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Abstract

In ground-based astronomy, Adaptive Optics (AO) is a pivotal technique, engineered to
correct wavefront phase distortions and thereby enhance the quality of the observed images.
Integral to an AO system is the wavefront sensor (WFS), which is crucial for detecting
wavefront aberrations from guide stars, essential for phase calculations. Many models
based on a single-WFS model have been proposed to obtain the high-resolution phase of
the incoming wavefront. In this paper, we delve into the realm of multiple WFSs within the
framework of state-of-the-art telescope setups for high-resolution phase reconstruction. We
propose a model for reconstructing a high-resolution wavefront from a sequence of wavefront
gradient data from multiple WFSs in a multi-frame post-processing setting. Our model is
based on the turbulence statistics and the Taylor frozen flow hypothesis, incorporating
knowledge of the wind velocities in atmospheric turbulence layers. We also introduce an H2

regularization term, especially for atmospheric characteristics under von Karman statistics,
and provide a theoretical analysis for H2 space within H11/6. Numerical simulations are
conducted to demonstrate the robustness and effectiveness of our regularization term and
multi-WFS reconstruction strategy under identical experimental conditions.

1 Introduction

In ground-based astronomy, images of objects in outer space are acquired by ground-based
telescopes. However, the Earth’s atmosphere consists of regions with varying temperatures and
densities, causing a different index of refraction [55]. As light passes through these regions,
it gets distorted, resulting in blurred images on the telescope. This image formation can be
modeled mathematically as

g(x, y) =

∫
R2

k(x− ξ, y − η)f(ξ, η) d(ξ, η), (1)

where f(x, y) is the actual object being viewed in outer space, g(x, y) is the observation of f(x, y)
captured by a ground-based telescope, k(x, y) is the point spread function (PSF) associated
with atmospheric turbulence, characterizing the blurring effects [30]. Once the observation g is
acquired, the essential information for assessing the sharpness of the image quality is the PSF.

The PSF, in the absence of atmospheric effects, is determined solely by the telescope aperture
[20]. However, in the presence of atmospheric turbulence, wavefront aberrations distort the PSF,
which in turn enables the prediction of light behavior by analyzing the wavefront phase in the
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pupil space [35]. Following a Fourier optics model [2, 19], the PSF can be written as a function
of the incoming wavefront:

k(x, y) =
∣∣F−1

(
W (x, y)eιϕ(x,y)

)∣∣2 , (2)

where F denotes the Fourier transform and F−1 represents its inverse, W (x, y) is the indicator
function describing the telescope aperture function (taking the value 1 inside the aperture and
0 otherwise), ι =

√
−1 and ϕ(x, y) is the phase of the incoming wavefront.

To obtain the wavefront, modern ground-based telescopes use Adaptive Optics (AO) systems
to indirectly obtain ϕ(x, y) by the wavefront gradient measured by a wavefront sensor (WFS)[15,
32]. The WFS is a critical component engineered to measure the wavefront [55]. For our
discussion, we assume the implementation of an AO system with a Shack-Hartmann WFS [29,
38]. The Shack-Hartmann WFS consists of multiple lenslets, each focusing on the corresponding
part of the wavefront. Every lenslet corresponds to one subaperture and focuses the wavefront
beam onto the detector. By analyzing the position of the focus relative to the planar wavefront
focus, the offset information of the wavefront in the horizontal and vertical directions is obtained
(see Fig. 1), which relates to the x and y components of the WFS. It is the horizontal and
vertical wavefront gradient, the measurements of the WFS (see Fig. 2).

Fig. 1: Working principle of Shack Hartman WFS. The offsets si,j,x and si,j,y are the horizontal
and vertical wavefront gradients detected by the subaperture on the i-th row and j-th column
respectively.

Fig. 2: Visualization of WFS observations: the horizontal wavefront gradient (left), and the
vertical wavefront gradient (right).

An AO system is designed to compensate for the distortions of the incoming phase caused
by atmospheric turbulence and thereby make the observed images sharper. This correction is
typically achieved by adjusting the surface of a so-called deformable mirror (DM). However, due
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to various physical limitations and operational delays (such as the acquisition of measurements
by the WFS and the update of the DM), these distortions caused by atmospheric turbulence can
never be entirely corrected. As a consequence, we focus on reconstructing the wavefront phase
from wavefront gradients to compensate for the missing information that the AO system can
not correct. This process typically incorporates a time-averaged approach, as the exposure time
for a single astronomical science image is considerably longer than the frame rate of the WFS.

In this paper, we propose a method to reconstruct wavefronts over multiple consecutive time
steps with multiple WFSs at a finer resolution than that provided by the WFS measurements.
Rather than targeting real-time adaptive optics control as, e.g., in [28, 27], our method is
formulated as a post-processing framework, enabling the joint exploitation of sequential WFS
measurements over multiple time steps. In particular, we reconstruct the residual wavefront
after AO correction. These reconstructions can then be used to improve quality metrics for
the observed images, e.g., through using them as input to methods for PSF reconstruction
as in [52, 54, 53]. In particular, our method could serve as pre-processing step to running a
PSF reconstruction pipeline as, e.g., in [21, 39]. Our approach integrates a sequence of WFS
measurements while accounting for atmospheric shifts caused by the wind. Specifically, we
model these shifts using a motion matrix. The down-sampling operator between the different
grids, along with the telescope aperture mask, results in an ill-posed system of linear equations
that must be solved. To ensure a stable solution, we incorporate a penalty term based on the
statistical properties of atmospheric turbulence.

The remainder of this paper is structured as follows: In Section 2, we model our problem
using motion matrices between different WFS frames and taking multiple WFSs into account.
We recall some mathematical preliminaries in Section 3 and formulate the system of linear
equations to be solved. We perform different tests and compare our approach to the other
existing methods in Section 4.

2 Problem modeling

When incorporating multiple WFSs into the model, we simultaneously capture data from
multiple regions within each time step, while also considering multiple time steps. In this
chapter, we develop our model to utilize all detection information from multiple WFSs across
consecutive time steps.

