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Abstract. The Transformer architecture has revolutionized the field of sequence modeling and underpins the5
recent breakthroughs in large language models (LLMs). However, a comprehensive mathematical6
theory that explains its structure and operations remains elusive. In this work, we propose a novel7
continuous framework that rigorously interprets the Transformer as a discretization of a structured8
integro-differential equation. Within this formulation, the self-attention mechanism emerges natu-9
rally as a non-local integral operator, and layer normalization is characterized as a projection to a10
time-dependent constraint. This operator-theoretic and variational perspective offers a unified and11
interpretable foundation for understanding the architecture’s core components, including attention,12
feedforward layers, and normalization. Our approach extends beyond previous theoretical analyses13
by embedding the entire Transformer operation in continuous domains for both token indices and fea-14
ture dimensions. This leads to a principled and flexible framework that not only deepens theoretical15
insight but also offers new directions for architecture design, analysis, and control-based interpre-16
tations. This new interpretation provides a step toward bridging the gap between deep learning17
architectures and continuous mathematical modeling, and contributes a foundational perspective to18
the ongoing development of interpretable and theoretically grounded neural network models.19
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1. Introduction. Deep neural networks (DNNs) have revolutionized numerous fields, in-22
cluding natural language processing [15, 55], computer vision [23], scientific computing [31,23
36, 26], and medical diagnostics [35, 22]. Among these architectures, Transformers [46] have24
recently emerged as particularly powerful tools, underpinning remarkable successes in large25
language models (LLMs) such as GPT-3 and GPT-4 [46]. Besides language processing [59],26
the Transformer and its variants have also been applied in applications, including image pro-27
cessing [8, 41], graph processing [56], operator learning [6, 3, 28, 54].28

Recently, a series of works have been conducted to study the theoretical foundation or29
interpretability of Transformers. Approximation and generalization error of Transformers were30
studied in [10, 44, 19]. It was shown in [19, 40] that Transformers are adaptive to data’s31
low-dimensional structures. For interpretability, in [24], it was shown that Transformers are32
cubic or high-order splines. It was shown in [21] that the vision Transformer can learn spatial33
structures of the dataset. The Transformer was interpreted as an ODE solver for multi-particle34
dynamical systems in [9, 11, 33]. Meng et al. [?] showed that Transformer is a step for solving35
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a nonlocal variational model. A general introduction to Transformers with mathematical36
descriptions can be found in [45].37

Compared to Transformers, more studies can be found for deep neural networks (DNNs).38
A widely accepted interpretation views DNN as nonlinear high-dimensional function approx-39
imators [53, 30, 58, 4]. Under this view, the layers of a DNN perform successive nonlinear40
transformations that approximate complex mappings from input to output data. This ap-41
proximation framework has been instrumental in explaining the expressive power of DNNs.42
Another promising direction for explaining and designing neural network architectures in-43
volves interpreting them as discretizations of continuous-time dynamical systems governed by44
differential or integral equations [5, 49, 2, 48]. E et al. show that DNNs can be viewed as45
continuous dynamical systems in [48] and special discretization of continuous problems in [49].46
In [5], Chen et al. pointed out connections between residual networks and ordinary differen-47
tial equations, and proposed Neural ODE. Benning et al. investigated the relations between48
DNNs and optimal control problems [2]. In this class of approach, neural network training49
is seen as an optimal control problem constrained by a continuous evolution equation. Re-50
lated to the above-mentioned approach, we especially want to mention some recent studies51
that have proposed a general framework for designing neural network architectures inspired52
by continuous-time dynamical systems [42, 27]. These methods leverage operator-splitting53
techniques to construct neural networks, which are so-called continuous neural networks, as54
discretizations of continuous differential equations. The continuous learning problem is an55
optimal control problem with this "neural network" as a constraint. In this framework, the56
evolution of hidden states in a network is governed by differential equations (continuous neural57
network). The goal of this continuous learning problem is to find optimal controls—represented58
by learnable parameters—within a discretized dynamical process.59

The use of operator-splitting allows these complex dynamics to be decomposed into sim-60
pler substeps, each of which corresponds to a specific type of operation (e.g., convolution,61
nonlinearity, normalization). These substeps are then unrolled into individual layers of a62
neural network. This interpretation not only clarifies the structure and purpose of different63
architectural components but also facilitates the incorporation of prior knowledge about the64
underlying data dynamics or physics.65

Building on this theory, we have recently provided a rigorous mathematical explanation66
of the well-known UNet architecture [43]. We demonstrated that UNet can be viewed as a67
specific discretization of the following simple differential equation, where each encoder and68
decoder stage corresponds to a particular substep in the operator-splitting scheme:69

(1.1)

{
∂u(x,t)

∂t = W (x, t) ∗ u(x, t) + d(t)− ln u(x,t)
1−u(x,t) + ∂IΣ(u), (x, t) ∈ Ω× (0, T ],

u(x, 0) = f(x), x ∈ Ω,
70

where ∗ denotes convolution, IΣ is the indicator function of Σ = {u : u(x) ≥ 0 for x ∈ Ω},71
f is a function defined in a domain Ω and T is the final time chosen by the user for time72
variable t. The learnable variables θ = {W (x, t), d(t)} are regarded as control variables which73
will be learned in the training process. The mapping Nθ(f) 7→ u(x, T ) turns out to be the74
UNet in the continuous setting. This perspective not only elucidates the structure of the UNet75
architecture but also provides a foundation for systematic modifications and enhancements.76
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A range of alternative interpretations and mathematically inspired designs of deep neural77
networks can be found in the literature, including [39, 2, 38, 17, 20, 25, 29, 16, 52, ?]. For78
example, neural networks have been interpreted as optimal control problems in [2, 38]. Gregor79
and LeCun [16] were among the first to connect deep learning with sparse coding through80
learned iterative shrinkage algorithms. Ruthotto and Haber [39] proposed neural networks81
derived from partial differential equations (PDEs), while He and Xu [20] introduced MgNet,82
which employs multigrid principles for feature extraction. Hagemann et al. [18] formulated83
stochastic normalizing flows as Markov chains to tackle inverse problems. Long et al. [29]84
built PDENet based on finite difference schemes to recover PDE models from data. Yang85
et al. [52] constructed ADMM-CSNet by unrolling the ADMM optimization algorithm into86
a network architecture. Wang et al. [47] developed a diffusion-residual network inspired by87
convection-diffusion ODEs for classification tasks. Most recently, Martin et al. [34] introduced88
a plug-and-play architecture using flow matching for image restoration. Liu et al. [?] proposed89
a novel network regularizer inspired by the reverse process of PDE-based evolution models.90
Networks regularized by prior information are proposed in [?, ?, ?]. These pioneering efforts91
have provided essential insights and have directly inspired our recent work [42, 43] and the92
present study.93

In this work, we will develop a mathematical theoretical framework to explain the Trans-94
former architecture of [46], which has achieved remarkable success in large language models95
(LLMs) and other sequence modeling tasks. We show that the Transformer can be interpreted96
as a discretization of the following continuous integro-differential equation:97



ut =
〈
γ(x, ·, t;u), V (·,y, t;u)

