of the estimated PSFs. From the enlarged area in these
Figures, we find that the reconstructed PSFs using our method or the ground truth fit more
closely than traditional TV and Laplacian models.

Deconvolution Results. We use the estimated PSF to deblur the observation, with results
shown in Figure 10-Figure 13 (second and third rows). The deconvolution problem is solved
through the ADMM algorithm using the objective function

(1.6) min 3 lg(x,¥) = (b )3 15 + 81V £,

This manuscript is for review purposes only.



402

103
404
405
406
407

408
4109
410
111
412
413

16 D. ZHENG, S. TANG, C. BAO, AND R. CHAN

Relative Error: 0.0732 Relative Error: 0.0778 Relative Error: 0.0649

Relative Error: 0.0427 Relative Error: 0.0422 Relative Error: 0.0320

Relative Error: 0.0162 Relative Error: 0.0156 Relative Error: 0.0135

Ground Truth TV Laplacian PhaseNet

Figure 5: Visual comparison of phase reconstruction error images. The first row is from
the Two-frame-three-layers dataset with seeing condition 40. The second row is from the
Four-frame-three-layers dataset with seeing condition 40. The third row is from the Eight-
frame-one-layer dataset with seeing condition 10.

where ¢(x,y) is the blurred observation, k(x,y) is the estimated PSF, and f(x,y) is the
deblurred image. From the deconvolution results, we observe that the proposed method
achieves the highest PSNR values compared to TV and Laplacian models and is closer to the
true PSF results. Moreover, the deconvolution results obtained using PSFs reconstructed by
TV and Laplacian methods introduce additional fluctuations in the restored image compared
to our method, as seen in Figure 13.

4.4. Ablation study and discussion. In this section, we evaluate the performance of our
PhaseNet in the following perspectives.
Iteration number. We investigate the phase reconstruction performance with a different
number of NAG steps in our PhaseNet on the Two-frames-one-layer dataset. The results are
shown in Figure 7. From the table, we find the performance of 100 NAG steps is significantly
worse than that of those models with more than 400 NAG steps. In addition, the relative
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five testing datasets with two seeing con-
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Table 6: Comparison of averaged relative errors of estimated PSF with different unrolling
algorithms on the Two-frames-one-layer dataset.
Seeing condition PhaseNet-GD PhaseNet-ADMM PhaseNet-NAG

10 0.0921 0.0290 0.0250
40 0.4078 0.2588 0.2459

Table 7: Comparison of averaged relative errors of estimated PSF with black box CNN solver
on the Two-frames-one-layer dataset.

Seeing condition RCAN PhaseNet

10 0.2756 0.0250
40 0.7635 0.2459

Table 8: Comparison of averaged relative errors of estimated PSF on the Two-frames-one-
layer dataset with different noise level.

Seeing condition ~ Noise level =~ TV model  Laplacian model = PhaseNet (ours)

1 % 0.0489 0.0293 0.0250
10 2% 0.0492 0.0299 0.0260
3% 0.0495 0.0308 0.0276
1% 0.3007 0.2638 0.2479
40 2% 0.3049 0.2677 0.2541
3% 0.3119 0.2738 0.2640

Table 9: Comparison of using all iteration output loss and final iteration output loss on the
Two-frames-one-layer dataset.

Seeing condition 10 40
All iteration output loss 0.0258 0.2504
Final iteration output loss 0.0250 0.2459

Table 10: Comparison of averaged relative errors of estimated PSF on the Two-frames-one-
layer dataset with different wind velocity relative error.

Seeing condition ~ RE in WV TV model = Laplacian model =~ PhaseNet (ours)

10 10 % 0.0538 0.0402 0.0374
20 % 0.0702 0.0571 0.0494
40 10 % 0.3612 0.3236 0.3167
20 % 0.4413 0.4132 0.3770
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Figure 7: Different number of NAG steps on the Two-frames-one-layer dataset.
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Figure 8: Phase reconstruction with an image super-resolution network RCAN.

error improves less on models with more than 800 NAG steps, and we use 1,000 NAG steps
in our method.