2.1 WFS model

Several recent developments in super-resolution wavefront reconstruction have leveraged simul-
taneous multi-WFS measurements, where the different guide-star geometries provide naturally
shifted sampling patterns that enable super-resolution within a single time step [17, 27]. Using
WFS rotation to achieve a form of natural super resolution has also been proposed as an auxil-
iary reconstruction strategy [12, 13]. These approaches, while effective, rely on instantaneous
multi-view information. In addition, our method exploits temporal diversity by combining
measurements over multiple time steps, achieving super-resolution through a multi-time-step
post-processing framework.

Let us start with the model setup. The exact number of WFS units on the telescope may
vary depending on the instrument configurations and observational requirements. Throughout
this paper, we denote the number of WFSs employed by P and use small p, p = 1, . . . P , to
represent the p-th WFS. In addition, WFS measurements are taken repeatedly at discrete time
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steps t, t = 1, 2, . . . , T , with T representing the total number of time steps. The system operates
with a system-dependent time step, ∆t, typically in the millisecond range.

Due to physical limitations, the subaperture size must be large enough to facilitate adequate
light absorption for proper device functionality. This enlargement ultimately leads to a sub-
stantially limited resolution. Consequently, in the observation process, the WFS discretizes the
continuous wavefront information into subaperture-based units. To represent this mathemati-
cally, the WFS is modeled as an operator Γ = (Γx,Γy)

T : H11/6(Ω) → Rn2×2 as in [22], which
maps the phase onto its discretized subaperture-based n× n units, i.e.,[

s′x
s′y

]
=

[
Γx

Γy

]
ϕ+ η, (3)

where s′x and s′y are the measurements of WFS, and η models the noise.
While the continuous framework provides the theoretical basis for wavefront reconstruction,

we adopt a high-resolution discrete approach in our simulations to approximate the continuous
conditions. We accordingly introduce the operator R : Rnk×nk → Rn×n, where k ∈ N, which acts
as a down-sampling operator. The operator R operates on the high-resolution wavefront data
to estimate the continuous wavefront function and maps it to its discretized subaperture-based
units. Additionally, we use discretized derivative operators D = [Dx, Dy]

T : Rn×n → R2×n2
to

differentiate the high-resolution phase in both horizontal and vertical directions, discretizing the
function of Γ.

Moreover, the telescope aperture shape determines the extent of the observable region,
confining it to the aperture boundary. To account for this, we include an indicator matrix W :
R2n×n → R2n×n, which grabs the aperture area. Thus, the actual WFS should be modeled
as a compound operator Rnk×nk → R2×n2

, reflecting the mapping from ϕ onto the wavefront
gradient, which has a low resolution:[

spx,t
spy,t

]
= W

[
Dx

Dy

]
Rϕp

t + ηp
t = WDRϕp

t + ηp
t , (4)

where ϕp
t , s

p
x,t and spx,t represent the high-resolution phase and the wavefront gradients in the

horizontal and vertical directions, respectively, detected by the p-th WFS at time step t. Here,
Rϕp

t can be viewed as a joint representation of the phase on a coarse grid, where each pixel
corresponds to a subaperture on the WFS detector. The pixels on the coarse grid are employed
to estimate the signals detected by individual subaperture.

At this point, we have completed the mapping from the high-resolution phase to the WFS
gradient detection. We aim to solve the inverse problem, i.e., to reconstruct the high-resolution
phase ϕp

t . Since we want to include multiple WFSs and detection over a period of time in our
model, establishing the relationship between all detection points is crucial. Similar approaches
have been proposed in the literature [28, 27], but they primarily focused on real-time execution
rather than multi-time-step post-processing. In the following sections, we will focus on building
and analyzing this relationship.

2.2 Multi-WFS model

Modern telescopes like the Extremely Large Telescope (ELT) of the European Southern Obser-
vatory (ESO) do not only accommodate Single Conjugate Adaptive Optics (SCAO) systems,
featuring one wavefront sensor and one deformable mirror, but also Multi Conjugate Adaptive
Optics (MCAO) systems containing multiple WFSs and multiple deformable mirrors. The goal
of an MCAO system is the reconstruction of the turbulence distribution above the telescope in
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Fig. 3: An exaggerated illustration of the multi-WFS model to show the relationship clearly:
The orange line represents the information related to WFS 1, while the green line depicts the
information associated with the p-th WFS. Here δp denotes the inherent distance, i.e., the
distance between ϕ1

t and ϕp
t , and δt indicates the extrinsic distance, i.e., the distance between

ϕp
1 and ϕp

t .

order to use the deformable mirrors to correct the image over a larger field of view [18, 56, 31,
42]. E.g., the ELT MCAO system MORFEO features six laser guide stars with associated WFSs
and three low-resolution WFSs for faint natural guide stars [11, 7]. However, the tomographic
reconstruction of the turbulent layers in the system is based on the relatively low resolution of
each WFS, also resulting in a low-resolution tomographic reconstruction. Most such systems
involve multiple DMs and require real-time solutions, with dedicated methods described, for
example, in [31, 48, 44, 43, 5, 42, 41, 40, 37], where to our knowledge, only FEWHA [31] meets
the stringent time requirements. In contrast, we consider a special case of MCAO with a single
DM conjugated to the ground layer and employ multiple WFSs in multiple time steps as a
post-processing. Our goal is to achieve a high-resolution wavefront at the center of the telescope,
even though the DM resolution itself remains relatively coarse.

Recall that measurements for multiple time steps are considered, and the atmospheric
turbulence distribution varies over time. In the multi-WFS model, the WFSs are located at
different positions throughout the observation process but maintain a fixed detection direction
close to the target object. During the observation, a continuous evolution of turbulence occurs
in the atmospheric layers due to the interplay between solar heating, temperature differences,
the Coriolis effect, and pressure variations [14, 33]. Consequently, each WFS obtains distinct
wavefront gradients in the observed area at various time steps due to the atmospheric evolution.