〉
Ωx︸ ︷︷ ︸

I: attention

+ ∂IS1(σ1(t),σ2(t))(u)︸ ︷︷ ︸
II: layer normalization

+
J∑

j=1

(〈
Wj(·,y, t)u(x, ·, t)

〉
Ωy

+ bj(x, t)

)
+ ∂IS2(u)︸ ︷︷ ︸

III: fully connected network

for t ∈ (0, T ],

u(x,y, 0) = f(x,y),

(1.2)

98

for (x,y) ∈ Ωx × Ωy, where x denotes the token index, y the entry of token vectors, Ωx and99
Ωy are continuous domains, and T > 0 is a fixed terminal time. This formulation provides100
a rigorous mathematical interpretation of the Transformer and its key components, such as101
self-attention and feedforward layers. The definitions of attention, layer normalization, and102
the fully connected layer, along with detailed explanations of the domains Ωx, Ωy, and the103
control variables, are given in Section 2. Equation (1.2) highlights the non-local nature of104
attention and reveals the Transformer as a structured operator derived from a discretized105
variational principle. We note that several previous works have also established connections106
between Transformer-based models and multi-particle dynamical systems [9, 11, 33]. These107
studies interpret the original or modified Transformer models as discretizations of interacting108
particle systems in a time-continuous setting, treating interactions across spatial variables as109
particle interactions. In contrast, our formulation (1.2) is fundamentally different: we show110
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that the Transformer arises as a discretization of a continuous integro-differential equation,111
offering a more unified operator-theoretic and variational perspective.112

This perspective offers several advantages. First, it provides a unifying mathematical113
framework that connects diverse architectures, such as CNNs, UNets, and Transformers, un-114
der the common lens of differential and integral equations. This unification improves our115
understanding of the design principles underlying modern deep networks and provides insights116
for cross-architectural studies.117

Second, by casting neural network architectures as time-stepping schemes of dynamical118
systems, our framework allows the systematic exploration of new architectures using well-119
established tools from numerical analysis. For instance, stability, convergence, and approx-120
imation properties of the underlying continuous models can inform the selection of network121
structures and hyperparameters, leading to more robust and interpretable models.122

Third, this approach creates a principled pathway for embedding domain-specific knowl-123
edge, such as physical laws, geometric structures, or conservation principles, directly into the124
design of neural architectures, leading to architectures tailored for specific scientific or engi-125
neering tasks.126

In summary, our formulation not only advances the theoretical understanding of deep127
neural networks but also provides actionable tools for the principled design of next-generation128
models. It bridges the gap between continuous mathematical modeling and discrete network129
implementation, establishing a foundation for informed, explainable, and application-aware130
neural network development.131

This paper is organized as follows: We introduce the integral equation for Transformer132
with single-head attention in continuous setting in Section 2. An operator-splitting based133
algorithm is proposed in Section 3 to solve the integral equation. We show in Section 4 that134
the discretized algorithm exactly recovers the Transformer encoder in [46], and also discuss135
how to adapt the proposed algorithm to recover the architecture of ViT [8]. In Section 5, we136
extend the integral equation and proposed algorithm to Transformer with multi-head attention.137
Extension to convolutional Transformer and its relation to CvT [50] are discussed in Section138
6. This paper is concluded in Section 7.139

In the rest of this paper, we use bold lowercase letters to denote vectors, normal letters to140
denote scalars and functions, and calligraphic letters to denote operators.141

2. The Continuous Model. In the following, we explain the Transformer in the seminal142
work in [46] in the continuous setting and show later that proper discretizations of the proposed143
model will recover the Transformer exactly.144

2.1. The continuous setting for Transformers. In this section, we propose a control145
problem in a continuous setting. The continuous Transformer is a time-dependent integral146
equation. Later, we will show that after discretizations by operator splitting for the time147
variable t and spatial discretizations for the x,y variables, the resulting splitting method148
recovers the Transformer architecture. The Transformer proposed in [46] consists of three149
components: attention, layer normalization, and feedforward networks. In the derivation of our150
control problem, we show that each component has a corresponding operation in the integral151
equation. We first focus on single-head attention. Our framework can be easily extended to152
the multi-head case, which will be detailed in Section 5.153
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To make the explanation clearer and simpler, our notations and setup will follow [46], but154
in a continuous counterpart. Let u(x,y, t) be a function of x,y and time t. In applications of155
LLMs, x ∈ Ωx refers to the index of tokens, y ∈ Ωy refers to entries of token vectors. Please156
refer to Appendix A for explanations of the physical meanings of x,y, and u for applications157
of Transformers to LLM.158

As stated in [46], attention is all you need for the Transformer. In fact, we show below that159
the attention layer has a very simple mathematical explanation in the continuous setting. It160
consists of integral transformations on the input functions to extract features with three differ-161
ent kernels. We use features extracted from the first two kernels to generate the attention score162
through a softmax operator, and then multiply the attention score by the feature extracted163
from the third kernel to compute the output. All three kernels in the integral transformation164
will be parameterized as learnable variables, see (2.11).165

2.2. Integral Transformations for Attention and Feature Extraction. Let the functions166
WQ(y, ỹ, t), WK(y, ỹ, t), and W V (y, ỹ, t) be three kernels defined on Ωy × Ωy × [0, T ], and167
they will be learned from data as shown in LLM applications. See Appendix A for explanations168
of the physical meanings of x,y, u(x,y, t). For a given function u(x,y, t), we define integral169
transformations:170

Q(x,y, t;u) =
〈
WQ(·,y, t), u(x, ·, t)

〉
Ωy

=

∫
Ωy

WQ(ξ,y, t)u(x, ξ, t)dξ,(2.1)171

K(x,y, t;u) =
〈
WK(·,y, t), u(x, ·, t)

〉
Ωy

=

∫
Ωy

WK(ξ,y, t)u(x, ξ, t)dξ,(2.2)172

V (x,y, t;u) =
〈
W V (·,y, t), u(x, ·, t)

〉
Ωy

=

∫
Ωy

W V (ξ,y, t)u(x, ξ, t)dξ.(2.3)173

Here and later, we use ⟨·, ·⟩Ωy to denote L2 inner product on a given domain Ωy. Its induced174
norm will be denoted by ∥ · ∥Ωy . Functions Q and K will be used to generate attention scores,175
and V is used to extract features from u. When all these functions are discretized over a176
pixel-type grid over Ωx × Ωy, the discrete counterparts of these functions are represented by177
matrices and the discrete counterparts of the integral transformations are just standard matrix178
multiplications, see Section 3.4, especially formula (3.20). We compute the attention score by179

γ(x, x̃, t;u) = Softmax2

(
1√
|Ωy|

〈
Q(x, ·, t;u), K(x̃, ·, t;u)

〉
Ωy

)
,(2.4)180

where γ(x, x̃, t) is defined on Ωx×Ωx× [0, T ], Softmax2 represents the softmax function along181
the second dimension:182