Optimization algorithm. To validate the benefits of unrolling the NAG algorithm as
our neural network, we compare the performance of unrolling the gradient descent algo-
rithm and ADMM algorithm, which we refer to as PhaseNet-GD and PhaseNet-ADMM, with
our PhaseNet-NAG method on the Two-frames-one-layer dataset. The iteration number of
PhaseNet-GD is set to 1,000, which is consistent with PhaseNet-NAG. The implementation
details for the PhaseNet-ADMM model are given in Appendix A. The results are shown in
Table 6. From the table, we find the performance of PhaseNet-GD is significantly worse than
PhaseNet-NAG and PhaseNet-ADMM. The result shows that the convergence rate of the GD
algorithm is lower than the NAG algorithm and cannot be further improved through net-
work training. Additionally, the results of PhaseNet-NAG are slightly better than PhaseNet-
ADMM. One possible reason is that in one ADMM iteration, we use the CG algorithm to solve
the first sub-problem, which will bring errors to the solution. In addition, PhaseNet-ADMM’s
computational overhead is also higher than PhaseNet-NAG, so we choose to unroll the NAG
algorithm as our neural network.

Comparison with black box CNN solver. To demonstrate the advantages of using
the unrolling method to design the neural network, we compare the phase reconstruction
performance with an image super-resolution network, namely RCAN [51], which predicts the
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Figure 9: Parameter analysis of 8 on Two-frames-one-layer dataset.

Table 11: Comparison of running time among different methods.

Data TV model  Laplacian model =~ PhaseNet (ours)
Two-frames-one-layer 9.57s 1.82s 1.71s
Four-frames-one-layer 12.02s 3.22s 2.11s
FEight-frames-one-layer 14.32s 3.37s 2.24s
Two-frames-three-layers 82.79s 4.77s 10.56s
Four-frames-three-layers 133.85s 7.54s 17.21s

phase ¢ from multi-frame wavefront gradient s directly. In particular, we process the input
wavefront gradients {sﬁc}fil and {si }/£, through two convolution blocks, followed by merging
the features of s and s, via concatenation. Subsequently, the merged features are fed into
the super-resolution network to recover the underlying incoming wavefront ¢, as illustrated
in Figure 8. We train the super-resolution network for 300,000 iterations with Adam [23]
optimizer with batch size 8. The initial learning rate is set to 1 x 10~* and is halved every
100,000 iterations. We use the PSF relative error as the loss function here to be consistent
with PhaseNet. The results are shown in Table 7. The table shows that the super-resolution
network’s phase reconstruction performance is much worse than PhaseNet and traditional
variational based methods. One possible reason is that the black box CNN solver does not
preserve the mathematical structure in the original inverse problem, so the information from
the forward model will be lost during the solving process. In addition, using unrolling can
make our method more interpretable than a black box CNN solver.

Parameter analysis on 5. We compare the phase reconstruction performance with different
Laplacian regularization parameters. We train PhaseNet with different parameter 5 on the
Two-frames-one-layer dataset, and the PSF relative error results are shown in Figure 9. From
the results, we find the optimal setting for 31is 1 x 104 or 1 x 107, and we choose f = 1x 1074
in our PhaseNet models.
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Restriction on the reconstruction process. One commonly used strategy in the deep
unrolling method is to involve the output from all iterations in the final loss function:

N

al k" —k rue
(47) Z E(d)n: d)true) = Z Ma
n=1

n—1 HktrueHQ

where ¢" = Zle @7, and k" = |F~1{Pexp[¢p"]}|*. We compare the performance between
using all iteration output loss (4.7) and the final stage output loss (3.14) on the Two-frames-
one-layer dataset, see Table 9. The results show that the PSF error of using all iteration loss
is slightly higher than that of only using final iteration loss. One possible reason is that the
reconstructed phase at the first few steps is inaccurate. Involving all iteration outputs into
the loss function will bring additional constraints to the reconstruction process, whereas using
final iteration output loss leaves more freedom for the optimization process, which benefits
the wavefront reconstruction.

Wavefront gradient noise level. We train our PhaseNet with different noise level wavefront
gradient § on the Two-frame-one-layer dataset. In particular, we assume the Gaussian noise
level in the training dataset is 0% to 4%, and test with noise levels 1%, 2%, and 3%. The
results are shown in Table 8. The results show that PhaseNet outperforms TV and Laplacian
models on all noise levels and seeing conditions. Meanwhile, PhaseNet does not need to
reselect regularization parameters for different noise levels, which is more convenient to use
in practice than traditional methods.

Error in wind velocity. In our approach, the wind velocities are presumed to be known.
As pointed out above, they may be captured with the assistance of balloons or additional
instruments. To investigate the influence of a wrongly estimated wind velocity, we conducted
an ablation study using the Two-frames-on-layer dataset. In our analysis, we trained PhaseNet
with a wind velocity relative error range from 0% to 30%. We then tested our model on the
wind velocity with relative errors of 10% and 20%. The results are displayed in Table 10. From
the results, we deduced that PhaseNet consistently performed better than TV and Laplacian
models across all noise levels and seeing conditions. This indicates that our method exhibits
greater robustness against wind velocity errors.