To model multiple WFSs, we select a reference frame and establish the positional relationships
among all the frames. We begin our model by introducing ϕ1

1. In Fig. 3, an exaggerated
illustration of a two-WFS case across two separate time steps is depicted. The representation
introduces two crucial distances: the inherent distance denoted as δp and the extrinsic distance
denoted as δt. The inherent distance signifies the effect of the detection positions of the WFSs,
and the extrinsic distance represents the impact of the movement of atmospheric turbulence on
the current turbulence layer. Specifically, δp reflects the inherent distance between ϕ1

t and ϕp
t ,
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signifying the separation between frames detected by the first WFS and the p-th WFS at the
same time step t. While δt represents the extrinsic distance between ϕp

1 and ϕp
t , explaining the

movement of the layer from time step 1 to time step t.
Consequently, the overall displacement dp

t between ϕp
t and the reference frame ϕ1

1 can be
characterized as:

dp
t = δp + δt, (5)

where δp is a known fixed displacement between the first WFS and the p-th WFS. Specifically, to
clarify the relationships among all frames, we introduce the full phase Φp

t , which corresponds to
the full phase across the entire detection area. The precise definition is given by ϕp

t = WΦp
t , where

ϕp
t captures only the information available through the aperture. This full-phase information

is used to estimate the wavefront by referring to the mask-covered information. Due to the
continuously shifting turbulence affecting different detection areas, a full-range estimation is
required to capture these relationships. Thus, the displacement relationship in the full-range
estimation can be described by the following formula:

Φp
t (x) = Φ1

t (x+ δp). (6)

2.3 Turbulence Model

To model δt, we incorporate the wind motion, introduced by the atmospheric model to simulate
the dynamic changes of the atmosphere [47]. More specifically, Taylor’s frozen flow hypothesis
(FFH), a fundamental concept in the field of turbulent flows [46] is introduced. The FFH
assumes that within a turbulent flow, small fluid elements or particles are effectively “frozen”
into the local velocity field over short time intervals [26]. In other words, this turbulence
preserves its velocity and relative position during our observation [3]. Each time step takes
only a few milliseconds of real-time in our application. Therefore, the FFH hypothesis enables
the connection of turbulence information across consecutive time steps. The incoming phase
reaching the telescope has a translation as

Φp
t (x) = Φp

1(x− (t− 1)v) = Φp
1(x− δt) (7)

where v represents the wind velocity. Wind speeds can be estimated from prior measurements
or inferred from models that adapt wind speeds during reconstruction [25]. Here, we adopt a
known wind speed to focus on the reconstruction framework.

We recognize that the extrinsic distance δt = −(t− 1)v is the displacement of turbulence
from time step 1 to time step t, and it indicates the cumulative effect of wind over the given
t− 1 time steps. Subsequently, according to (5), (6) and (7), Φp

t with reference to Φ1
1 can be

expressed by the following equation via the displacement dp
t :

Φp
t (x) = Φ1

1(x+ dp
t ), dp

t = δp − (t− 1)v. (8)

The inherent and extrinsic distances represented by the introduction of wind speed are illustrated
in the top view shown in Fig. 4.

To elucidate the relationship, we introduce the discrete motion operator Ap
t to describe the

interpolated shifts, dp
t . The fractional displacement is estimated using bilinear interpolation,

which linearly weights the four nearest pixels according to the fractional displacement. Figure 5
gives a reference illustration for estimating the interpolation weights corresponding to the
fractional displacement relative to the four neighboring pixels. Consequently, (8) can be
approximated discretely as:

Ap
tΦ

1
1 = Φp

t . (9)
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Fig. 4: The positional relationship from a top-view perspective. The right figure illustrates
the atmospheric motion influenced by wind relative to the ground, emphasizing the detection
areas at different time steps under the fixed ground-based telescope. The left figure provides
a detailed explanation of the positional relationship between ϕp

t and ϕp
1 as shown in the right

figure, highlighting the influence of wind. The inherent distance δp, the extrinsic distance δt, and
the overall distance dp

t are depicted using light blue, red, and purple dotted lines, respectively.

Together with with (9) and (4), we give the formulation of the observation model as

spt = WDRΦp
t + ηp

t = WDRAp
tΦ

1
1 + ηp

t , (10)

where spt := [spx,t, s
p
y,t]

T are the captured low-resolution wavefront gradients on the coarse grid
at time step t by the p-th WFS.

Problem (10) is similar to that of multi-frame super-resolution in the realm of image
reconstruction, see e.g., [4, 50, 8]. In summary, we adopt the following standard variational
approach by adding a regularization term:

min
Φ

1

2

P∑
p=1

T∑
t=1

||WDRAp
tΦ− spt ||22 + α||Φ||, (11)

where Φ represents the discrete phase function, where each value corresponds to a point-based
approximation of the underlying continuous phase distribution. It represents an arbitrary
reference frame, indicating that any frame could serve as the reference without a specific
designation. For the term that remains unspecified, we want to find an appropriate space,
especially for atmospheric images, and thus an appropriate norm || · || for the penalty term using
known properties of the atmospheric turbulence.

3 L2-H2 Model

3.1 Overview of Existing Methods

Regarding the penalty term, the L1 norm is well known for its ability to sharpen edges in
solutions, see, e.g., [10]. The L2-L1 model was subsequently proposed in [9]. By the notation
L2-L1, we refer to the combination of norms for the Residual and the penalty term. Incorporating
an L1 regularization term for multi-WFS reconstruction (11) leads to the following formulation:
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Fig. 5: The grid of ϕ1
1 is shifted by dp

t to ϕp
t , resulting in a configuration where it no longer

aligns precisely with the grid (i.e., involving fractional movement). To delineate this fractional
movement, the displaced field ϕp

t is interpolated onto the grid of ϕ1
1 by integral movement ⌊dp

t x⌋
and ⌊dp

t y⌋, and fractional movement dp
t x − ⌊dp

t x⌋ and dp
t y − ⌊dp

t y⌋. Here, dtpx and dtpy denote
the horizontal and vertical components of the displacement dp

t , respectively.

min
Φ

1

2

P∑
p=1

T∑
t=1

||WDRAp
tΦ− spt ||22 + τ1||CΦ||1, (12)

where C is a tight frame satisfying the orthogonality condition CTC = I. Subsequently, an L2-L2

model utilizing L2 regularization was proposed [25]. When applied to multi-WFS reconstruction,
the resulting optimization problem is given as follows:

min
Φ

1

2

P∑
p=1

T∑
t=1

||WDRAp
tΦ− spt ||22 + τ2||H1Φ||22, (13)

where H2
1 approximates the inverse covariance matrix of ϕ up to a scaling constant, according

to the statistics of the turbulence. Besides that, the joint regularization method denoted as
L2-L2L1, which combines L1 and L2 regularization terms, has also been shown to achieve good
performance in image reconstruction [57, 6]. It yields the following minimization problem:

min
Φ

1

2

P∑
p=1

T∑
t=1

||WDRAp
tΦ− spt ||22 + τ3||H1Φ||22 + τ4||CΦ||1. (14)