Softmax2(a(x, x̃, t)) =
exp(a(x, x̃, t))∫

Ωx
exp(a(x, η, t))dη

.183

The output of the attention layer is then obtained by taking the inner product of the atten-184

tion score γ and the feature V :
〈
γ(x, ·, t;u), V (·,y, t;u)

〉
Ωx

. We emphasize that the first two185

integral transformations in (2.1)–(2.2) are used to generate the attention score γ(x, x̃, t;u) and186
the last integral transformation (2.3) will be used for feature extractions. All three integral187
kernels will be learned during training, see explanations later in this section.188
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2.3. Mathematical formulations for the Layer Normalization. The layer normalization189
[1] in the Transformer [46] and also many other neural networks [60, 57, 51, 7] can be mathe-190
matically described as a projection of a function to a set with given mean value σ1 and variance191
σ2
2. Define sets192

S1(σ1, σ2) =

{
u :

1

|Ωy|

∫
Ωy

u(x, ξ, t)dξ = σ1,193

1

|Ωy|

∫
Ωy

(u(x, ξ, t)− σ1)
2dξ = σ2

2

}
,(2.5)194

S2 = {u : u ≥ 0},(2.6)195

and their corresponding indicator functions196

IS1(σ1,σ2)(u) =

{
0 if u ∈ S1,

+∞ otherwise,
IS2(u) =

{
0 if u ∈ S2,

+∞ otherwise.
(2.7)197

Later, we shall show that layer normalization is just a projection of a function into the set198
S1(σ1, σ2), see Section 3.3.2 and the ReLU activation function is just a projection of a function199
to the set S2, see Section 3.3.3.200

2.4. The continuous Transformer. In addition to the control variables WQ(y, ỹ, t), WK(y, ỹ, t),201
W V (y, ỹ, t), let us also introduce control variables {Wj(ỹ,y, t)}Jj=1 on Ωy × Ωy × [0, T ], and202
b(x, t), bj(x, t) on Ωx×[0, T ]. We call the following continuous integral equation a Continuous203
Transformer:204 

ut =
〈
γ(x, ·, t;u), V (·,y, t;u)

〉
Ωx︸ ︷︷ ︸

I: attention

+ ∂IS1(σ1(t),σ2(t))(u)︸ ︷︷ ︸
II: layer normalization

+

J∑
j=1

(〈
Wj(·,y, t), u(x, ·, t)

〉
Ωy

+ bj(x, t)

)
+ ∂IS2(u)︸ ︷︷ ︸

III: fully connected network

, t ∈ (0, T ],

u(x,y, 0) = f(x,y).

(2.8)205

We shall show in the rest of this paper that the Transformer proposed in [46] is just a dis-206
cretization of this continuous Transformer. In (2.8), f is some initial state, T is a fixed time207
chosen by the user. Following conventions in the literature, we denote all the control variables208
as209

(2.9) θ =
{
WQ(x,y, t),WK(x,y, t),W V (x,y, t), {Wj(x,y, t), bj(x, t)}Jj=1, σ1(t), σ2(t)

}
.210

The Continuous Transformer is the mapping:211

(2.10) Nθ : f 7→ u(x,y, T ).212

In Section 3, we will discretize (2.8) by the operator-splitting method for the time variable213
and use a uniform grid for the spatial variables x,y. After discretization, the continuous214
Transformer becomes the Transformer proposed in [46]. In relation to this equivalence, the215
operations in the right-hand side of (2.8) can be classified into three sets:216
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• Operations in Set I correspond to attentions in Transformers. It computes the attention217
score γ(x, x̃, t;u) and applies it to the extracted features in V (x,y, t).218

• Operations in Set II correspond to layer normalization. For each token location x,219
it requires function u to have mean σ1 and variance σ2

2 along the y direction. In220
other words, for each token, the corresponding series is expected to have mean σ1 and221
variance σ2

2.222
• Operations in Set III correspond to feedforward networks with J layers. The first com-223

ponent corresponds to linear layers, each of which contains one linear transformation224
Wj and a bias bj . The second component corresponds to activation functions. This225
term projects u to S1, which can be realized by ReLU functions.226

2.5. The continuous control problem for learning. Our objective is to optimize θ so227
that given an input f(x,y), the control problem will drive u(x,y, T ) to a desired state v.228
Specifically, given a dataset {(ui, vi)}Bi=1, where ui is the input and vi is the target state, let229
ℓ(·, ·) be a loss function measuring the discrepancy between its arguments. Let θ,Nθ be as230
defined in (2.9)–(2.10), the training process with the loss function ℓ is in fact a process to231
optimize θ for the following minimization problem:232

min
θ

1

B

B∑
i=1

ℓ(Nθ(ui), vi).(2.11)233

This is essentially a PDE-constrained optimization problem of the following form:234

min
θ

1

B

B∑
i=1

ℓ(wi, vi), under constraint wi = Nθ(ui) solves the control problem (2.8).(2.12)235

3. Discretizations of the Continuous Problem. Following the idea of PottsMGNet [42],236
in this section, we use some proper operator splitting methods to discretize the time variable for237
(2.8). For a review about operator splitting methods, please refer to [12, 13, 14]. Specifically,238
we discretize the temporal domain of (2.8) by sequential splitting, c.f. [14, Sec. 2.2]. The239
number of sequential splittings corresponds to the number of layers in Transformers. Spatial240
discretization for x and y will be discussed in Section 3.4. The discretization of x determines241
the number of tokens in the input, and the discretization of y determines the size of the242
embedding vector for each token.243

3.1. The overall time discretization. Let {tn}Nt
n=0 be the set of time grids with time step

∆t = T/Nt. We denote the numerical solution of (2.11) at time tn by un. We will design a
numerical scheme to approximate Nθ. Specifically, for each tn, we design a discrete propagator
N̄ n propagating un−1 to un. Then, problem (2.8) is numerically approximated by

u(tNt) ≈ uNt = N̄Nt ◦ N̄Nt−1 ◦ · · · ◦ N̄ 1(f),

see Figure 1(b) for an illustration.244
In each N̄ n, time-discretized control variables θ will be used. We denote the control

variables used in N̄ n by θn. To show the dependence of N̄ n on the control variable θn, we will
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also use N̄ n
θn to denote the propagator N̄ n. From the following subsections, c.f. §3.4, we will

see that
θn = {WQ,n−1,WK,n−1,W V,n−1, {Wn−1

j , bn−1
j }Jj=1, σ

n−1
1 , σn−1

2 }.