Running time. The running time compared to the TV and Laplacian model is shown in
Table 11. TV and Laplacian models are assessed on an Intel i5-10500 CPU. Our PhaseNet is
examined on a single Nvidia GeForce RTX 3090 GPU. One of the main aspects influencing
the time cost is the computation of the forward operator H. Given the wavefront gradient
frames and the wind velocity, calculating the H is necessitated, as seen in (3.1). This step is
compute-intensive and thus impacts the overall runtime.

5. Conclusion. In this work, we propose a deep learning based phase reconstruction model
called PhaseNet for ground-based astronomy with multi-frame observations. The PhaseNet
is constructed by unrolling the NAG algorithm to solve the traditional inverse problem. We
adopt a neural network to approximate the residual between traditional Laplacian regulariza-
tion and the unknown turbulence statistics. Compared with the traditional variational based
method, the proposed PhaseNet achieves lower PSF relative errors among all atmosphere
conditions.
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Figure 10: Visual comparison of estimated PSFs and deconvolution results on the Four-frames-
one-layer dataset with seeing condition 40. The first row shows a cross-sectional comparison
between the estimated and ground truth PSFs with PSF relative error. The second and third
rows show the deconvolution results using different PSFs with PSNR.
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Figure 11: Visual comparison of estimated PSFs and deconvolution results on the Eight-
frames-one-layer dataset with seeing condition 40. The first row shows a cross-sectional com-
parison between estimated and ground truth PSFs with PSF relative error. The second and
third rows show the deconvolution results using different PSFs with PSNR.
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Figure 12: Visual comparison of estimated PSFs and deconvolution results on the Two-frames-
three-layers dataset with seeing condition 10. The first row shows a cross-sectional comparison
between estimated and ground truth PSFs with PSF relative error. The second and third rows
show the deconvolution results using different PSFs with PSNR.
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Figure 13: Visual comparison of estimated PSFs and deconvolution results on the Four-frames-
three-layers dataset with seeing condition 10. The first row shows a cross-sectional comparison
between estimated and ground truth PSFs with PSF relative error. The second and third rows
show the deconvolution results using different PSFs with PSNR.
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Algorithm .1 Forward propagation of PhaseNet-ADMM

Input: Multi-frame wavefront gradient s, ®°, p, number of iterations N.
Output: Reconstructed incoming wavefront ¢ = ZJLZI P,

1: Tnitialize ®° = ®°, P = 0;

2: forn=20,1,2,...,N do

3 Update ®" 1! in (A.4) with CG algorithm;
g " W@t £ P,

5. PPy p@ntl - 3",

6: end for

7: return Incoming wavefront ¢ = Zlel (/ﬁlNH.

Appendix A. Details on PhaseNet-ADMM model. We provide more implementation
details for the PhaseNet-ADMM model. Recall the objective function in our method is

L
1 B
(A1) HgngHs—HﬁH%+§ZwHL¢zH§+R5€5(¢)-
=1

Introducing an auxiliary variable <i>, we can reformulate the optimization problem in (A.1) as

N

L
1 B -
(A.2) min ;s HP|2 + 5 Y L3 + Ry (D). s.t. & = .
=1

Then the augmented Lagrangian function for (A.2) is
1 B p P
(A3) L(®,8,P) = s~ HE[3+5 > 2Ly 3+ Ry (@) + 2@~ &+ P /o3~ 2P /ol
=1
where P is the dual variable and p > 0 is a chosen constant. The ADMM iteration is

L
1 B p = n
(A.4) "t — argql;fu%lls - H®[5 + 5 > wlLeyll + Sl -2 + P"/plf3,
=1

(A5) "t = argAmingH@”H — &+ P/l + R (D),

4

(AG) Pn—H — p" + p(<IJH+1 o (i)n+1

).

The first sub-problem (A.4) is a least-squares problem and can be solved through the CG

algorithm. The second sub-problem (A.5) is equivalent to
(A_7) é?’l"’l — PrOXpRges(@nJrl + P?’l/p),

where Prox denotes the proximal operator, which can be replaced by a neural network Wy
and learn from the data. So (A.5) is equal to

(A.8) 3" = Wy(@" ! + P"/p).
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We unroll the ADMM iteration as a neural network called PhaseNet-ADMM. In particular,
we use 400 CG step to solve sub-problem (A.4), and the network architecture for network Wy
is the same as Ry in our PhaseNet-NAG. We use 10 ADMM iterations in PhaseNet-ADMM
and fix p as 1074,
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