While these existing models have produced satisfactory results, their optimization constraints
do not align with the inherent characteristics of atmospheric turbulence. Therefore, we consider
incorporating a regularization term that accounts for statistical properties, computational
complexity, and discretization errors in the observations.
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3.2 Turbulence Statistics

Turbulence statistics are usually described by the power spectral density (PSD). In this paper,
we assume the von Karman PSD of the phase ϕ (see, e.g., [51, 34]), which is given by

Ψn(κ) =
0.033C2

n

(κ2 + κ2
0)

11/6
exp

(
− κ2

κ2
m

)
, (15)

where κ is the spatial frequency of the turbulence, C2
n is the local strength of the index of

refraction fluctuation [24], κm = 5.92/l0 and κ0 = 2π/L0. l0 and L0 are the inner scale and
outer scale respectively [23].

Explicitly, this power spectrum exhibits a power-law decay of κ−11/6. This power-law
exponent of 11/6 precisely matches the regularity requirement of the H11/6 Sobolev space [45,
22], illustrating the inherent regularity of ϕ affected by atmospheric turbulence.

3.3 Approximating H11/6 by H2

In the following, we will use a Sobolev space to characterize the turbulence statistics and find a
suitable regularization term. Specifically, we use the previously introduced von Karman power
law (15) to set up a penalty term in a Sobolev space. For an introduction to Sobolev spaces, we
refer to [1, 16].

The Sobolev space H11/6 is a Banach space with respect to the norm

||u||H11/6(Ω) =
(
||u||22 + ||∇u||22 + ||∇u||2H5/6(Ω)

) 1
2
, (16)

where

||u||H5/6(Ω) :=

(∫
Ω

|u(x)− u(y)|2

|x− y|n+ 5
3

d(x, y)

) 1
2

, (17)

and n is the dimension, i.e., n = 2 in our application.
In our study, we recognize that the computational complexity introduced by the H11/6-

regularization significantly increases the cost of solving optimization problems, potentially
exceeding the benefits in terms of accuracy. Furthermore, minimizing the impact of discretization
noise during detection is a critical component of our reconstruction strategy. Motivated by these
considerations, we want to use a higher-order norm, namely one for the space H2.

From [16], we directly obtain the embedding

H2(Ω) ⊆ H11/6(Ω). (18)

In other words, choosing H2 as the regularization term gives results that are also in H11/6.
Although the H2-penalty term enforces a smoother phase than turbulence statistics suggest,
this approach also mitigates the discretization noise inherent in atmospheric modeling. The
H2-norm is defined as:

∥u∥H2 = ∥u∥Wm,2 = (∥u∥22 + ∥∇u∥22 + ∥∇2u∥22)1/2. (19)

Consequently, it significantly reduces computational demands. In essence, this represents
a pragmatic trade-off between capturing the essential statistical features of the phase and
maintaining computational efficiency.

Given the Fourier optics model (2), we observe that the magnitude of the phase does not
influence the PSF. Additionally, the WFS detects wavefront gradients and does not yield
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information about the magnitude of turbulence. In other words, the solution space of (11) is
expressed as Φ + a1kn×kn, where a ∈ R, i.e., we are not able to determine constants in the
reconstruction, like the constant term of the original function in the indefinite integral problem
[36]. In our model, we ensure that our solution has zero mean and therefore, we remove the term
||Φ||22. In the discrete setting, we approximate the gradient ∇ using finite difference operators.
Specifically, for a discrete phase field Φ ∈ Rkn×kn, we define the gradient operator as

∇Φ = GΦ =

[
GxΦ
GyΦ

]
, (20)

where Gx and Gy are the finite difference matrices in the x- and y-directions, respectively. These
operators are constructed using the Kronecker product as follows:

Gx = Ikn ⊗G1, Gy = G1 ⊗ Ikn, (21)

where G1 ∈ Rkn×kn is the one-dimensional forward difference matrix given by

G1 =


−1 1 0 · · · 0
0 −1 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · −1

 ∈ Rkn×kn. (22)

Additionally, we consider ∇2 ≈ L, where L is the discrete Laplacian operator. The discrete
Laplacian matrix is defined as

L = Ikn ⊗ L1 + L1 ⊗ Ikn, (23)

where L1 ∈ Rkn×kn is the one-dimensional discrete Laplacian matrix given by

L1 =


−2 1 0 · · · 0
1 −2 1 · · · 0
0 1 −2 · · · 0
...

...
...

. . .
...

0 0 0 · · · −2

 ∈ Rkn×kn. (24)

Thus, we approximate the Laplacian of Φ as

∇2Φ ≈ LΦ. (25)

For the convenience of notation, let

||u||2
H̃2 = ||∇u||22 + ||∇2u||22 = ||Gu||22 + ||Lu||22, (26)

Based on (11), we propose the following function for the phase reconstruction problem

min
Φ

1

2

P∑
p=1

T∑
t=1

||WDRAp
tΦ− spt ||22 + α(||GΦ||22 + ||LΦ||22), (27)

where
∫
Ω
Φ dx = 0. The minimizer is given by solving the normal equation.
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3.4 Numerical Minimization

In this section, we give the solution to (27). Our model aligns with the principles of Tikhonov
regularization by incorporating multiple regularization terms [49]. In the general form of
Tikhonov regularization, we can incorporate multiple regularization terms, each with its own
penalty parameter. The objective function becomes:

min
x

K∑
k=1

∥Bkx− bk∥22 + λ1∥C1x∥22 + λ2∥C2x∥22, (28)

where Bk ∈ Rmk×n are the data matrices for k = 1, . . . , K, C1 and C2 are the regularization
operators, and λ1, λ2 are penalty parameters.