Denote all of the discretized variables by θ̄, i.e. θ̄ = {θn}Nt
n=1. The whole evolution procedure245

from f to uNt by N̄θ̄, i,e, N̄θ̄ = N̄Nt

θNt
◦ N̄Nt−1

θNt−1 ◦ · · · ◦ N̄ 1
θ1 . Given a dataset {(ui, vi)}Bi=1, then246

the discrete training problem is to solve the following constrained optimization problem:247

min
θ̄

1

B

B∑
i=1

ℓ(N̄θ̄(ui), vi).(3.1)248

3.2. Time Discretizations by Operator Splitting Method. In the following sections, we249
illustrate our numerical scheme for propagator N̄ 1

θ1 . Propagator N̄ n
θn for n = 2, ..., Nt is exactly250

the same by replacing θ1 by θn. Our numerical scheme is designed based on operator splitting251
methods. For simplicity, we take ∆t = 1. It is often used in data analysis and image processing252
literature and is equivalent to changing the network parameters properly. In the following,253
with a slight abuse of notation, we denote the time-discretized version of any time-dependent254
function a(·, t) by an(·) := a(·, tn), where tn is the n-th time step. Using the Lie scheme [14,255
Sec. 2.2] as explained in Appendix C, given u0 = f , we compute u1 by M = 4 + J substeps:256
Substep 1: Solve u1/M from257

u1/M − u0 =
〈
γ0(x, ·;u0), V 0(·,y;u0)

〉
Ωx

.(3.2)258

Substep 2: Compute u2/M from259

u2/M − u1/M = ∂IS1(σ0
1 ,σ

0
2)
(u2/M ).(3.3)260

Substep 2+j : Compute u(2+j)/M sequentially for j = 1, ..., J from261

u(2+j)/M − u(1+j)/M =
〈
W 0

j (·,y), u(1+j)/M (x, ·)
〉
Ωy

+ b0j (x) + ∂IS2(u
(2+j)/M ).(3.4)262

Substep 3+J: Compute u(3+J)/M from263

u(3+J)/M =
1

2
(u(2+J)/M + u2/M )(3.5)264

Substep 4+J: Compute u1 from265

u1 − u(3+J)/M = ∂IS1(σ0
1 ,σ

0
2)
(u1)(3.6)266

Note that in (3.2)–(3.4) and (3.6), the left hand side u(k+1)/M − uk/M = u(k+1)/M−uk/M

∆t with267
∆t = 1 is the finite difference approximation of ut.268

Substep 1 to Substep (4+J) evolve u0 to u1 by sequentially passing it through all operators269
in (2.8), corresponding to all components in Transformer from input to output. Substep 1270
corresponds to the attention layer and the skip connection. Substep 2 corresponds to layer271
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normalization. Substep 3 to Substep (4+ J) correspond to the J layers in the fully connected272
network. Substep 3 + J corresponds to the skip connection after the fully connected network.273
The last substep corresponds to the final layer normalization. From here, we can already see274
that each substep in the Lie splitting scheme corresponds to one layer in the Transformer. In275
[46], it used J = 2 and thus M = 6. The different layers in the Transformer is just a sequential276
computation of the substep solutions:277

(3.7) u0 (input token) 7→ u1/6(attention) 7→ u2/6(normalization layer)278

7→ u3/6 and u4/6(fully connected layer with ReLU)279

7→ u5/6(skip connection layer) 7→ u1(normalization layer).280

3.3. Solutions to Each Subproblem. In the following, we supply the details for the solu-281
tion to each subproblem in the splitting scheme (3.2)–(3.6).282

3.3.1. Solution to Subproblem (3.2). We have283

u1/M =u0 +

∫
Ωx

Softmax2

(
1√
|Ωy|

〈
Q0(x, ·;u0), K0(η, ·;u0; )

〉
Ωy

)
V 0(η,y;u0)dη.(3.8)284

This step is a continuous version of the attention layer in [46]. It looks very simple and uses285
two integral transformations to get the attention score through a softmax operator. This score286
function has values between [0, 1] and it is multiplied with the V 0(η,y;u0), which are the287
extracted features from the input data through another integral transformation.288

3.3.2. Solution to Subproblem (3.3) and (3.6). For u2/M and u1 in problem (3.3) and289
(3.6), they are in the form of290

u− v = ∂IS1(σ1,σ2)(u)(3.9)291

for the given function v(x,y) and constants σ1, σ2. It is easy to derive that the solution u of292
(3.9) solves the following problem:293

u = argmin
ū∈S1(σ1,σ2)

1

2
∥ū− v∥2Ωy

.(3.10)294

This shows that u is a projection of v to the set S1(σ1, σ2). The following theorem gives a295
closed-form solution formula for u:296

Theorem 3.1. The solution to problem (3.10) is given as:297

u(x,y) =
v(x,y)− α(x)√

β(x)
σ2 + σ1,(3.11)298

with α(x; v) =
1

|Ωy|

∫
Ωy

v(x, ξ)dξ, β(x; v) =
1

|Ωy|

∫
Ωy

(v(x, ξ)− α(x))2dξ.(3.12)299
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Theorem 3.1 is proved in Appendix B. We remark that the expression (3.12) recovers the300
normalization layer in the continuous setting. According to Theorem 3.1, we see that the301
solutions u2/M and u(4+J)/M are explicitly given as:302

u2/M (x,y) =
u1/M (x,y)− α(x;u1/M )√

β(x;u1/M )
σ0
2 + σ0

1,(3.13)303

u1(x,y) =
u(3+J)/M (x,y)− α(x;u(3+J)/M )√

β(x;u(3+J)/M )
σ0
2 + σ0

1.(3.14)304

3.3.3. Solution to Subproblem (3.4). Problem (3.4) is a semi-implicit equation for u(2+j)/M .305
It can be solved exactly by the following sequential splitting306 ū(2+j)/M = u(1+j)/M +

〈
W 0

j (·,y), u(1+j)/M (x, ·)
〉
Ωy

+ b0j (x),

u(2+j)/M − ū(2+j)/M = ∂IS2(u
(2+j)/M ).

(3.15)307

The first equation in (3.15) is linear in ū(2+j)/M , corresponding to a linear layer in a feed-308
forward network in continuous settings. The second equation solves309

u(2+j)/M = argmin
v∈S1

∫
Ωx

∫
Ωy

|v − ū(2+j)/M |2dydx.(3.16)310

It is easy to see that its solution can be computed point-wisely:311

u(2+j)/M = max{ū(2+j)/M , 0} = ReLU(ū(2+j)/M ),(3.17)312

which corresponds ReLU activation. As a result, Substep 2+ j for j = 1, ..., J is a feedforward313
network layer activated by ReLU.314

3.4. Spatial Discretizations. In this subsection, we discretize the solution discussed in315
Section 3.3 spatially. We will show that after spatial discretizations, the splitting scheme316
(3.2)–(3.6) exactly recovers the Transformer architecture in [46].317

Suppose Ωx = [0, Lx], Ωy = [0, Ly]. We uniformly discretize Ωx,Ωy by Nx and Ny grids in
the x and y coordinates, respectively. For simplicity, we suppose Lx = Nx, Ly = Ny, leading
to discretization steps ∆x = Lx/Nx = 1, ∆y = Ly/Ny = 1, and the grids by xk = k,yk = k.
We use 1m to denote an m-dimensional vector with elements 1. For a matrix W ∈ RNx×Ny

and a vector b ∈ RNx , the matrix z = (W + b) ∈ RNx×Ny is computed so that

zk,l = Wk,l + bk.