The solution can be obtained by minimizing the objective function. Taking the gradient
with respect to x and setting it to zero gives the normal equations:

K∑
k=1

BT
k Bkx+ λ1C

T
1 C1x+ λ2C

T
2 C2x =

K∑
k=1

BT
k bk (29)

Rearranging, we get the solution:

x∗ =

(
K∑
k=1

BT
k Bk + λ1C

T
1 C1 + λ2C

T
2 C2

)−1( K∑
k=1

BT
k bk

)
. (30)

For our phase reconstruction problem, these matrices correspond to: Bk = WDRAp
t , C1 = G,

C2 = L. The objective function becomes:

min
Φ

P∑
p=1

T∑
t=1

∥WDRAp
tΦ− spt∥

2
2 + α(∥GΦ∥22 + ∥LΦ∥22). (31)

Thus, the normal equation for our problem is given by:

P∑
p=1

T∑
t=1

(WDRAp
t )

T (WDRAp
t )Φ+ αGTGΦ+ αLTLΦ =

P∑
p=1

T∑
t=1

(WDRAp
t )

Tspt . (32)

Rearranging, we obtain the solution:

Φ∗ =

(
P∑

p=1

T∑
t=1

(WDRAp
t )

T (WDRAp
t ) + αGTG+ αLTL

)−1

×

(
P∑

p=1

T∑
t=1

(WDRAp
t )

Tspt

)
.

(33)

In our practical computation, the solution of the linear system is calculated using the
conjugate gradient (CG) method, which is well suited for large-scale problems with symmetric
positive-definite structure.

Based on the definitions of the involved operators, #(W ) ≈ 1/n2, #(D) ≈ 2/n2, #(R) ≈
#(A) ≈ 1/n2, and #(L) ≈ #(G) ≈ 2/n2, where #(·) denotes the fraction of non-zero entries
per row. Consequently, all operators are highly sparse. This sparsity significantly reduces
memory usage and ensures that each CG iteration can be performed efficiently, resulting in a
computationally fast and scalable solver for our problem size.
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3.5 Parameter Selection

To complete the numerical formulation, we specify the regularization parameter to optimize the
trade-off between fitting the WFS measurements and turbulence smoothness. We determine
the regularization strength using the data-driven L-curve criterion for our specific task of
turbulence reconstruction. Figure 6 presents the L-curve, which balances the data fitting term,
∥WDRAp

tΦ − spt∥22, and the regularization term, ||Φ||2
H̃2 . The corner region of the L-curve

identifies the optimal trade-off between data fidelity and regularization. Within this region,
we selected a value α = 10−4, slightly toward the data-fitting side, placing more emphasis
on preserving fine signal details. Since the H2 regularization is inherently stronger than the
theoretically motivated H11/6 space according to the statistical properties of the von Karman
power law, this choice also mitigates the risk of oversmoothing. This ensures that the H2

regularization effectively suppresses noise while retaining physically meaningful phase features.

Fig. 6: L-curve used to select the regularization strength α.

4 Simulation results

4.1 Evaluation Metric

For the simplicity of notation in the visualization of numerical results, we replace t and p by
frame index i, which we define as i = (p− 1)T + t. Explicitly, the first T frames correspond
to the detection by WFS 1, from time step 1 to T . Subsequent T frames correspond to the
detection by WFS 2, with t from 1 to T . The remaining frames follow this pattern. Figure 7
presents an exaggerated visual representation of every frame, highlighting the concept of the
frame index. Therefore, we replace ϕp

t by ϕi, which denotes the wavefront phase at the i-th
frame, where i = 1, 2, . . . ,M , M = T · P .
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Fig. 7: Field of view and frame index. To ensure the image’s applicability under various
experiment conditions, we use an example case with 3 WFSs and 6 time steps. The bottom axis
indicates the ordering of the frame index. Each WFS is represented by several gradient lines
from light to dark, depicting progression within each time step. The frames are sorted primarily
by time step and secondarily by WFS index, with different colors assigned to each WFS.

In the following, we introduce two main metrics used to assess the reconstruction performance.

Phase Residual Error: To have a intuitive comparison, the phase residual error ϕerr
i is

introduced to display the difference between the reconstruction ϕ̂i and ground truth ϕi, which
is defined as

ϕerr
i = ϕ̂i − ϕi, i = 1, 2, . . . ,M, (34)

where ϕ̂i is the corresponding reconstructed phase at the i-th frame, i.e.,

ϕ̂i = WHRA
p
t Φ̂, i = (p− 1)T + t, i = 1, 2, . . . ,M. (35)

where WHR restricts the telescope aperture on fine grid data. This metric is presented by a
figure in our analysis.

L2 Relative Error and H1 Relative Error: To assess the accuracy of the reconstructed
phase Φ̂, we use the L2 relative error and the H1 relative error. Specifically, L2 relative error
primarily focuses on the discrepancy between the reconstruction and ground truth, the H1

relative error balances the consideration of both wavefront difference and wavefront gradient
difference. Mathematically, they are defined as

errL2(i) =
∥ϕerr

i ∥2
∥ϕi∥2

, i = 1, 2, . . . ,M, (36)

errH1(i) =
∥ϕerr

i ∥H1

∥ϕi∥H1

, i = 1, 2, . . . ,M. (37)
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4.2 Experimental Settings

To validate our model, we use a Matlab-based AO simulation to obtain the data. The simulated
system is equipped with 3 WFSs on an 8 meter telescope and takes into account a dataset
comprising 18 frames of experimental observations across 6 distinct time steps. The high-
resolution incoming phase is estimated by simulation on a fine level with 256× 256 pixels across
the telescope aperture. The Shack-Hartmann WFS has 64× 64 subapertures. The noise level
is 5%, added in the wavefront gradient simulation. We use a seeing parameter r0 = 0.16 m
at wavelength λ = 0.744 µm [19]. We initiate our simulation with a simplified atmospheric
model featuring a single ground layer with a known wind speed of 15 m/s in the 0◦ direction,
employing WFSs in an equilateral triangle arrangement. The fidelity term is established with
reference to the third frame.

We compare our model with three established methods from Eqs. (13), (12), and (14). As a
baseline, we also consider upsampled bilinear interpolation of the wavefront phase based on the
gradient operator in (3), which uses only a single frame of information.