This is an easy notation to add a vector to a matrix in the discrete setting. With the spatial318
discretizations above, we define the discrete integrals (sum) as319

∫
Ω̄x

fdx =

Nx∑
k=1

fk,

∫
Ω̄x

∫
Ω̄y

f(x,y)dxdy =

Nx∑
k=1

Ny∑
l=1

fk,l.(3.18)320
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For any functions v(x), w(x) defined on Ωx, denote their discrete counterpart by v,w. We321
denote the discretized inner product between v and w as322

〈
v,w

〉
Ω̄x

= v⊤w =

Nx∑
k=1

vkwk.(3.19)323

The discretized integrals and inner products ⟨·, ·⟩Ω̄y
and ⟨·, ·⟩Ω̄x×Ω̄y

are defined similarly.324

3.4.1. Computing the Discrete Solutions u1/M in (3.8). Before we discretize the formula325
(3.8), we first discretize some related quantities and operations. To compute the attention326
scores, we discretize the integral transformations as follows:327

Q0(u0) = u0WQ,0, K0(u0) = u0WK,0, V0(u0) = u0WV,0.(3.20)328

Here, u0 is in RNx×Ny and WQ,0,VQ,0,KQ,0 are in RNy×Ny , and the expressions such as329
u0WQ,0 represent standard matrix multiplications that yield new matrices in RNx×Ny . We330
emphasize that the multiplication used here is the conventional matrix product. For A =331
{ak,l}k,l ∈ RNx×Nx , the discretized version of Softmax2(A) is given as332

(Softmax2,dis(A))k,l =
exp(ak,l)∑Nx
l=1 exp(ak,l)

.(3.21)333

Then the updating formula (3.8) for u1/M in the discrete setting is334

u1/M = u0 + Softmax2,dis

(
Q0(u0)(K0(u0))⊤

)
V0(u0).(3.22)335

We emphasis again that this is exactly the attention layer in [46]. This is just a compact336
mathematical expression for it. All the matrices WQ,0,VQ,0,KQ,0 will be learned in the337
training process.338

3.4.2. Computing the Discrete Solutions u2/M and u(4+J)/M in (3.9). In Theorem 3.1,339
for any v = {vk,l}k,l ∈ RNx×Ny , we discretize α(x) and β(x) as340

αk(v) =
1

Ly

Ny∑
l=1

vk,l, βk(v) =
1

Ly

∑
l

(vk,l − αk(v))
2(3.23)341

for k = 1, ..., Nx. Then we compute the discrete solutions u2/M and u(4+J)/M as342

u
2/M
k,l = σ0

2

u
1/M
k,l − αk(u

1/M )√
βk(u1/M )

+ σ0
1,(3.24)343

u
n+(4+J)/M
k,l = σ0

2

u
(3+J)/M
k,l − αk(u

(3+J)/M )√
βk(u(3+J)/M )

+ σ0
1,(3.25)344

for k = 1, ..., Nx and l = 1, ..., Ny.345
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(a)

Input Attention Layer
Normalization

Feedforward
Network

Layer
Normalization

Output

(b)

Figure 1. (a) Illustration of the discretized operator-splitting scheme (3.2)–(3.6). (b) Illustration of the
whole evolution.

3.4.3. Computing the Discrete Solutions u(3+J)/M in (3.5). For u(3+J)/M , its discrete346
analogue is computed as347

u(3+J)/M =
1

2
(u(2+J)/M + u2/M ).(3.26)348

3.4.4. Computing the Discrete Solutions u(2+j)/M in (3.15). In (3.15), we first compute349

ū(2+j)/M = u(1+j)/M + u(1+j)/MW0
j + b0j ,(3.27)350

and then update351

u(2+j)/M = ReLU(ū(2+j)/M ).(3.28)352

The structure of the discretized scheme (3.2)–(3.6) is illustrated in Figure 1(a), and it exactly353
recovers the well-known Transformer architecture introduced in [46], see the next section for354
detailed explanations.355

4. Mathematical Explanations of Transformers.356

4.1. Connections to Transformer Encoder in [46]. Transformer architecture was first357
proposed in [46] for natural language processing. After time and spatial discretization, our358
splitting scheme recovers the well-known Transformer with single-head attention in [46]. We359
supply the details of the explanations in the following. Let us first show that one iteration360
u0 → u1 realizes one Transformer block:361

• Input u0: With our discretization, u0 ∈ RNx×Ny . It is an input with Nx tokens. Each362
token is represented as an integer-vector with Ny numbers.363
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• Scaled dot-product attention: Equation (3.22) is a single head attention with a skip364
connection. The second term in the right-hand side of (3.22) is a single-head attention365
with query matrix Q0, key matrix K0 and value matrix V0, whose weight matrices are366
WQ,0,WK,0 and WV,0, respectively. It recovers the single-head attention in [46]. The367
first term in the right-hand side is a skip connection, adding together the input and368
output of attention.369

• Layer normalization: Equation (3.24)–(3.25) perform layer normalization. For each370
token, (3.24)–(3.25) normalize the input along the embedding direction to have mean371
σ1 and variance σ2

2.372
• Position-wise feedforward network: Equation (3.27)–(3.28) realizes a feedforward net-373

work with J layers activated by ReLU. In particular, (3.27) can be rewritten as374

ū(2+j)/M = u(1+j)/M (I+W0
j ) + b0j ,375

where I denotes the identity matrix. It is a linear layer with weight matrix (I+W0
j )376

and bias b0j . Set J = 2. Equation (3.27)–(3.28) recovers the feedforward network in377
[46].378

• Skip connection: Equation (3.26) is a relaxation step in the splitting scheme. It realizes379
the skip connection by averaging the input and output of the feedforward network.380

The discussion above shows that one time step of the splitting scheme supplied in Section381
3.2 realizes the Transformer of [46]. In Section 3.2, the time domain is discretized into Nt382
time steps. Thus, the whole operator-splitting scheme is equivalent to compositions of Nt383
Transformer blocks. Since the learnable variables θn = {WQ,n,WK,n,WV,n, {Wn

j , b
n
j }Jj=1}384

depends on time, they are different for different time steps. Setting Nt = 6 recovers the385
architecture in [46]. Furthermore, solving (3.1) for the control variables is equivalent to training386
the network.387

4.2. Connections to ViT in [8]. Based on the Transformer encoder in [46], vision Trans-388
former (ViT) was proposed in [8] for image classification. In ViT, each image is cropped389
into patches, each of which is taken as a token. ViT has a similar architecture as the Trans-390
former encoder in [46], except that it has an additional input embedding layer with learnable391
parameters, and a linear layer at the end for output.392

In order to use (3.2)–(3.6) to provide a mathematical explanation of ViT, we need to393
incorporate the additional embedding layer and last linear layer with our algorithm. It can be394
easily done by introducing data-driven data pre-processing and post-processing steps. For the395
additional input embedding, we design a pre-processing step to generate the initial condition396
f . Consider the discrete setting. Denote R ∈ R(Nx−1)×D as the collection of (Nx − 1) patches397
of an image, where each row of R corresponds to one flattened patch of dimension D. Let398
E ∈ RD×Ny be an embedding matrix and v0 ∈ R1×Ny be a vector where both are learnable.399
The vector v0 represents the extra learnable embedding. We generate u0 as400

u0 = F (R) =

[
v0

RE

]
.(4.1)401

The last linear layer in ViT can be taken as a data post-processing. For any u ∈ RNx×Ny and402
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weight matrix B ∈ RNy×d. Define403

G(B;u) =
[
1 01×(Nx−1)

]
uB,(4.2)404

where 01×(Nx−1) is a zero vector of size (Nx − 1). Let θ̄, N̄ be defined as in Section 3.1. We
denote

θ̃ = {θ̄,v0,E,B}

as the collection of all learnable parameters. With the data pre- and post-processing, we define405
the whole operation406

N̄ViT
θ̃

= G ◦ N̄ ◦ F.(4.3)407

One can readily check that N̄ViT
θ̃

recovers the ViT in [8]. Given a dataset {(ui,vi)}Bi=1, we408
learn all parameters by solving409

min
θ̃

1

B

B∑
i=1

ℓ(N̄ViT
θ̃

(ui),vi),(4.4)410

which is equivalent to training a ViT.411

5. Multi-Head Attention. As discussed in Section 4, the proposed splitting scheme for412
problem (2.8) is the Transformer architecture with one-head attention. In this section, we413
extend (2.8) and splitting scheme (3.2)–(3.6) so that it realizes multi-head attention.414

5.1. Control Problem with Continuous Head Dimension. We first consider a continuous-415
head setting. After discretizations, we will show that it recovers multi-head attention. In the416
continuous-head setting, we take head as an additional dimension. To accommodate the new di-417
mension, we update the definition of WQ,WK ,W V to WQ(y, ỹ, h, t),WK(y, ỹ, h, t),W V (y, ỹ, h, t)418
on Ωy × Ωy × Ωh × [0,+∞), where h is the variable for the head dimension with domain Ωh.419
Similar to (2.1)–(2.3), we define420

Q(x,y, h, t;u) =
〈
WQ(·,y, h, t), u(x, ·, t)

〉
Ωy

,421

K(x,y, h, t;u) =
〈
WK(·,y, h, t), u(x, ·, t)

〉
Ωy

,422

V (x,y, h, t;u) =
〈
W V (·,y, h, t), u(x, ·, t)

〉
Ωy

.(5.1)423

We update γ(x, x̃, t;u) in (2.4) to424

γ(x, x̃, h, t;u) = Softmax2

(
1√
|Ωy|

〈
Q(x, ·, h, t;u),K(x̃, ·, h, t;u)

〉
Ωy

)
.(5.2)425
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The control problem (2.8) is updated to426 

ut =

∫
Ωh

〈
γ(x, ·, h, t;u), V (·,y, h, t;u)

〉
Ωx

dh︸ ︷︷ ︸
I-a: attention

+ ∂IS1(σ1,σ2)(u)︸ ︷︷ ︸
II: layer normalization

+
J∑

j=1

(〈
Wj(·,y, t), u(x, ·, t)

〉
Ωy

+ bj(x, t)

)
+ ∂IS2(u)︸ ︷︷ ︸

III: fully connected network

for t ∈ (0, T ],

u(x,y, 0) = f(x,y).

(5.3)427

Compared to (2.8), problem (5.3) replace I by I-a, which introduces an additional integral with428
respect to h.429

5.2. Time Discretizations Through Operator-Splitting Method. The time discretiza-430
tions and operator-splitting scheme for problem (5.3) are the same as those for problem (2.8)431
except that we update Substep 1 to432

u1/M − u0 =

∫
Ωh

〈
γ0(x, ·, h;u0), V 0(·,y, h;u0)

〉
Ωx

dh,(5.4)433

whose solution is given as434

u1/M =435

u0 +

∫
Ωh

∫
Ωx

Softmax2

(
1√
|Ωy|

〈
Q0(x, ·, h;u0),K0(η, ·, h;u0; )

〉
Ωy

)
V 0(η,y, h;u0)dηdh.

(5.5)

436

5.3. Discrete Solutions of u1/M in (5.5). Suppose Ωh = [0, Lh]. In addition to the437
spatial discretization discussed in Section 3.4, we discretize the head domain into Nh grids.438
For simplicity, we suppose Lh = Nh.439

For function WK,0(y, ỹ, h), we denote WQ,0
k,l,m = WQ,0(k, l,m),WQ,0

m = {WQ,0
k,l,m}k,l ∈440

RNy×Ny and WQ,0 = {WQ,0
m }m ∈ RNy×Ny×Nh . We define WK,0,WV,0 similarly. We de-441

note the discretized integral transformation in the updated attention score as442

Q0
m(u0) = u0WQ,0

m , K0
m(u0) = u0WK,0

m , Vn
m(u0) = u0WV,0

m ,443

and denote Q0(u) = {Q0
m(u0)}m, K0(u0) = {K0

m(u0)}m, V0(u0) = {V0
m(u0)}m ∈ RNx×Ny×Nh .444

The inner product
〈
Q0(x, ·, h;u0),K0(x̃, ·, h;u0)

〉
Ωy

is discretized as445 〈
Q0

m(u0),K0
m(u0)

〉
Ω̄y

= Q0
m(u0)(K0

m(u0))⊤.(5.6)446

Then the updating formula (5.5) for u1/M is discretized as447

u1/M = u0 +

Nh∑
m=1

Softmax2,dis

(
1√
Lx

Q0
m(u0)(K0

m(u0))⊤
)
V0

m(u0).(5.7)448
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5.4. Connections to Transformers. Similar to the discussion in Section 4, with (5.7), the449
operator-splitting scheme for the control problem (5.3) realizes Nt encoder time steps in [46]450
with multi-head attention. To show this, we only need to demonstrate the equivalence between451
(5.7) and the multi-head attention.452

The second term in the right-hand side of (5.7) sums over the embedding dimension and453
head dimension. It is a multi-head attention with query matrix Q0, key matrix K0 and value454
matrix V0, whose weight matrices are WQ,0,WK,0 and WV,0, respectively.455

6. Convolution Transformers for Video and Image Problems. Image and video data456
inherently possess rich local spatial structures, which have been effectively exploited by con-457
volutional neural networks (CNNs) [37]. Convolutions serve as a powerful mechanism for458
capturing spatially localized patterns, making them especially well-suited for data defined on459
Cartesian grids.460

In contrast, Transformer architectures were originally developed for language processing,461
where the data—represented by functions such as u(x,y, t)—often lack explicit spatial struc-462
ture, as in the case of sentences or token sequences. For such unstructured data, attention-463
based mechanisms leveraging general integral transforms offer a flexible and effective modeling464
tool.465

However, when applying Transformers to structured data such as images, videos, or other466
signals on regular grids, it has been shown that convolutional operations are significantly more467
efficient for feature extraction. This is due to their locality, weight sharing, and computational468
efficiency. Notably, convolutions can be interpreted as a special class of integral transformations469
with translation-invariant kernels and localized support.470