To demonstrate the effectiveness of our model, we devise a comprehensive evaluation strategy
for our model, detailed as follows: (i) We evaluate the performance of different models for
one specific dataset (see Section 4.3); Subsequently, we conduct two comparative experiments
to investigate the consistency of the model under diverse configurations (see Section 4.4); (ii)
with fixed WFS positions to examine average performance across different wind directions and
speeds, and (iii) with constant wind velocities to analyze the model’s performance with varying
WFS positions; (iv) Then we focus on our H2 regularization term, we compare with different
reference frames for phase reconstruction to search a suitable modeling reference system (see
Section 4.5); (v) Finally, we conduct a comparative analysis between single-WFS and multi-WFS
configurations, to elucidate the advantages of multi-WFS in enhancing performance and accuracy
(see Section 4.6).

4.3 Numerical Results

In this section, we present the numerical results for comparing the performance between models.
In this simulation, 0◦ wind direction represents an extreme case with an absolute advantage
for information in one direction over the other. In other words, one direction may result in a
substantial loss of information, rendering it a relatively challenging wind case among all possible
directions. The optimal scenario would involve a wind direction at 45◦ to the axis, ensuring
an equitable distribution of information gain across both directions. However, such an ideal
direction will not always occur in practice.

In particular, according to the L-curve analysis, we choose α = 10−4 in our model (27). For
the L2-L1 model and L2-L2 model, we follow the parameters provided in the literature [9] and
[25], respectively, that is τ1 = 10−4, and τ2 = 10−3. For the joint L2-L2L1 we take τ3 = 10−3

for the L1 term and τ4 = 10−4 for the L2 term. The system was implemented via MATLAB’s
pcg routine without preconditioning, with a stopping criterion of 1e−8 and a maximum of 1000
iterations.

In Figure 8, we present a visualization plotting the L2 relative error (left) and H1 relative
error (right) of the estimated phase ϕ, with the horizontal axis showing the frame index as
described in Section 4.1 and the vertical axis depicting the range of relative error values. This
figure clearly demonstrates the advantage of the different optimization models, L2-L1, L2-L2,
L2-L2L1, and L2-H2, over naive bilinear interpolation. Moreover, bilinear interpolation shows
obvious disadvantages compared to all the results from the different models.

To enable a more detailed evaluation of the model performance, particularly avoiding the
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Fig. 8: The L2 relative error and H1 relative error of the reconstruction.

loss of detail caused by the wide dynamic range of the vertical axis, we focus primarily on the
optimization models. If the bilinear interpolation results are included in the figure, it indicates
that they are comparable to the outcomes of our optimization model. It is worth emphasizing
that even if overlap occurs, the different marker shapes can be used to identify whether the
bilinear information is included. If they are not drawn, it means that they are beyond the range
of the drawing, indicating a significant deviation, which is considered poor performance in our
context. Therefore, we do not pay more attention to them in the numerical results. Subsequent
results all follow this rule.

Fig. 9: The L2 relative error and H1 relative error of the reconstruction. This is a zoom into
Figure 8.

In this simulation, Figure 9 provides detailed insights. The existing methods give reasonable
results, but we still get an improvement. Generally, our method outperforms all other models,
achieving the best reconstruction results in every frame. Specifically, our method yields the
lowest relative errors with respect to both the L2 and H1 norms.

In Table 1, we present the mean results for each model. Each column title denotes the name
of a model. Compared to other models, our results demonstrate a significant enhancement, with
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an improvement ranging from 8.7% to 24.6% in relative error. Additionally, the H1 relative error
has shown an improvement of 8.5% to 23.4%. These advancements underscore the effectiveness
of our approach in optimizing the reconstruction process.

Table 1: Mean Relative error
L2-L1 L2-L2 L2-L2L1 L2-H2

Mean errL2 0.0242 0.0191 0.0230 0.0177
Mean errH1 0.0461 0.0372 0.0446 0.0312

In addition, Figure 10 displays the phase residual errors. It is evident that the H2 regular-
ization term leads to a residual image in our model that is considerably lighter than others,
indicating a superior reconstruction quality.

Fig. 10: Visualization of phase residual errors for frame 3.

To provide a clear visual comparison, Figure 11 presents images of the reconstructed wavefront
gradient using bilinear interpolation, the high-resolution ground-truth phase, and high-resolution
reconstructions from both our proposed methods and those models we compare against. The
bilinear interpolation method fails to accurately capture the wavefront phase information, and
the performance of the L2-L1 model is also substantially worse compared to other models.

In the analysis of other methods, we focus on the zoomed-in central region and present an
enlarged view in Figure 12 to better illustrate fine-scale differences. It can be observed that the
L2-L2 model introduces artificial features not present in the ground truth, indicating relatively
high discretization error. In contrast, our L2-H2 model effectively preserves fine structures while
avoiding such artifacts, leading to the most faithful reconstruction overall. The L2-L2L1 model
incorrectly preserves details that do not exist in the ground truth, particularly in the region
marked by the largest annotation.

In conclusion, by applying slightly higher regularization than the statistical properties, the
discretization error can be mitigated, and the reconstruction can be refined to be closer to
reality.
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Fig. 11: Magnified visualization of the reconstructed wavefront.

Fig. 12: Detailed visualization of the reconstructed phase.
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4.4 Numerical Consistency

In this section, we demonstrate the robustness of our model under diverse practical scenarios by
examining two distinct cases: first, fluctuating wind conditions with fixed WFS positions; and
second, varying WFS positions under constant wind conditions.

Fig. 13: Two cases we considered in our estimation of our model. a) Examining how our
model performed under different wind conditions, including variations in both the direction
and magnitude of the wind. b) Testing our model’s performance under various combinations of
WFS.

Adaptability analysis to wind

First, we evaluate our model’s performance under varying wind direction and magnitude
under the arrangement of the equilateral triangle, as shown in Figure 13a, considering both
the individual and average performance across fixed multi-WFS configurations. As for the
implementation details, we select the representative directions at 0◦, 30◦, 60◦, 90◦, 120◦, and
150◦, paired with corresponding wind speed of 10 m/s, 12.5 m/s, 15 m/s, 17.5 m/s, 20 m/s,
22.5 m/s respectively for illustration.

Fig. 14: The mean L2 and H1 error under different wind directions and speeds.

The numerical results are depicted in Figure 14. The vertical axis indicates the mean relative
error, calculated as the average of experimental outcomes across the six experimental setups,
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while the horizontal axis denotes the frame index. Notably, our approach exhibits the lowest
error. Additionally, a discernible pattern is observed: all models, except bilinear interpolation,
tend to exhibit higher errors at the beginning and end of the time steps cycle. This disparity
arises from the fact that the frames in the middle of the sequence capture more information
relative to those on the two sides. Previous Figure 9 also exhibits this pattern, but it is less
pronounced.

In Figure 15, we provide a comprehensive visualization of the phase residual errors resulting
from reconstructions at wind angles of 0◦, 60◦, 90◦, and 120◦, using the L2-L1, L2-L2, L2-L2L1,
and our L2-H2 models.

Focus on the pattern of the residual visualization, especially at the 0◦ and 90◦ cases, a
wind-aligned pattern is distinctly observable. Using 0◦ as an example, the distinct horizontal
lines indicate a relatively stable constant error along the horizontal axis. When examining
our measurements of the wavefront gradients, the presence of a continuous horizontal constant
error band indicates fewer deviations in horizontal gradient, but considerable discrepancies
in vertical direction across the entire line. Essentially, models in horizontal wind conditions
efficiently capture information along the horizontal axis, but significantly less along the vertical
axis. This influence is particularly pronounced in the L2-L1 and L2-L2L1 models due to the
L1 regularization term. This wind pattern is less distinct at 60◦ and 120◦ degrees since the
provision of adequate information along both axes. Our method also demonstrates superior
performance in these configurations compared to the 0◦ and 90◦ configurations.

Fig. 15: Visualization of phase residual errors for frame 3 under wind directions at 0◦, 60◦, 90◦

and 120◦.

In general, by assessing the model’s performance across all mentioned 4 experimental
configurations, our model consistently exhibits the slightest residual error. We gain insight into
the robustness of our L2-H2 model under diverse wind conditions.
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WFS position analysis

Furthermore, we assess the performance of the proposed models under uniform wind conditions
across different multi-WFS combinations as illustrated in Figure 13b. To ensure the credibility
of the results, we evaluate them under two different wind scenarios, where the wind direction
for one is parallel to the horizontal, and the other is at an angle of 30◦ to the horizontal.

Fig. 16: The reconstruction results under various WFS positions are shown for a wind speed of
15 m/s in the 0◦ direction. The left column depicts the visual arrangement of WFS positions,
the middle column exhibits the relative error for each frame among all models, and the right
column offers a visualization of the phase residual error for the 3-th frame, specific to our model.

In our study, we selected four distinctly different positions for guide stars and thus WFSs.
Related numerical results are given in Figure 16 and Figure 17 for 0◦ and 30◦ wind direction,
respectively. The numerical findings clearly demonstrate that, under the two wind configurations
discussed and varying WFS positions, our L2-H2 model consistently outperforms the others.
Additionally, the phase residual errors show no significant flaws. Since all models assign equal
weight to each measurement, these results can be extended to other positions by symmetry
considerations.
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Fig. 17: The reconstruction results under various WFS positions are shown for a wind speed of
15 m/s in the 30◦ direction. The left column depicts the visual arrangement of WFS positions,
the middle column exhibits the relative error for each frame among all models, and the right
column offers a visualization of the phase residual error for the 3-th frame, specific to our model.
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Overall, by assessing the model’s performance across the above two experiments, the numerical
and visual findings indicate that our model is robust and consistently achieves high accuracy
in recovering information across various scenarios. Our L2-H2 model exhibits robustness and
showcases the superior ability in atmospheric reconstruction.

4.5 Reference frame analysis

As described in (10), we can model the multiple WFSs under different reference frames. In
this section, we analyze the reconstruction effect of the fidelity term established regarding
the different frames under the same observation as illustrated in Figure 18. To highlight the
distinctions between each frame, we employ a dataset that incorporates more high-frequency
information.

Fig. 18: On the left hand, explains the visualization of the reference frame and the trajectory
range. On the right side, the position of the WFS and a series of options of reference frames are
depicted, a: Utilizing frame 1 as the reference frame. b: Utilizing frame 10 as the reference.

Fig. 19: The plots show the mean relative error among all frames under different reference frames.
Different colors represent the mean performance among all frames under the corresponding
x-axis frame index as reference. The light green line marked as “mean” represents the average
performance among all wind directions.

Figure 19 shows the average reconstruction results over 18 frames at a wind speed of 15 m/s
in different directions and the mean performance over all the directions. The horizontal axis
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denotes the reference frame index, i.e., results on one point indicate a result based on the
horizontal axis index frame as the reference in our model, and the vertical axis represents the
relative error. The six different colors correspond to the average error of all frames under six
different wind directions. The light green line marked as “mean” is the average of the six
experiments, i.e., the average of the average error of all frames under the six wind directions
obtained by taking the frame corresponding to the horizontal axis index as the reference. In
general, the selection of frames influences the final reconstruction outcome, though the impact
is relatively minor.

4.6 Single and multiple WFS strategy comparison

This section presents a comparative analysis between single and multi-WFS systems in our
L2-H2 model, specifically designed to validate the benefits of employing multi-WFS strategies.
To guarantee a fair comparison and maintain alignment, simulation parameters for both the
multi-WFS and single-WFS scenarios were kept consistent, except that the time step for
the single-WFS case was tripled to achieve an equivalent total number of detected frames.
Subsequently, to ensure that the detection frames of a single WFS cover the target object, wind
with a speed of 8 m/s is utilized. The experimental setup is illustrated in Figure 20.

Fig. 20: The comparison between single and multi-WFS strategies is demonstrated using a
scenario involving 6 frames in total. In this context, the trajectory that closely resembles
a perfect circle corresponds to the detected area in multi-WFS experiments, while the more
elongated trajectory represents the detected area using a single WFS with a triple number of
frames.

We judge the reconstruction performance of single-WFS and multi-WFS under different
noise levels and wind settings. The proposed method was evaluated in 18 frames under 18 time
steps for a single WFS, and 6 time steps for 3 WFSs.