Thanks to the integral formulation of the Q, K, and V operators in our framework (Sec-471
tions 2–3), it becomes straightforward to specialize these operators to convolutions. This al-472
lows our model to seamlessly incorporate convolutional structures, thereby leveraging domain-473
specific inductive biases and enhancing computational performance when applied to grid-474
structured data.475

6.1. Convolution Transformers. We discuss the case for grayscale images. The framework476
can be extended to color images and videos by introducing additional variables to u.477

We consider functions of interest u(x,y, t) where x ∈ Ωx ⊂ R is the index of tokens (image478
patches), y ∈ Ωy ⊂ R2 are variables for spatial domain (indices of pixel location), and t is the479
time. For each token and any fixed time t, u is a two-dimensional image.480

In this setting, we define WQ(y, t),WK(y, t),W V (y, t) ∈ Ωy × [0,+∞) as convolution481
kernels. Operations Q,K, V are defined by covolution as482

Q(x,y, t;u) = WQ(·, t) ∗ u(x, ·, t) =
∫
Ωy

WQ(ξ, t)u(x,y − ξ, t)dξ,483

K(x,y, t;u) = WK(·, t) ∗ u(x, ·, t) =
∫
Ωy

WK(ξ, t)u(x,y − ξ, t)dξ,484

V (x,y, t;u) = W V (·, t) ∗ u(x, ·, t) =
∫
Ωy

W V (ξ, t)u(xb,y − ξ, t)dξ.(6.1)485

This manuscript is for review purposes only.



A MATHEMATICAL EXPLANATION OF TRANSFORMERS 17

The score function is computed as486

γ(x, x̃, t;u) = Softmax2

(
1√
|Ωy|

∫
Ωy

Q(x, ξ, t;u)K(x̃, ξ, t;u)dξ

)
,(6.2)487

and the output of the attention layer is then given by:
〈
γ(x, ·, t;u), V (·,y, t;u)

〉
Ωx

.488

With the modification above, scheme (3.2)–(3.4) gives rise to convolutional Transformer.489
Solvers discussed in Section 3.3 can still be used to solve subproblems in the new scheme.490

6.2. Connections to CvT in [50]. Convolutional vision Transformer (CvT) [50] incorpo-491
rates Vit with convolutional neural networks (CNN), which utilizes both image local spatial492
structures (by CNN) and global contexture (by Transformer). CvT consists of two compo-493
nents, convolutional token embedding and convolutional Transformer block. The convolution494
Transformer discussed in Section 6.1 realizes a one-head CvT with one stage and without495
convolutional token embedding.496

In fact, the convolutional token embedding is an additional convolution layer. Our operator-497
splitting scheme can be easily revised to accomodate this layer. Let WC(x,y, t) be a convolu-498
tion kernel and bC(x, t) be a bias term. We consider the following control problem499



ut =
〈
γ(x, ·, t;u), V (·,y, t;u)

〉
Ωx︸ ︷︷ ︸

I: attention

+ ∂IS1(σ1(t),σ2(t))(u)︸ ︷︷ ︸
II: layer norml.

+WC(·, t) ∗ u(x, ·, t) + bC(x, t)︸ ︷︷ ︸
IV: conv. token embedding

+

J∑
j=1

(〈
Wj(·,y, t), u(x, ·, t)

〉
Ωy

+ bj(x, t)

)
+ ∂IS2(u)︸ ︷︷ ︸

III: fully connected network

, t ∈ (0, T ],

u(x,y, 0) = f(x,y),

(6.3)

500

where the score function γ is computed as discussed in Section 6.1. For the operator-splitting501
scheme (3.2)–(3.4), we add two additional substeps before (3.2). Given u0, we compute u1 by502
M = 6 + J substeps:503
Substep 1: Solve ũ1/M from504

u1/M − u0 = WC,0(·) ∗ u0(x, ·) + bC,0(x).(6.4)505

Substep 2: Compute u2/M from506

u2/M − u1/M = ∂IS1(σ0
1 ,σ

0
2)
(u2/M ).(6.5)507

The remaining intermediate variables u3/M , ..., u1 can be computed via (3.2)–(3.4), respec-508
tively. In spatial discretization, Nx corresponds to the number of tokens, i.e., the number of509
channels in CvT. Equipped with data pre- and post-processing as discussed in Section 4.2, the510
discretized new operator splitting scheme recovers a one-head one-stage CvT.511
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For a K-stage CvT, the number of tokens changes from stage to stage. This property512
can be realized by incorporating the new operator-splitting scheme with a hybrid splitting513
scheme [42]. Specifically, we need to define K convolution kernels and a bias for convolutional514
token embedding. Based on the multigrid idea, these kernels are discretized at different scales,515
corresponding to various numbers of tokens.516

7. Conclusion. In this paper, we have introduced a novel operator-theoretic framework517
that interprets the Transformer architecture as a discretized operator-splitting scheme for518
a continuous integro-differential equation. Within this formulation, core components of the519
Transformer—such as self-attention, layer normalization, and feedforward networks—are rig-520
orously derived as substeps in a structured variational process and operator-splitting tech-521
niques. This approach establishes a unified mathematical foundation that applies broadly to522
Transformer-based models, including the original Transformer [46], Vision Transformer (ViT)523
[8], and Convolutional vision Transformer (CvT) [50]. By bridging deep learning architectures524
with continuous mathematical modeling, our framework advances theoretical understanding525
and offers a principled pathway for the design, analysis, and control of future neural architec-526
tures. We believe this perspective will stimulate further developments in both the theoretical527
analysis and practical refinement of attention-based models.528

Appendix.529

Appendix A. Explanation of the variables for Transformers. The input to the Trans-530
former model is usually a sequence. In the context of language processing, the input is usually531
sentences. Transformers do not process raw text directly. Instead, they break sentences into532
tokens. A token can be a word (e.g., "hello"), a subword (e.g., "multi" + "grid" = "multigrid"),533
or even a single character. Then, each different token is transformed into unique embedding534
vectors through an embedding layer. The way text is tokenized affects how efficiently a model535
understands language.536

For example, we have an input sentence "Life is like a boat", and we treat each word as a
token. The embedding layer would transform each token into a 512-dimensional vector. Then,
the input sentence is represented by a matrix U of size 5× 512:

Life is like a boat︸ ︷︷ ︸
Input sentence

→ ["Life","is","like","a","boat"]︸ ︷︷ ︸
Tokens

→ U =


Embedding("Life")
Embedding("is")

Embedding("like")
Embedding("a")

Embedding("boat")


︸ ︷︷ ︸

Embedded matrix

.