First, we conducted a comparative analysis of the system’s performance under 1%, 5%, 10%
noise levels, with the mean reconstruction error under 6 wind directions depicted in Figure 21.
In this figure, the discrete markers represent the performance of the single-WFS, while the lines
illustrate the performance of the multi-WFS system. Across every color representing various
noise levels, the multi-WFS consistently achieves better results than the single-WFS. This holds
even under challenging conditions, such as with a significant noise level of 10%. As expected,
the multi-WFS system exhibits significantly enhanced performance over the single-WFS system
at an appropriate noise level, confirming the robustness of our approach in different noise levels.
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Fig. 21: Mean L2 relative error and H1 relative error under different wind conditions in different
noise levels.

Then, we compare the performance of single-WFS and multi-WFS systems under different
wind directions with 5% noise level, as illustrated in Figure 22.

Fig. 22: L2 relative error among all the detected areas under various wind directions. The left
figure represents the single-WFS mode, and the right figure indicates the multi-WFS mode.
Both figures have the same vertical scale to emphasize the difference in model performance
between the two modes.

The figures on the left and right show the L2 relative errors across a range of wind directions
for single-WFS and multi-WFS configurations, respectively. Discrete markers in different
colors, specifically triangles for single-WFS and circles for multi-WFS, represent their respective
performances. The line graph depicts the average error across all wind directions. It is worth
noting that the vertical axes of both graphs are scaled identically to facilitate a clear comparison
between the single and multi-WFS configurations.

By observing the overall data distribution in both the left and right figures in Figure 22, it
is evident that the results for the multi-WFS (right figures) are consistently lower than those
for the single-WFS (left figures). This indicates that the multi-WFS system has a significant
stability advantage under different wind conditions.

Overall, our findings consistently highlight the superior performance of the multi-WFS system
over its single-WFS counterpart, across all tested conditions, including various upsampling
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factors, wind directions, and magnitudes. The enhanced positional relationships among the
WFSs significantly contribute to the increased stability and precision in wavefront reconstruction.

4.7 Computational cost

In this section, we evaluated the runtime performance of our approach. Our method demonstrates
fast execution speeds. Table 2 shows the CPU time in seconds (s). This clearly shows that our
method also outperforms the others in run time.

Table 2: CPU time costing
L2-L1 L2-L2 L2-L2L1 L2-H2

CPU time (s) 2.9097 27.2853 32.5108 2.8404

To illustrate the computational cost and memory usage, we report them together with
computational details for reconstructions on a 256×256 grid with 3 WFS and 6 time steps under
different upsampling factors. For upsampling factor 2, the system matrix contains 2.10× 106

non-zero entries (fill ratio 0.0488%) and requires 36.44 MB of memory; each PCG iteration
involves 4.19× 106 FLOPs, converging in 1000 iterations within 2.18 s. For upsampling factor 4,
the matrix has 5.20 × 106 non-zero entries (fill ratio 0.121%), 84.02 MB memory, 1.04 × 107

FLOPs per iteration, and converges in 991 iterations within 4.84 s.
Given the problem size in our study, the system matrices are highly sparse, symmetric, and

positive-definite, which allows the conjugate gradient iterations to converge efficiently. Conse-
quently, the reconstruction can be completed within a few seconds on a standard workstation.
Although our focus is on high-quality post-processed results based on multiple frames rather
than real-time execution, the sparsity of the system matrices ensures that the computation
remains fast enough to be practical within the context of our study.

5 Conclusion

We introduce a new model using statistical properties of atmospheric turbulence to enhance
the computation of a super-resolution wavefront in ground-based astronomy. To reduce the
computational cost, we approximate H11/6 by the smoother space H2, which also ensures that
discretization noise is damped. We compare our model to existing methods for super-resolution
wavefront reconstruction.

In summary, our L2-H2 model effectively captures finer details of the atmospheric wavefront
and demonstrates robust stability across various experimental conditions, making it well-suited
for practical deployment in dynamic atmospheric environments. Furthermore, the multi-WFS
reconstruction not only accelerates detection efficiency but also exploits the inherent spatial
relationships among WFSs to enhance reconstruction accuracy, outperforming single-WFS
reconstruction when using an equivalent number of frames.

In this paper, we consider only single-layer atmospheric turbulence. As future work, we will
extend our model to multi-layer atmospheric turbulence and conduct stress tests under multiple
layers and inexact wind speeds. Moreover, tailored preconditioners for the conjugate gradient
solver could be developed to accelerate convergence in large-scale problems. Additionally, we
plan to test our method using end-to-end simulation tools for AO systems to further verify its
performance. Subsequently, we aim to use the super-resolution wavefront as input for point
spread function (PSF) reconstruction methods, such as those presented in [52, 53, 54].

25



Funding

The work of YW, RW, and RR was supported by the Austrian Science Fund (FWF) under
project F6805-N36, SFB Tomography Across the Scales. The work of RC was supported by the
Hong Kong Research Grants Council (HKRGC), Grant No. CityU11309922, the Innovation and
Technology Fund (ITF), Grant No. MHP/054/22, and the LU BGR Grant No. 105824.

References

[1] Robert A Adams and John JF Fournier. Sobolev spaces. Elsevier, 2003.

[2] Johnathan M Bardsley. “Wavefront reconstruction methods for adaptive optics systems
on ground-based telescopes”. In: SIAM Journal on Matrix Analysis and Applications 30.1
(2008), pp. 67–83.

[3] Nazim Ali Bharmal. “Frozen flow or not? Investigating the predictability of the atmo-
sphere”. In: Journal of Physics: Conference Series. Vol. 595. 1. IOP Publishing. 2015,
p. 012003.

[4] NK Bose and KJ Boo. “High-resolution image reconstruction with multisensors”. In:
International Journal of Imaging Systems and Technology 9.4 (1998), pp. 294–304.
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Richard Clare, and Enrico Marchetti. “Performances of MCAO on the E-ELT using the
fractal iterative method for fast atmospheric tomography”. In: Adaptive Optics for ELTs
II. 2011.

[44] Michel Tallon, Isabelle Tallon-Bosc, Clémentine Béchet, Fabien Momey, Marie Fradin, and
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