In general, a sentence of Nx tokens with Ny-dimensional embedding would be transformed into537
a matrix U of size Nx×Ny. This matrix U can be viewed as the discretization of a continuous538
function u(x,y, t) : Ωx × Ωy → R × [0, T ), where Ωx and Ωy are continuous domains, on539
a structured grid of size Nx × Ny. Here, the variable x indicates the position of tokens, y540
indicates the entry of token vectors, and t indicates the time variable. The embedded matrix541
U is fed into the Transformer model and updated by attention layers.542

Appendix B. Proof of Theorem 3.1.543
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Proof of Theorem 3.1. Problem (3.10) can be rewritten as544 
u(x,y) = argminū

1
2∥ū− v∥2Ωy

,
1

|Ωy |
∫
Ωy

u(x, ξ)dξ = σ1,
1

|Ωy |
∫
Ωy

(u(x, ξ)− σ1)
2dξ = σ2

2.

(B.1)545

Introducing Lagrange multipliers λ1, λ2, the minimizers for the above problem satisfy:546 
(u− v) + λ1

|Ωy | +
2λ2
|Ωy |(u− σ1) = 0,

1
|Ωy |

∫
Ωy

u(x,y)dy = σ1,
1

|Ωy |
∫
Ωy

(u(x,y)− σ1)
2dy = σ2

2.

(B.2)547

Integrate the first equation over y gives rise to548

0 =

∫
Ωy

u(x, ξ)dξ −
∫
Ωy

v(x, ξ)dξ + λ1 = |Ωy|σ1 −
∫
Ωy

v(x, ξ)dξ + λ1,(B.3)549

implying that550

λ1 =

∫
Ωy

v(x, ξ)dξ − |Ωy|σ1.(B.4)551

Multiply the first equation in (B.2) by (u− σ1) and then integrate over y gives rise to552 ∫
Ωy

(u(x, ξ)− v(x, ξ))(u(x, ξ)− σ1)dξ + 2λ2σ
2
2 = 0,(B.5)553

from which we deduce554 ∫
Ωy

(u2(x, ξ)− u(x, ξ)σ1)dξ −
∫
Ωy

v(x, ξ)(u(x, ξ)− σ1)dξ + 2λ2σ
2
2 = 0.(B.6)555

Note that556

(B.7)
∫
Ωy

(u2(x, ξ)− u(x, ξ)σ1)dξ =

∫
Ωy

(u2(x, ξ)− 2u(x, ξ)σ1 + σ2
1)dξ557

=

∫
Ωy

(u(x, ξ)− σ1)
2dξ = |Ωy|σ2

2.558

Substituting (B.7) into (B.6) gives559

λ2 = −|Ωy|
2

+

∫
Ωy

v(x, ξ)(u(x, ξ)− σ1)dξ

2σ2
2

.(B.8)560

Substituting (B.4) and (B.8) into the first equation of (B.2), we get561

0 =(u− v) +
λ1

|Ωy|
+

2λ2

|Ωy|
(u− σ1)562
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=(u− v) +
1

|Ωy|

∫
Ωy

v(x, ξ)dξ − σ1 +

(
−1 +

∫
Ωy

v(x, ξ)(u(x, ξ)− σ1)dξ

|Ωy|σ2
2

)
u563

−

(
−1 +

∫
Ωy

v(x, ξ)(u(x, ξ)− σ1)dξ

|Ωy|σ2
2

)
σ1564

=

∫
Ωy

v(x, ξ)(u(x, ξ)− σ1)dξ

|Ωy|σ2
2

(u− σ1)− v +
1

|Ωy|

∫
Ωy

v(x, ξ)dξ.(B.9)565

We have566 ∫
Ωy

v(x, ξ)(u(x, ξ)− σ1)dξ

|Ωy|σ2
2

(u− σ1) = v − 1

|Ωy|

∫
Ωy

v(x, ξ)dξ.(B.10)567

Define α(x), β(x) as in Theorem 3.1. We claim that the solution to (B.10) is given as568

u =
v − α√

β
σ2 + σ1.(B.11)569

To verify it, note that (B.11) can be rewritten as570

u− σ1
σ2

=
v − α√

β
.(B.12)571

Utilizing (B.12), we deduce572 ∫
Ωy

v(x, ξ)(u(x, ξ)− σ1)dξ

|Ωy|σ2
2

(u− σ1)573

=
1

|Ωy|

(∫
Ωy

v(x, ξ)
(u(x, ξ)− σ1)

σ2
dξ

)
u− σ1
σ2

574

=
1

|Ωy|

(∫
Ωy

v(x, ξ)
(v(x, ξ)− σ1)√

β
dξ

)
v − σ1√

β
575

=
1

|Ωy|β

(∫
Ωy

[v2(x, ξ)− 2σ1v(x, ξ) + σ2
1]dξ

)
(v − σ1)576

=
1

|Ωy|β

(∫
Ωy

(v(x, ξ)− σ1)
2dξ

)
(v − σ1)577

=
1

|Ωy|β
(|Ωy|β)(v − σ1)578

=v − 1

|Ωy|

∫
Ωy

v(x, ξ)dξ,(B.13)579

where the second equality follows from (B.12). The derivation above verifies that (B.11) is the580
solution to (B.10).581
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Appendix C. An Introduction to Operator Splitting Schemes.582
Operator-splitting methods decompose a complicated time-evolution problem into several583

substeps so that each substep can be solved efficiently. Consider the evolution equation584 {
ut +

∑K
k=1Ak(t;u) = 0 in Ω× (0, T ],

u(0) = u0,
(C.1)585

where Ak(t;u)’s are operators applied on u. Denote tn = n∆t. Given un, there are three types586
of splitting strategies to compute un+1.587

Sequential Lie scheme [14, Sec. 2.2] decomposes this computation into K sequential sub-588
steps. Given un, one computes un+1 as follows:589
For k = 1, ...,K, solve590 {

ut +Ak(t;u) = 0 in Ω× (tn, tn+1],

u(tn) = un+(k−1)/K ,
(C.2)591

and set un+k/K = u(tn+1).592
Parallel splitting [32] decomposes the computation into K parallel substeps:593

For k = 1, ...,K, compute594 {
vt +KAk(t; v) = 0 in Ω× (tn, tn+1],

v(tn) = un,
(C.3)595

and set vk = u(tn+1). Then compute

un+1 =
1

K

K∑
k=1

vk.

Hybrid splitting [42] is a combination of sequential and parallel splitting, which decomposes596
the computation into sequential substeps, each of which contains several parallel substeps.597

Substep (C.2) and (C.3) can be solved by one-step explicit or implicit scheme. For example,598
(C.2) can be solved by599

un+k/K − un+(k−1)/K

∆t
+Ak(u

n+k/K) = 0 or
un+k/K − un+(k−1)/K

∆t
+Ak(u

n+(k−1)/K) = 0.600

Our scheme in Section 3.2 is a sequential splitting scheme, in which (3.2) uses explicit scheme,601
and (3.3) and (3.6) use implicit scheme. Substep (3.4) is semi-implicit, which is slightly602
different from others. In fact, (3.4) is a composition of two substeps, as it is solved by another603
sequential splitting (3.15). In (3.15), the first substep is explicit and the second one is implicit.604

It can be shown that with proper conditions, all three strategies are first-order accurate605
schemes for the evolution equation.606
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